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PREFACE

The Second International Conference on Variational Methods (ICVAM-
2) was held from May 18th to 22nd of 2009 at the Chern Institute of Math-
ematics, Nankai University, Tianjin, China. The main topics covered in this
conference are: variational methods; periodic solutions, homoclinics, hetero-
clinics of Hamiltonian systems; closed geodesics; geodesic flows; global prob-
lems in partial differential equations; critical point theory; harmonic maps;
symplectic geometry and related topics. This conference aimed to promote
communications among mathematicians. Thirty one invited speakers from
thirteen countries and areas in the world gave lectures in the conference.
More than one hundred and twenty young scholars and graduate students
from different universities and institutes in the world joined the conference.
The lectures presented in the conference reflect from different angles the
broad and rapid developments of various aspects of variational methods.
This volume contains parts of these lectures.

During the conference a special event to celebrate the 70th birthday
of Professor Paul Rabinowitz was hold, and he was awarded the honorary
professorship of Nankai University, to whom this book is dedicated.

This conference was sponsored by: National Natural Science Foundation
of China, 973 Program of the Ministry of Science and Technology of China,
Mathematical Research Center of Ministry of Education of China, Chern
Institute of Mathematics, Key Lab of Pure Mathematics and Combinatorics
of Ministry of Education at Nankai University and Nankai University. We
wish to thank all these institutions for their generous financial supports
which made the conference become possible.

We extend our thanks to all scientific committee members, speakers in
the conference, all the related personnel in the Chern Institute of Math-
ematics and Nankai University who greatly contributed to the success of
the conference, and the Chairman, Professor Kok-Khoo Phua, of the World
Scientific Publishing House, and the editors Ms Ji Zhang and Ms Xiaohan
Wu, who greatly helped us on the publication of the proceedings.

Yiming Long
The Organizing Committee, February 2010.
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ON 2-TORI HAVING A POLE

V. Bangert

Mathematisches Institut, Universitat Freiburg
Freiburg, 79104, Germany
E-mail: bangert@email. mathematik.uni-freiburg. de
www.uni-freiburg. de

Dedicated to Paul H. Rabinowitz on the occasion of his 70th birthday

A point p in a complete Riemannian manifold is a pole if no geodesic with
initial point p has a conjugate point. For every 2-torus with a pole we prove
the existence of foliations by minimal geodesics with arbitrarily prescribed
homological directions. Solutions u to the Hamilton-Jacobi equation |gradu| =
1 and their regularity properties play an important role in the proof.

Keywords: Riemannian torus, geodesic foliation, Hamilton-Jacobi equation

1. Introduction

A point p on a complete Riemannian manifold M is called a pole if no
geodesic ¢ : [0,00) — M starting at p = ¢(0) has a pair of conjugate points.
An equivalent condition is that the exponential map exp, : TM, — M is a
covering map, see e.g.,! Chapter 7, Remark 3.4. So, if M has a pole then the
universal covering space of M is diffeomorphic to R4™M and, in particular,
M 1is aspherical. Hence many manifolds do not admit a Riemannian metric
with a pole. On the other hand, if a complete Riemannian manifold M
has nonpositive sectional curvature then M is free of conjugate points and
every p € M is a pole. If there is a complete Riemannian metric on M with
negative sectional curvature then the set of such metrics is nonempty and
open in the strong C?-topology, and for all these metrics every p € M is a
pole. Finally, there are manifolds that admit complete Riemannian metrics
without conjugate points, but none with negative sectional curvature, the
most prominent examples being tori. For such manifolds one will expect
that metrics without conjugate points, and, more generally, metrics having
a pole are exceptional. It can happen that a rigidity phenomenon occurs. A
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famous result in this direction is the theorem that every Riemannian torus
T™ without conjugate points is flat, proved by E. Hopf? in the case n = 2,
and by D. Burago and S. Ivanov?® for all n > 2. Riemannian tori satisfying
the weaker condition of having a pole, have been studied by N. Innami.*
In particular, he noticed that 2-tori of revolution have poles. Moreover,
for n > 3, products of 2-tori of revolution with flat tori provide nonflat
Riemannian metrics on 7" having poles.

In this paper we study Riemannian metrics on a 2-torus that have a
pole. Using results on minimal geodesics that are part of Aubry-Mather
theory, cf.,> we prove that the dynamics of the geodesic flow of such a 2-
torus has some similarities with the integrable dynamics of the geodesic
flow of a torus of revolution.

Theorem A. Let g be a Riemannian metric on T? having a pole. Then,
for every homological direction [h] € H1(T? R)\ {0}/Rsq, there exists an
oriented foliation of T? by minimal geodesics with homological direction [h).

Here we call a geodesic ¢ : R — T2 minimal if its lifts to the universal
Riemannian covering space minimize arclength between any two of their
points. Theorem A will be implied by Theorem B from Sect. 3. It follows
from Fact 2.2 and Theorem B that the geodesics in Theorem A actually
satisfy an even stronger minimality condition, cf. Remark 2 after Theorem
B.

The homological direction [h] € Hy(T? R) \ {0}/Rso of a minimal
geodesic ¢ in T? is defined in,® Section 8. The existence of a homologi-
cal direction for every minimal geodesic ¢ in T2 ~ R?/Z? stems from the
nontrivial fact that every lift of ¢ to R? is contained in a strip in R? bounded
by two parallel affine lines, see.” The direction of this strip can be identified
with the homological direction of c.

Remarks 1. If the direction [h] is irrational, i.e. if [h] ¢ H1(T? Z) \
{0} /R0, then the foliation promised by Theorem A is unique and consists
of all the minimal geodesics with homological direction [h], see,> Theorem
6.9. If [h] is rational then every foliation consisting of minimal geodesics with
homological direction [h] will contain all the periodic minimal geodesics
with homological direction [h]. If these foliate 72, then the foliation is
unique. Otherwise, any such foliation will contain one or several bands
of heteroclinic geodesics connecting neighboring periodic geodesics, see,’

Theorem 6.6 and Theorem 6.7. In this case there will be at least two folia-
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tions by minimal geodesics of homological direction [h]. Tori of revolution
provide examples for this phenomenon.

2. Actually the foliations in Theorem A are Lipschitz. This follows
from,® Remark (1.10).

3. If p is a pole on (T2, g), then for every free homotopy class of closed
curves on T2 there exists a closed geodesic of minimal length in this class
passing through p. This was proved by N. Innami,,* Corollary 4.2. Accord-
ing to,> Theorems 6.6 and 6.7, this implies that, for h € Hy(T?,Z) \ {0},
the leaf through p of every geodesic foliation with homological direction [A]
is this closed geodesic.

4. Using the terminology from,® Section 6, the conclusion of Theorem
A can be stated as follows: For every o € RU {oo} the set M, of minimal
geodesics with rotation number o contains a foliation of 7.

Our interest in 2-tori with a pole originates in.® In® we apply Theorem
A in order to prove that generic Riemannian 2-tori are totally insecure. In
particular, we prove that for all metrics in a C2-open and C'*°-dense set of
Riemannian metrics on 72 the conclusion of Theorem A does not hold. So,
all these metrics do not have a pole.

It is well-known, and explained in,® that there is a certain analogy be-
tween geodesic (or more general Lagrangian) systems on 72 and monotone
twist maps of an annulus. For monotone twist maps the statement that
corresponds to the conclusion of Theorem A would say that for every rota-
tion number in the twist interval there exists an invariant circle with this
rotation number.

Acknowlegdement. The author thanks N. Innami for helpful comments.
This work was partially supported by SFB/Transregio 71 ” Geometrische
Partielle Differentialgleichungen”.

2. Poles in n-dimensional manifolds

In this section we treat solutions to the Hamilton-Jacobi equation in general
Riemannian manifolds. Under natural conditions one can use the existence
of poles to find solutions to the Hamilton-Jacobi equation associated with
the Riemannian metric.

Definition 2.1. A C'-function u: M — R on a Riemannian manifold M

is called a solution to the Hamilton-Jacobi equation if
|gradu(z)| =1
forallxz € M.
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More general objects have been studied in Riemannian geometry under
the name of generalized Busemann functions, cf.?,%,'°. These are functions
u: M — IR defined as a limit of distance functions to sets. In particular,
they are Lipschitz with constant one and satisfy |gradu(x)| = 1 wherever u
is differentiable. In Proposition 2.5, we prove a result known in the area of
generalized Busemann functions. We think that the proof presented here is
new and of independent interest.

Note that in a large part of this section the Riemannian manifold is not
assumed to be complete.

We recall some wellknown facts on solutions to the Hamilton-Jacobi
equation. A good reference for these results is.!!

Fact 2.2. Let u € C'(M,R) be a solution to the Hamilton-Jacobi equation.
Then, for every x € M, there exists a unique maximal integral curve c, :
(g, ws) — M of gradu with ¢, (0) = x. This ¢, is a geodesic satisfying the
following minimality condition. If [s,t] C (az, wy), then

L(c|[s,t])) = inf {L(7) | v : [a,b] — M piecewise C* and
u(y(b)) — u(v(a)) = ulc(t)) — u(c(s))} -

Remark. Since ¢ = (gradu) o ¢ and |gradu| = 1, we have
L(c[[s,t]) =t — s = u(c(t)) — u(c(s)).
The following proposition is our principal analytical tool.

Proposition 2.3. Let M be a Riemannian manifold. Then the gradients
of solutions u : M — R to the Hamilton-Jacobi equation

|gradu| = 1

are uniformly locally Lipschitz. Fxplicitly, for every x € M there exists a
neighborhood U of © and a constant L > 0 such that for every solution
u: M — R to the Hamilton-Jacobi equation, gradu|y is Lipschitz with
constant L.

Remarks 1. To determine Lipschitz constants, we consider the distance
functions induced by the Riemannian metric on U and on T'M.

2. For a proof of Proposition 2.3 we refer to,'' Chapter 4, in particular
to Theorem 4.7.3. There the principal idea is that in a neighorhood of every
x € M every solution u to the Hamilton-Jacobi equation can be supported
from below and from above by smooth (distance) functions with locally
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bounded second derivatives. See also the remarks preceding,'’ Proposition
4.7.3.

3. Alternatively, Proposition 2.3 follows easily from the minimality of
the integral curves expressed in Fact 2.2, and J. Mather’s lemma in,'? p. 186.

Corollary 2.4. Let (C;)ien be a decreasing sequence of closed sets in a

connected Riemannian manifold such that (| C; = 0. For each i € N let
ieN

u; € CY(M \ C;,R) be a solution to the Hamilton-Jacobi equation. If, for

some q € M, the sequence (u;(q))ien has a convergent subsequence, then

there exists a subsequence (u;, )ken of (i) and a solution u € C*(M,R) to

the Hamilton-Jacobi equation such that lim w;, = u and hm (gmdulk) =

k—o0

gradu. Here the convergence is uniform on compact subsets

Proof. Proposition 2.3, the Arzela-Ascoli Theorem and a diagonal
sequence argument provide a subsequence such that the sequence
(gradu;, )gen converges uniformly on compact sets to a locally Lipschitz
vector field X on M. Moreover we can assume that klirgo u;,, (q) exists. If

v :[0,1] — M is an arbitrary piecewise C''-curve with v(0) = ¢, then we
have

1
hm / gradui, ), ¥(t /X|,Y(t) A(t
0

1
Since [(gradui, |y(¢),¥(t)) = ui, (¥(1)) — w4, (¢) we conclude that the se-
0

quence (u;, )ken converges pointwise to a function v : M — R and that
gradu = X. Since the functions u; are all Lipschitz with constant one, this
convergence is actually uniform on compact sets. |

Relying on Corollary 2.4 we can now prove the following result that was
first stated by N. Innami in,* p. 439, and in,'° Theorem A.

Proposition 2.5. Let M be a complete, simply connected Riemannian
manifold. Assume that the set of poles of M is not bounded. Then there
exists a solution u € C*(M,R) to the Hamilton-Jacobi equation.

Proof. Let (p;)ien be a sequence of poles in M such that lim d(p;,po) =
oo. Then the sets

Ci ={p;lj = i}
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are closed, C;41 C C; for all i € N, and [ C; = . Since p; is a pole and
ieN
M is simply connected, the exponential map

exp,, : TMpy, — M
is a diffeomorphism and

di(z) = |(exp,,) ™! ()] = d(w, i)

is a smooth solution to the Hamilton-Jacobi equation on the set M \ {p;}.
Hence the functions u; : M \ C; — R,

ui(z) = di(z) — di(po),

satisfy the assumptions of Corollary 2.4. Thus, a subsequence of the wu;
converges to a solution u € C*(M,R) of the Hamilton-Jacobi equation. O

If M has a pole and infinite fundamental group, then the assumptions
of Proposition 2.5 are satisfied for the universal Riemannian covering M
of M. The weakness of Proposition 2.5 is that in general we do not see a
chance to find a solution @ € C'(M,R) to the Hamilton-Jacobi equation
such that gradu descends to a vector field on M, or, equivalently, such that

uoh—1u

is a constant function for every deck transformation h of M. However, we are
able to do this if M is diffeomorphic to T2, see Section 3. As a preparation
for this we prove:

Proposition 2.6. Let M be a complete, simply connected Riemannian
manifold having a pole po, and suppose that a subgroup T' of Iso(M) acts co-
compactly on M. Then for every geodesic ¢ : [0,00) — M with ¢(0) = py and
every sequence (t;)ien with limt; = oo we can find a solution u € C*(M,R)
to the Hamilton-Jacobi equation with the following property. There exists a
sequence of isometries h; € T' such that a subsequence of the sequence of
geodesics

t— hioc(t+1t;)

converges to an integral curve of gradu.

Proof. Since I' acts cocompactly on M there exists a constant A > 0 such
that every point © € M has distance at most A from the orbit of the pole pg
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under I'. So we can choose isometries h; € I" such that d(po, hi o c(t;)) < A
for all i € N. Now we consider the functions d; : M — R

di(x) = d(z, hi(po))-

Since h;(pp) is a pole the function d; is a smooth solution to the Hamilton-
Jacobi equation on the set M \ {hi(po)}. For ¢; : [—t;,00) — M, ¢;(t) =
h;oc(t; +t), we have

d;oc;(t) =d(c(t; +t),po) = t; +t whenever t > —t;.

Since

|d(po, hi(po)) — ti| = [d(po, hi(po)) — d(hi(po), hi(c(ti))]
< d(po, hi(c(ti))) < A
and lim¢; = oo, the sets C; = {h;(po)|j > i} are closed, and satisty () C; =
ieN
¢ and C;y1 C C; for all i € N. Hence, according to Corollary 2.4, we can
assume that a subsequence of the sequence u; € C*(M \ C;,R),

ui(x) :=d;i(x) — t;

converges to a solution u € C'(M,R) to the Hamilton-Jacobi equation.
Note that u; o ¢;(t) = t whenever t > —t;.
Since

d(Ci(O),p()) = d(}h [¢] C(tl'),po) S A

we can choose another subsequence such that the ¢;|[—t;, 00) converge to
a geodesic ¢ : R — M. To complete the proof we will prove that ¢ is an
integral curve of gradu. We have for all s <t

u(#(t)) — u(e(s)) = Jm wilei(t) — wilei(s) =t — 5.

Hence (uo é)'(t) = 1 = (gradulsy),é(t)). Since |é(t)] = 1, this implies
&(t) = gradul &(+) as claimed. O

3. Proof of the theorems

In this section we consider a torus T? ~ R?/Z? with a Riemannian metric
g for which there exists a pole py € T?. We will apply the results of the
preceding section to the universal cover R? of T2 with the lifted metric §. We
fix a point Py € R? above the pole py € T2. Then, for every k € Z?, the point
Do + k € R? is a pole with respect to §g. This implies that every geodesic
¢ :[0,00) — R? with ¢(0) = po + k is a ray, i.e. ¢ minimizes arclength
between any two of its points. We will use the strong known results on such
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rays on R? with a Z2-periodic metric to overcome the difficulty mentioned
before Proposition 2.6.

Fact 3.1 (13 Corollary 3.9). There exists a constant D = D(g) > 0 such
that the following holds. For every ray c : [0,00) — R? there exists a strip
S C R?, bounded by two parallel affine lines and of euclidean width D, that
contains the trace c([0,00)) of c.

The lines bounding the strip determine an element of R? \ {0}/R ~
RP'. We can orient these lines by requiring that for ¢ — oo the ray ¢ has
bounded distance from the positive half lines. These oriented lines define
the direction [h(c)] = [h] € R?\ {0}/Rs¢ of c. We note that - a fortiori
- all this holds for complete lengthminimizing geodesics ¢ : R — R? as
well. If v : R2 — R is a solution to the Hamilton-Jacobi equation with
respect to g then - according to Fact 2.2 - the flow lines of gradu are
lengthminimizing geodesics. Since different flow lines of u do not intersect,
the unoriented directions of these flow lines coincide. To see that also the
oriented directions coincide, let ¢1,ca : R — R? denote two flow lines of
gradu. If ¢; and ¢o had the same direction but differently oriented, then the
distance between ¢ (t) and co(—t) would be bounded in ¢, in contradiction
to

u(c1(t)) —ulca(—t)) =t +u(c1(0)) + ¢ — u(c2(0))
=2t + u(c1(0)) — u(e2(0))

and the Lipschitz continuity of u. So we can speak about the direction
[h] € R?\ {0}/R~¢ of the flow lines of u. We will say that u has flow lines
of irrational direction if [h] & Z? \ {0}/Rso. In this case we can prove:

Proposition 3.2. Let u: R? — R be a C'-solution to the Hamilton-Jacobi
equation with respect to a Z?-periodic Riemannian metric on R%. Suppose
that the flow lines of u have irrational direction. Then the vector field gradu
is Z2-invariant.

Proof. Since the flow lines of gradu are minimal geodesics of irrational
direction, our claim follows from the following fact. There is at most one
minimal geodesic of this direction through any given point of R?, see,’

Theorem 6.9. O

Next we use Proposition 2.6 to prove the existence of a solution u to
the Hamilton-Jacobi equation with flow lines of a prescribed direction.
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Proposition 3.3. Let § be a Z>-periodic Riemannian metric on R? having
a pole. Then for every [h] € R?\ {0}/Rxq there exists u € C*(R%* R) such
that |gradul? =1 and all flow lines of gradu have direction [h].

Proof. We will first show that for any pole py € R? of § there exists a
ray ¢ : [0,00) — R? starting at ¢(0) = po and having direction [h]. To
this end we consider the map H that maps unit tangent vectors v at pg to
the direction H(v) € R? \ {0}/Rxg of the ray with initial vector v. Fact
3.1 implies that H is continuous. Moreover, from,® Theorem 6.9, and,*
Corollary 4.2, we conclude that H is injective. So H is a homeomorphism
and, in particular, surjective. Now we apply Proposition 2.6 to the ray
¢ : [0,00) — R? with initial vector H~'([h]). We obtain u € C1(R? R)
with |gradul? = 1 such that a flow line of gradu can be approximated by
Z2-translates of c. By Fact 3.1 this flow line has direction [h]. As remarked
above, this implies that every flow line of gradu has direction [h]. O

Using Propositions 3.2 and 3.3 we can prove the following theorem which
is easily seen to imply Theorem A.

Theorem B. Let § be a Z?-periodic Riemannian metric on R? having a
pole. Then for every [h] € R*\{0}/R~q there exists a solution u € C1(R? R)
to the Hamilton-Jacobi equation such that gradu is Z?-invariant and all flow
lines of gradu have direction [h].

Remarks 1. By Z2-invariance of gradu, the flow lines of gradu project
to an oriented foliation of T2. By Fact 2.2, the leaves of this foliation are
minimal geodesics. Hence Theorem B implies Theorem A.

2. Fact 2.2 implies that the function v from Theorem B calibrates the
minimal geodesics of the foliation corresponding to u, cf.,!* Sect. 3.

Proof of Theorem B. We first treat the case that [h] is irrational. Then
our claim follows from Propositions 3.2 and 3.3. If [h] is rational we ap-
proximate [h] by a sequence of irrational [h;] € R?\ {0}/Rso. We let
u; € CY(R%* R) denote solutions corresponding to these [h;], normalized
so that u;(pg) = 0 for some fixed point pg € R%. Now Proposition 2.3 allows
us to extract a C'-convergent subsequence of the sequence w; that con-
verges to a solution u € C*(R2 R) of the Hamilton-Jacobi equation with
Z2-invariant gradient. By Fact 3.1 the flow lines of gradu have direction [h].
This completes the proof of Theorem B. O
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In this paper we present some recent results concerning the existence, the
stability and the dynamics of solitons occurring in the nonlinear Schroedinger
equation when the parameter h — 0.

We focus on the role played by the Energy and the Charge in the existence,
the stability and the dynamics of solitons. Moreover, we show that, under
suitable assumptions, the soliton approximately follows the dynamics of a point
particle, namely, the motion of its barycenter q(t) satisfies the equation

4(t) + VV(q(t)) = Hn(t)
where
sup |Hp(t)] =0 as h— 0.
teR

Mathematics subject classification. 35Q55, 35Q51, 37K40, 37K45, 47J35.
Keywords: Soliton dynamics, Nonlinear Schroedinger Equation, orbital stabil-

ity, concentration phenomena, semiclassical limit

1. Introduction

Roughly speaking a solitary wave is a solution of a field equation whose
energy travels as a localized packet and which preserves this localization in
time.
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By soliton we mean an orbitally stable solitary wave so that it has a
particle-like behavior (for the definition of orbital stability we refer e.g. to
Ref. 2,3,8,14,15,24,25).

The aim of this paper is to review some recent results about the exis-
tence, the stability and the behavior of the solitary waves relative to the
equation

W =~ A+ W ([9]) 1 + V(@)Y
(1)
¥ (0,7) = ¢(x)
where @(z) is a suitable initial data.

In the first section we examine the case V =0 and h = 1 (see Ref. 3).
Under suitable assumption on W, there exists a stationary solution of the
form v (t,2) = U(z)e**!, where U is a radial function decaying at infinity
which solves the equation

—AU + W'(U) = 2wU. (2)

This solution is found by a constrained minimization method that involves
two prime integrals of the motion: the Charge and the Energy. By a con-
centration compactness argument it is proved that this stationary wave is
stable, so this solution is a soliton.

In the second part, we consider V' # 0 and h small (see Ref. 4). The
stationary solution U(z)e#*“! becomes

bita) = U () e 3)
where
ﬁ:1+%. (4)

If B8 > 0, the stationary solution concentrate as h — 0. Also, we can
give a precise estimate of the behavior of the Energy and the Charge.

These estimates are the key ingredient to study the case V # 0.
For h sufficiently small, a solution of (1) with initial datum @(z) =
[U (z;[?")] e®V' is a soliton which travels like a point particle under the
action of the potential V. In fact, in the last section of this review, we define
the barycenter ¢(t) of a soliton (see Ref. 4) as

) / et 2)|Pde .
q(t) = —F———— g
/ () Pde
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and we prove that it evolves approximatively like a point particle in a
potential V. More exactly, ¢(t) satisfies the Cauchy problem

q(t) +VV(q(t)) = Ha(t)
( )_QO
q(0) =

where

sup |Hp,(t)] — 0 as h — 0.
teR
In the last years there are some result about existence and dynamics of
soliton for the Nonlinear Schroedinger Equation (see, for example Ref. 6,7,
10,11,17,18,21,22), in particular there are results which compare the motion
of the soliton with the solution of the equation

X(t)+VV(X(t)=0 (6)

for t € (0,T] for some constant T' < co.

The result of Bronski and Jerrard” deals with a pure power nonlinearity
and a bounded external potential. The authors have shown that if the initial
data is close to U (%)ei% in a suitable sense then the solution vy, (¢, x)
of (1) satisfies for ¢ € (0,7

—0ash—0. (7)
Cl*

Here dx(¢) is the Dirac “é-function”, C1* is the dual of C! and X (t) satisfies
the equation (6) with X (0) = o, X (0) = vo.

In related papers of Keraani'™'® there are slight generalizations of the
above result. Using a similar approach, Marco Squassina?? and Alessandro
Selvitella?! described the soliton dynamics in an external magnetic poten-
tial.

Other results on this subject are in Ref. 10,11. In Ref. 10 the authors
study the case of bounded external potential V.

In Ref. 11 the authors study the case of confining potential. They as-
sume the existence of a stable ground state solution with a null space non
degeneracy condition of the equation

—Any, + pny + W () = 0. (8)

The authors define a parameter € which depends on p and on other pa-
rameters of the problem. Under suitable assumptions they prove that
there exists 7' > 0 such that, if the initial data ¢°(z) is very close to
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e'por(@=a0)+ivon (1 — q4) the solution (¢, x) of problem (P;) with initial
data 0 is given by
b(t,z) = eip(t)-(zfa(t))+i7(t)n‘u(t) (z — a(t)) + w(t) 9)
with |Jw||z <&, p=-VV(a)+0(e?), @ = 2p+ o(e?) with 0 < t < L for
€ small.
In our paper* we do not require the uniqueness of the ground state

solution which is, in general, not easy to verify, and we formulate our result
such that it holds for any time ¢.

2. Main assumptions
In all this paper we make the following assumptions:
(i) the problem (1) has a unique solution
Y € CO(R, H*(RY)) N CY(R, L*(RY)) (10)

(sufficient conditions can be found in Kato!%, Cazenave?, Ginibre-
Velo!3).
(ii) W : RT — R is a C? function which satisfies:

W(0)=W'(0)=W"0)=0 (11)
" q—2 p—2 * __ 2N
W7 (s)] < c1]s|77% 4 ca|s|P~“for some 2 < ¢ <p < 2 =N 3
(12)

4
W(s) > —cls|”,c>0,2<v <2+ N and s large (13)

Jsp € RT such that W(sg) < 0. (14)

(iii) V : RN — Ris a C? function which satisfies the following assumptions:

V(x) > 0; (15)
|VV (z)| < V() for || > Ry > 1,b€ (0,1); (16)
V(z) > |z|* for |z| > Ry > 1,a > 1. (17)

(iv) the main assumption

a>0. (18)
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Let us discuss the set of our assumptions:

The first assumption gives us the necessary regularity to define the
barycenter and to prove that ¢(t) € C?(R,R¥). The hypotheses on the
nonlinearity are necessary in order to have a soliton type solutions. In par-
ticular, (12) is a standard requirement to have a smooth energy functional,
(14) is the minimal requirement to have a focusing nonlinearity and (13)
is necessary to have a good minimization problem to obtain the existence
of a soliton. We require also that V' is a confining potential (assumption
(iii)). This is useful on the last part of this paper, to prove the existence of
a dynamics for the barycenter.

In our approach, the assumption o > 0 is crucial. In fact, as we will see
in Section 3.1, the energy E} of a soliton v is composed by two parts: the
internal energy J, and the dynamical energy G. The internal energy is a
kind of binding energy that prevents the soliton from splitting, while the
dynamical energy is related to the motion and it is composed of potential
and kinetic energy. We have that (see Section 4)

In (1) = RN
and
G (@) = |[WlF. = n™.
Then, we have that

G¥) o a
Jh(¢)_h '

So the assumption o > 0 implies that, for h < 1, G (v) < Jj, (¥), namely
the internal energy is bigger than the dynamical energy. This is the fact
that guarantees the existence and the stability of the travelling soliton for
any time.

2.1. Notations

In the next we will use the following notations:

Re(2),Im(z)are the real and the imaginary part of z
B(zo,p) = {z € R : |z — 29| < p}

So = fuec H': |lullp2 = 0}

Jo={uec H" : Jy(u) < c}
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0
O = g
m=mgy2 = inf J(u)
ueH, [ u2=c?
Q
B=1+7

3. General features of NSE

Equation (1) is the Euler-Lagrange equation relative to the Lagrangian
density

£ = Re(h007) — 2 [V~ Wiw) V@) [0 (19)
where, in order to simplify the notation we have set
Wa(9) = 2 (J) (20)
Sometimes it is useful to write ¢ in polar form
U(t,x) = u(t, z)eSE2)/h, (21)
where S(t 2) ¢ R/27Z. Thus the state of the system 1 is uniquely defined by

the couple of variables (u, S). Using these variables, the action S = [ Ldzdt
takes the form

2
S(u, S) = —/ {% [Vul® + Wi (u) + (ats + % IVS|? + V(:v)) uﬂ dzdt

(22)
and equation (1) becomes:
h2
~7Au+Wﬂ) <@S+ WS|+V(O =0 (23)
O (u?) + V- (u*VS) =0. (24)

3.1. The first integrals of NSE

Noether’s theorem states that any invariance under a one-parameter group
of the Lagrangian implies the existence of an integral of motion (see e.g.
Gelfand-Fomin'2).

Now we describe the first integrals which will be relevant for this paper,
namely the energy and the “hylenic charge”.
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Energy The energy, by definition, is the quantity which is preserved by
the time invariance of the Lagrangian; it has the following form

Emw>=u/[ VI + Wi () + Vi le} (25)

Using (21) we get:

h? 1
En(u,S) = / (7|Vu|2 + Wh(u)) d;v—i—/ (§|VS|2 + V(x)) widx
(26)
Thus the energy has two components: the internal energy (which,

sometimes, is also called binding energy)

%M=/(§WW+W@OM (27)

and the dynamical energy
1
m%az/KgVW+vm)ﬁm (28)

which is composed by the kinetic energy %f |V5’|2 u?dr and the
potential energy [V (z)u?dz.

Hylenic charge Following Ref. 2 the hylenic charge is defined as the quan-
tity which is preserved by by the invariance of the Lagrangian with
respect to the action

) ey,

For equation (1) the charge is nothing else but the L? norm, namely:

:/|1/)|2dx:/u2da:.

Momentum If V' = 0 the Lagrangian is also invariant by translation. In
this case we have the conservation of the momentum

Py() =t [ G dde, j=1.23 (29)

hence we have the first Newton law for the barycenter.

4. The case h=1,V =0

In this section we present some results contained in Ref. 3. We minimize
the internal energy J(u) on the constraint {u € H' : ||u| 2 = o} for some o
fixed. If U is the minimizer and if 2w is the Lagrange multiplier associated
to U, Y(t,x) = U(x)e™? is a stationary solution of (1).



18 V. Benci, M. Ghimenti and A. M. Micheletti

We get the following result.

Lemma 4.1. Let W satisfy (12), (13) and (14). Then, 3 & such that
Y 0 > & there exists u € H' satisfying

J() = mgz ==

= inf ,
{veH?, ||v]|p2=0}

with |||z = o. Then, there exist w and @ that solve (2), with w < 0 and
u positive radially symmetric.

In order to have stronger results, we can replace (14) with the following
hypothesis

4
W(s) < —s*T¢, 0<e< ¥ for small s. (30)

In this case we find the following results concerning the existence of the
minimizer of J(u) for any o.

Corollary 4.1. If (12), (13) and (30) hold, then for all o, there exists
u € HY, with ||u||z> = o, such that

J(u) = inf
{veH" ||v|| 2=0}

In particular, for N = 3 we have

Corollary 4.2. Let N = 3. If (12) and (13) hold and W € C3, with
W' (0) < 0, then for all o, there exists i € H' with ||ii||p2 = o such that
J(w) = J(v).

= inf
{veH ||v|| j2=0}

We sketch briefly the steps of the proof for Lemma 4.1.

Step 1: If W satisfies (14) then m,2:=infg_ J(u) < 0.

Step 2: If W satisfies (13) then m,2 > —oo, any minimizing Palais Smale
sequence u,, is bounded in H! and the Lagrange multipliers w,
associated to u,, are bounded in R.

Step 3: Any minimizing Palais Smale sequence converges in H' to a mini-
mizer.

We point out that (14) is a fundamental requirement for the existence of a
minimizer. In fact, if W > 0, then by Pohozaev identity we can prove that
U = 0 is the unique solution of (2).
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Concerning the stability of stationary solutions we set
S ={U(x)e",0 € S*|U||> = 0, J(U) = my2}. (31)
Definition 4.1. S is orbitally stable if
Ve, 36 > 0 s.t. Voo € HY(RY), élelgn Yol — ullgr <0 =

vt inf || [, )] —ullm <e

where 9 is the solution of (1) with initial data .

19,20

Using concentration compactness arguments we prove the following (see

Ref. 3, Sect. 3).

Theorem 4.1. Let W satisfy (12), (13) and (14). Then S is orbitally
stable.

Also, this variational approach can be successfully used to find stable
solitary waves for the nonlinear Klein Gordon equation

Y
D¢=W'(|¢|)m- (32)
Again, the crucial assumption to obtain solitons is (14) (see Ref. 1 for

details).
‘We obtain a concentration result for a minimizer U crucial for this work
(see Ref. 4).

Lemma 4.2. For any e > 0, there exists an R = R(e) and a § = 6(¢) such

that, for any u € J"t0 N S,, we can find a point § = G(u) € RN such that
1 2
o o (x)dx < e. (33)
RNNB(4,R)

We give a sketch of the proof.

Proof. Firstly we prove that for any € > 0, there exists a ¢ such that, for
any u € J™ NS, we can find a point ¢ = G(u) € RY and a radial ground
state solution U such that

lu(z) = Uz = @llar <e. (34)

We argue by contradiction: if (34) do not hold, we can construct a minimiz-
ing sequence which dose not converge. At this point, given ¢, there exist a
point ¢ = ¢(u) € RY and a radial ground state solution U such that

u(z) =U(x — §) + w and ||Jw||g < Ce. (35)
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Now, we choose R such that
1 2
o N R
RN\ B(0,R)

for all U radial ground state solutions. This is possible because if U is a
minimizer for J constrained on S,, then there exists two constants C, R,
not depending on U such that

U(z) < Ce™®! for |z] >> R.

By this fact we get the claim. O

We remark that, depending on the nonlinearity W, it is possible that
the minimizer of the constrained problem is not unique. Anyway, by Lemma
4.2, R does not depend on the minimizer.

5. The case h small enough

We present now the main results contained in Ref. 4. We recall some in-
equalities which are useful in the following. Let it be

u(x) :==v (%) .
We have

x \2
lulfe = [ () do =0 [o(€)” g = n¥jo

and

2,1
Jn(u) = 7|Vu| —|—h—aW(u)da:

= [ T () (0 () e

NB+2-23
- / hf [Vev )+ hVP=W (v (€)) d¢

(37)

= pNi—e / % Vev () + W (v(8)) d& = BN~y (v).

We give now some results about the concentration property of the so-
lutions (¢, z) of the problem (1). Given K > 0, h > 0, we put
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p(x) =1(0,2) = up (0, z)ek 5rO2)
with un(0,2) = [(U + ) (35)]

U is a minimizer of J constrained on So
[|U +wl||gz =||U]|r2 = o and J(U +w) < m + Kh®

[IVSL(0,2)||p~ < K for all h

Jan V(@)u3 (0, 2)de < KhNA—2
Considering the set BJS as the admissible initial data set, we get

Theorem 5.1. Assume V € Lig, and (15). Fiz K >0, q € RN. Let o > 0.

For all e > 0, there exists R > 0 and hg > 0 such that, for any ¥(t, x)
solution of (1) with initial data 1¥(0,2) € BE with h < ho, and for any t,
there exists Gn(t) € RN for which

e WeaPe<e (39)
) L2

RN\ B(gn(t),RhP)

Here ¢,(t) depends on (t, ).
We give the proof because it is simple and quite interesting.

Proof. By the conservation law, the energy Ej(v(t,x)) is constant with
respect to t. Then we have

En(¢(t,z)) = En(¥(0,2))
)2
= Jp(un(0,2)) —|—/ u? (0, ) {w +V(z)| dz

RN

K
< Jp(up(0,z)) + ?UQhNﬂ + KhA
= WNP=2J (U + w) + ChNP

where C is a suitable constant. Now, by rescaling, and using that ¢ (0,z) €
B}If’q, we obtain
En((t,x)) < WP~ J(U + w) + ChNP
< NP (m + Kh®) + ORNP (40)
= hNP=(m 4+ Kh® + Ch®) = BN~ (m + h*Ch)
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where C is a suitable constant. Thus
In(un, (t, 7)) = En(P(t, 2)) — G, x)
- Biwita) - [ [W V@) )
< BN (m 4 b Cy) (41)
because V' > 0. By rescaling the inequality (41) we get
J(up(t,hPz)) < m+ h*Cy. (42)

So, if a > 0, for h small by a simple argument and Lemma 4.2 we get the
claim. O

Roughly speaking we have that J;, (1)) = hV~ and G(¢)) = hN? and
this is the key of the proof.
To simplify in the following we take an initial data of the type

o(z) =U <xh_ﬁq) Ve (43)

where ¢, v are fixed. Obviously ¢(x) € BE for some K.

5.1. Existence and dynamics of barycenter

We recall the definition of barycenter of v
[ttt o)
qn(t) = RY .
[ ity
RN

The barycenter is not well defined for all the functions ¢ € H*(RY). Thus
we need the following result:

(44)

Theorem 5.2. Let ¢(t,z) be a global solution of (1) such that ¢(t,z) €
C(R, H2(RM)) N CY(R, L2(RN)) with initial data (0, ) such that

/ |x||¢(0,x)|2dx < 4o00.
RN

Then the map qn(t) : R — RN, given by (44) is C*(R,RN) and it holds
2 (1) = Im (h [on ¥(t, 2)V(t, x)dx)
anl\t) =

(¢, )17

I]RN 2)V|i(t, z)Pdx
||¢(t z)[|%2

(45)

Gn(t) = (46)
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We have the following corollary

Corollary 5.1. Assume (16) and the assumptions of the previous theorem;
then

) /]RN VV (z)[(t, z)|*dx
) = =~ DIE

(47)

6. The final result
6.1. Barycenter and concentration point

We have two quantities which describe the properties of the travelling soli-
ton: the concentration point ¢ and the barycenter ¢. If we want to describe
the particle-like behavior of the soliton the concentration point ¢ seems to
be the natural indicator: it localize at any time ¢ the center of a ball which
contains the larger part of the soliton. Unfortunately we do not have any
control on the smoothness of §(¢) (indeed § is not uniquely defined). The
barycenter, on the contrary, for a very large class of solutions has the re-
quired regularity, and the equation (47) is very similar to the equation of
the motion we want to obtain. In this paragraph, we estimate the distance
between the concentration point and the barycenter of a solution ¢ (¢, x) for
a potential satisfying hypothesis (15) and (17), say a confining potential.

The assumption (17) is necessary if we want to identify the position of
the soliton with the barycenter. Let us see why. Consider a soliton ¥(z)
and a perturbation

Ya(x) = ¢(z) + ¢ (x —d), deRY.
Even if ¢ (z) < ¢(z), when d is very large, the “position” of ¢ (z) and
the barycenter of ¢q(x) are far from each other. In Lemma 6.3, we shall
prove that this situation cannot occur provided that (17) hold. In a paper®
in preparation, we give a more involved notion of barycenter of the soliton
and we will be able to consider other situations.

Hereafter, fixed K > 0, we assume that 1 (¢, z) is a global solution of the
Schroedinger equation (1), ¥ (¢t,z) € C(R,H') N CY(R, H~!), with initial
data ¥(0,2) € BE with BE given by (38). We start with some technical
lemma.

Lemma 6.1. There exists a constant L > 0 such that

—1 2
0 S hNﬂ—Qa /RN V(x)uh(tax)dx S L VteR.

The proof follows by estimating the energy.
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Lemma 6.2. There exists a constant K1 such that
lgn(t)] < K1 fort € R.

The proof follows by Lemma 6.1 and by (17). Furthermore, we can choose

Ry such that
/ u (t,z)dx
|z[>Ro

/ u (t, z)dx
RN

Lemma 6.3. Given 0 <& < 1/2, and Ry as in the previous lemma.
We get

<

N~

(1) supcr |Gn(t)| < Ra + R(e)h? < Ry + 1, for all h < h and 6 < § small
enough.

(2) supseg [an(t) —dn(t)| < #Lgfl +3Rze+ R(e)h?, for any Rz > Ry, and
for all h small enough.

The hardest part of the proof is the estimate of

e o (@ = @) ud  2)da
Jan wi (t, x)da
Using (17) and the previous estimates we can conclude.
We notice that Re and R3 defined in this section do not depend on .

I

6.2. Equation of the traveling soliton

We prove that the barycenter dynamics is approximatively that of a point
particle moving under the effect of an external potential V().

Theorem 6.1. Assume (i)-(iv). Given K > 0, let ¥(t,z) € C(R,H?) N
CY(R,H"') be a global solution of equation (1), with initial data in B,
h < hg. Then we have

dn(t) + VV(qn(t)) = Hn(t) (48)
with ||Hp(t)|| L~ goes to zero when h goes to zero.

Proof. We know by Theorem 5.2, that

VV (z)ui (t, z)dx
G (t) + 2BY =0. (49)

/ u? (t, z)dx
RN
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Hence we have to estimate the function
| Jex YV @) = OV @ 0))e 1, 2)d
Jon ui(t, z)dx ’

Hy(t) = [VV(4n () = VV(qn(t))

(50)
By Lemma 6.2 and Lemma 6.3 we get
0*V (1)
YV (Gn(t)) — VV (qn(t))] < in(t) — qn(t
V@O - TV < xS ) - o)
7| < K1+ R2+1
3L .
<M|—=——+3R s+Rshﬁ],
- [UQRg_l ¥ ©)

for any R3 > Ry and some M > 0.
To estimate

Jan [VV () = VV (@ (t))Juj (¢, x)dz
S~ uf (t, 2)dx
we split the integral three parts.

fB(éh(t))R(g)h/H) VV(z) - VV(dh(t))|u%(t, x)dx

L = .
! S~ u? (t, z)dz '
fRN\B(qh(t),fzg(g)hﬁ) |VV(37)|“%(ta z)dx
L2 - 2 ;
S~ ui(t, z)dx
I fRN\B(qh(t),R(g)hﬁ) |VV(Qh(t))|U%L(ta z)dx
3= .

S~ uf (t, 2)dx

By the Theorem 5.1 and by Lemma 6.3 we have Ls < Me.
We have also

Li <Ki+Ry+1. (51)
Using hypothesis (16) we have

IR
Ly < Me+ {—2] el (52)
o

where b € (0,1) is defined in (16). Concluding we have

b
Hp ()] < SEM Li] 170 L M(2 4+ 3Ra)e + 2MR(ERS.  (53)

At this point we can have sup, |H},(¢)| arbitrarily small choosing firstly Rs
sufficiently large, secondly ¢ sufficiently small, and finally A small enough.
U

2
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Corollary 6.1. Let ¢(t,z) € C(R,H?) N CY(R, H') be a global solution
of equation (1), with initial data p(z) = U(z;—ﬁq")e%"'r where U is a radial
minimizer of J on Sy, qo € RY, v € RN, and h < hg. Then the barycenter
q satisfies the following Cauchy problem

Gn(t) + VV (qn(t)) = Hu(t)
arn(0) = qo
Gn(0) = v.

Proof. The initial data belongs to B,If for some K. We apply the previous
results to obtain the equation for §. The initial data ¢(0) and ¢(0) are
derived with a direct calculation. O

7. The swarm interpretation

In this section we present a different point of view on our problem. Although
this approach is non rigorous, it provides some physical intuitions which
are inspiring for a better understanding of the general framework. We will
suppose that the soliton is composed by a swarm of particles which follow
the laws of classical dynamics given by the Hamilton-Jacobi equation. This
interpretation will permit us to give an heuristic proof of the main result.

First of all let us write NSE with the usual physical constants m and h:

oY h?

. Lo
zﬁg = —%A¢ + §Wh(¢) + V(z)y.

Here m has the dimension of mass and h, the Plank constant, has the
dimension of action.
In this case equations (23) and (24) become:

ﬁ2

2m

But 303w+ (005 + 50 0P V@ Ju=0: G
o0 (u?) + V- <u2%5> 0. (55)

The second equation allows us to interpret the matter field to be a fluid
composed by particles whose density is given by

v=—. (56)
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So equation (55) becomes the continuity equation:
Opr +V - (prv) = 0.
If
—ﬁ—zAu + EW’ (u) €< u (57)
2m 2 " ’
equation (54) can be approximated by the eikonal equation

1 ) B
oS + 5= VS + V(@) =0, (58)

This is the Hamilton-Jacobi equation of a particle of mass m in a potential
field V.
If we do not assume (57), equation (58) needs to be replaced by

1 2 B
8t5+%|VS| +V+Qu) =0 (59)

with
— (12/m) Au+ Wia)
Q) = = .
The term @Q(u) can be regarded as a field describing a sort of interaction
between particles.
Given a solution S(¢,x) of the Hamilton-Jacobi equation, the motion of
the particles is determined by Eq.(56).

7.1. An heuristic proof

In this section we present an heuristic proof of the main result. This proof
is not at all rigorous, but it helps to understand the underlying Physics.

If we interpret py = u? as the density of particles then

H:/pHdCE

is the total number of particles. By (59), each of these particle moves as a
classical particle of mass m and hence, we can apply to the laws of classical
dynamics. In particular the center of mass defined in (5) takes the following
form:
(1) = Jamppdr [ zpydx
1 [ mppdz [ prda
The motion of the barycenter is not affected by the interaction between
particles (namely by the term (59)), but only by the external forces, namely

(60)



28 V. Benci, M. Ghimenti and A. M. Michelett:

by VV. Thus the global external force acting on the swarm of particles is
given by

F = —/VV(aj)pde. (61)
Thus the motion of the center of mass ¢ follows the Newton law
F = M, (62)

where M = [mpydx is the total mass of the swarm; thus by (60), (61)
and (62), we get

[VVpnde  [VVuldx

m [ ppdr — m [uldx

q(t) =

If we assume that the w(t,z) and hence py(t,x) is concentrated in the
point ¢(t), we have that

/VVu2dx ~VV (q(t))/u2dx
and so, we get
mq(t) = =VV (q(t)) .

Notice that the equation m(t) = —VV (¢(t)) is the Newtonian form of
the Hamilton-Jacobi equation (58).
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TURING PATTERNS AND STANDING WAVES IN
FITZHUGH-NAGUMO TYPE SYSTEMS

Chao-Nien Chen and Shih-Yin Kung

Department of Mathematics
National Changhua University of Education, Taiwan

There are many interesting patterns observed in activator-inhibitor systems. A
well-known model is the FitzHugh-Nagumo system in which the reaction terms
are in coupled with a skew-gradient structure. In conjunction with variational
methods, there is a close relation between the stability of a steady state and
its relative Morse index. We give a sufficient condition in diffusivity for the
existence of standing wavefronts joining with Turing patterns.

Keywords: Turing pattern, standing wave, relative Morse index

In 1952, Turing® showed that spatially heterogeneous patterns could be
formed out of a completely homogeneous field in which two diffusive chem-
icals reacting with each other. The system can be written as

uy — di1Au = Fy(u,v), (1)
TU — doAv = Fy(u,v), (2)
where u and v are the concentration of two substances which differ in dif-
fusivity. It is assumed that d; < do; that is, v diffuses faster than u. A

well-known model of reaction-diffusion systems is the FitzHugh-Nagumo
equations:

uy = di1Au+ f(u) — v, (3)

TV = daAv + u — v, (4)

where u can be viewed as an activator while v acts as an inhibitor. The
case of d2 = 0 has been considered as a model for the Hodgkin-Huxley
system'32738 to describe the behavior of electrical impulses in the axon

of the squid. Variants of (3)-(4) also appeared in neural net models for
short-term memory?% and in studying nerve cells of heart muscle.?!
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To investigate the spatially heterogeneous steady states of (3)-(4), we
are led to studying a system of elliptic equations:

—d1Au = f(u) — v, (5)
—dsAv = u — v, (6)

ou ov

% aw_ % Bw_ 07 (7)

where w is a bounded domain in R™ with smooth boundary dw. It is easily
seen that a solution of (5)-(7) is a critical point of ®(u,v) defined by

cp(u,v)z/ %(d1|Vu|2—d2|Vv|2)+F(u7v)7 (8)

where F(u,v) = uv — %’UQ - / f(&)dg; that is, the reaction terms are in
0

coupled with a skew-gradient structure. As in,*3 system (1)-(2) is referred
to as a skew-gradient system in case there exists a function F' which satisfies
VF = (Fy,—F).

In dealing with a strongly indefinite functional ®, a critical point the-
orem established by Benci and Rabinowitz® can be employed to show the
existence of solutions of (5)-(7).

Theorem 1. Let F be a separable Hilbert space with an orthogonal
splitting £ = Wy @ W_, and B, = {{|§ € E,||§| < r}. Assume
that ®(§) = %(Af,@ + b(§), where A is a self-adjoint invertible oper-
ator on E, b € C?(E,R) and b is compact. Set S = 9B, N W, and
N = {¢ +sel¢” € B.NW_ and s € [0, R]}, where e € 9By N W,
r>0and R > p > 0. If ® satisfies (PS) condition and sup, ® < infg @,
then ® possesses a critical point ¢ such that infg ® < ®(&) < supy .

Let ®"”(u,v) be the second Frechet derivative of ® at (@, 7). A critical
point (@, v) is said to be non-degenerate if the null space of ®”(u,v) is triv-
ial. Concerning the stability of steady states, Yanagida??® introduced the
notion of mini-maximizer of (8) as follows: A steady state (@, v) is called a
mini-maximizer of ® if @ is a local minimizer of ®(-,7) and v is a local max-
imizer of ® (4, -). Yanagida showed that non-degenerate mini-maximizers of
® are linearly stable. This result gives a natural generalization of a stabil-
ity criterion for the gradient system in which all the non-degenerate local
minimizers are stable steady states.

In a recent work,'” the stability of a steady state of (3)-(4) has been
studied in conjunction with a relative Morse index associated with the
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critical point of (8). Let E = H!(w)® H'(w). If G is a self-adjoint Fredholm
opeartor on F, there is a unique G-invariant orthogonal splitting

E=E.(G) & E_(G) & E(G)

with F,(G), E-(G) and Ey(G) being respectively the subspaces on which
G is positive definite, negative definite and null. Let I be an identity map

on H'(w) and
I0
o= (3 %)

an operator mapped from H'(w)® H!(w) onto itself. Suppose (i, ¥) is a crit-
ical point of ®. For the pair of Fredholm operators @ and ®” (@, 7), we define
a relative Morse index i(Q, ®” (@, 7)) to be the relative dimension of E_(Q)
with respect to E_(®" (@, v)). For a gradient system, a non-degenerate crit-
ical point with non-zero Morse index is an unstable steady state. The next
theorem!® gives a parallel result for skew-gradient system.

Theorem 2. Suppose i(Q,®"(@,v)) # 0 and dimEy(®"(u,v)) = 0, then
for any 7 > 0, (4, ?) is an unstable steady state of (3)-(4).

Remark. For a critical point £ = (%, ?) obtained in Theorem 1, the work
of Abbondandolo and Molina? provides a way to calculate i(Q, ®"(i,v)).

An interesting article by Kondo and Asai?! demonstrated that the pat-
tern formation and change on the skin of tropical fishes can be predicted
well by reaction-diffusion models of Turing type. It has been shown*? that
non-degenerate mini-maximers of ® are always linearly stable for any 7 > 0.
Yanagida also pointed out that in convex domain a mini-maximizer of (5)-
(7) must be spatially homogeneous. We next turn to a theorem!® which can
be used to treat Turing patterns with stability depending on the reaction
rates of the system. Let P and P~ be the orthogonal projections from E
to E4(Q) and E_(Q) respectively. Set I' = H?(w) & H?(w),

10 -
T = 1 andD:( dlo).
0= 0 dy
Define ¥ = T(DA — V2F(a,0))T, ¥, = PTUPT, ¥_ = P~¥P~,

inf <@+Z3Z>L2
oinf WYz 2
P e P,
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and

(U_2,2)2
=Sup—r——=7—"5—-
Pe = T P2,

Theorem 3. Assume that i(Q, ®" (4, v)) = 0 and dimEy(®”(u,v)) = 0.
Then (u,v) is stable if p; > ps.

In particular, it will be seen in Example 1 that some non-constant solu-
tions of (5)-(7) are stable steady states of (3)-(4), provided that 7 is small.

A common pattern structure in fish skin is the rearrangement of stripe
pattern; the number of stripes tends to increase with body size and de-
fect like heteroclinic solution appeared between the patterns with different
number of stripes. According to the observation,?! defect made change time
to time during the growth of skin. The reaction-diffusion wave in forming
stripe pattern is a kind of standing wave.

The standing wavefronts of scalar reaction-diffusion equation has been
studied in.#4%42 A typical example is

up = Au+ uyy + h(u), for (z,y) € w xRt >0, 9)
% =0, on dw X R, (10)
u(z,y) — ux(z) as y — £oo, (11)

where v and u_ are the solutions of

Au+h(u) =0, z €w, (12)
ou
$|aw =0. (13)

The case of homogeneous Dirichlet boundary conditions has been treated
as well.
Vega considered the wavefront solution @(z,y) with the property

us(z) > u(z,y) > u_(z) for all (z,y) € w x R.

Under certain stability assumptions on u4 and u_, he proved existence and
uniqueness results*?:42 for this type of standing wave. As a consequence of
the maximum principle, such a wave is strictly increasing in the y-variable.
Define

J*(u) = /w(%|vu|2—/0u h(s)ds)dzx.
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Vega’s results in particular hold if uy and u_ are non-degenerate global
minimizers of J*(u), and there is no function u, satisfying

J*(us) = J*(ug) and ug () > ui(z) > u_(x) for all z € w.

As being well-known,”?3 if w is convex all the stable solutions of (12)-(13)
must be constant.

In many species of tropical fishes, the stripes run in parallel either to
the anterior-posterior axis or to the dorso-ventral axis. It has been observed
that on the two dimensional plane the stripe pattern generated by standard
reaction-diffusion models of Turing type does not have a fixed direction. In
the subsequent works of,?! the authors3¢:37
sion might have an effect on the contrasting difference in the directionality
of stipes on the fish skin, because most scales are arranged parallel to the
anterior-posterior axis. This suggests that the substances (for example, ac-
tivators and inhibitors) controlling the pattern formation may diffuse along
the anterior-posterior axis at a speed different from that along the dorso-
ventral axis. Motivated by,2:3637 we consider a FitzHugh-Nagumo system
with anisotropic diffusion:

proposed that anisotropic diffu-

up = diAu + dguyy + f(u) — v, (14)
T = doAv + dgvyy +u —yv, t >0, (2,y) €w xR, (15)

We look for standing wavefront (u,v) with the asymptotic properties
(u(a,y), v(w,y) — (u(@),v1()) as y — —oc and (u(z,y), v(z,y)) —
(ua(z),v2(x)) as y — +oo. Here (u;(x),v;(z)), i = 1,2, are the solutions of
(5)-(7). The situation of (u;,v;) being a non-constant solution is of partic-
ular interest.

For a given u € H'(w), we let Agu denote the unique solution of

—daAv + yv = u, @bw =0.
v

It is easily seen that (@, Ag@) is a solution of (5)-(7) if and only if @ is a
critical point of Jy defined by

Do) = [ (9 + Gudgu— [ " fedgiar.

By making use of variational structure associated with Jy, many existence
results!?19:30:3445 for the non-constant steady states of (3)-(4) have been
obtained.

Let u be a critical point of Jy. Straightforward calculation yields

T () = —di A+ Ag — f'(u).
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Here J{ is the second Frechet derivative of Jy, and the Morse index of
this critical point will be denoted by i.(Jy (u)). On the other hand, for
any critical point u of Jy, we know that (u, Agu) is a critical point of ®.
With the aid of the next proposition, we are able to justify the stability of
(u, Apu) through the studying of critical points of Jj.

Proposition 1. Suppose u is a critical point of Jy and v = Agu, then
dimEy(J§ (u)) = dimEo(®" (u,v))
and
i (o' (u) = i(Q, " (u, v)).

Note that there exist C; > 0 and Cy > 0 such that F(&) > %Clﬁ2 — (s,
by adding a constant to F' if necessary, we may assume that

inf J =0.
uegll (w) O(U)
Let Mo = {ulu € H'(w) and Jo(u) = 0}. A stable non-constant stationary
solution of (3)-(4) is referred to as a Turing pattern.

Example 1. Consider (5)-(7) with f(u) = au — u?, a > 0. Define g(\) =
diA+ (de A+ )~ 1. Suppose v < ,/g—i then g’(\) < 0 for A € [0,d5 " (4/ g—f -

7)) and g’(A\) > 0 for X € (d;l(w/g—f — 7),00). The minimum of g(\)

is 2 2—; - g—;"y > j—;. Let {\,} be the eigenvalues of —A on w under
homogeneous Neumann boundary conditions and p = inf,, {g(An)}. Then u
is the smallest eigenvalue of —d1 A + Ag. It is easily seen that (0,0) is the
only constant solution of (5)-(7) if a € (0, %) Suppose ¢ < a and ¢ is an
eigenfunction associated with u. By direction calculation

To(s) = [ 5lu= ) + 150t < 0= ),
provided that s is sufficiently small. Hence (u*, Agu™) is a non-constant so-
lution of (5)-(7) if u* is a global minimizer of Jy. Furthermore, by Theorem
3, (u*, Agu*) is a stable steady state of (3)-(4) if 7 < . Detailed analysis
can be found in.'°

Let @ = w x R and E = HL () N L2(Q). For i # j, let u?, u; € Mo

and v be a function in C*°(92,R) with the following properties:

(i) %(a},y) =0if (z,y) € 9Q
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S Aouj(z) if y < -1,
(i) o(x,y) = ,
Aouj(x) if y>1.

For a given ¢ € E, we let Ay denote the unique solution of

—do Av — dyvyy +yv =19, vEE.

Define @ = —da A — d4¥yy + 70 and

A 2
q/i,j(w):/Q%[dl|wa+w)|2+d3"9(u87y‘ (4 ) (0+ Av)] + F(a+ ) dady

for ¢ € E. Set
Ci,j = iIlfA \Iji,j(w)
YeE
and
= Hlif Ci k-

Then (4 + 1,0+ Av) is a standing wave of (14)-(15) if ¢; = ¢;; and ¢ is a
minimizer of ¥; ; over E.

Theorem 4. Assume that v > ,/d—“ Then there exists a standing
wave solution (u(z,y),v(x,y)) of (14)-(15) such that (u(z,y),v(z,y)) —
(uj(x), Aouj(x)) as y — —oo and (u(z,y),v(z,y)) — (uj(z), Aguj(z)) as
Yy — 0.
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1. Stability

Is our solar system stable? This is the common interest of astronomers and
mathematicians for centuries, and perhaps this is the oldest open question in
dynamical systems. For the first reflections, this problem is at least related
to the followings: Did the planetary system in the remote past and will it in
the distance future keep the same form as it now has? Will one of the celes-
tial bodies escape from or be trapped by the solar system after a long time?
Will collisions among the planets lead to a catastrophic change, say, on the
Earth? Will the planetary system is bounded for all time? Many famous
authors, like Newton, Lagrange, Laplace, Poisson, Maxwell and Poincaré,
left their thoughts on this question. Today in the era of aeronautic investi-
gations, it is still a lively topic and under extensive research.
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Following Newton we can recast the problem in the setting of n-body
problem. The system of equations of motion is

oUu
dq; ’

mlql: 1= 17...771;
with m; the mass of the i-th mass point, ¢; its position in R? or R3 and
Ulg) = U(ql.7 .:.,qn) = Zlg_z‘q‘gn % the potential function. It is well
known that it is a Hamiltonian system

OH . 0H

pi:_aqia qi = 8p17

i1=1,..,n,

with Hamiltonian H(p, q) = H(p1, .., Pniq1, -1 qn) = 21y % —Ul(q).
Motivated by the stability problem of our solar system, we consider the
stability of periodic solutions to the n-body problem. There are various
definitions for the stability of periodic orbits, such as orbitally stable and
asymptotically stable. Our interest here is the linear stability of periodic
orbits of Hamiltonian systems which is a basis of other stabilities. This

concept is due to Poincaré.

0 . . . . . .
Let J = ( with I the identity matrix. For a Hamiltonian system

I0
2 = JVH(z), its fundamental solution matrix along a T-periodic solution
z = z(t) is such that a linearized system ¥(t) = JH" (z2(¢))v(¢), v(0) = I.
v = v(t) is a symplectic matrix path, and v(T') is called the monodromy
matrix or linear Poincaré map such that (¢t +T') = v(t)y(T"). Eigenvalues
of v(T) are called characteristic multipliers. For n-body problem, we have
to take into account the first integrals due to symmetries of the system.
Our working definition of stability is the following

Definition. A periodic solution of the planar n-body problem has 8 trivial
characteristic multipliers of +1. The solution is spectrally stable if the
remaining multipliers lie on the unit circle U and linearly stable if in
addition, v(7') restricted to the reduced space is diagonalizable.

There is a vast literature on this topic. Please, as two examples, re-
fer to%11:22:23,25,27.28 for the stability of elliptic Lagrangian homographic
triangular solutions of the planar three-body problem, and to'6:26 for the
stability of the recently found figure-eight orbit of the planar three-body
problem with equal masses. A lot of useful techniques are developed along
the way: canonical transformations, reduction of the first integrals, normal
form theory, blow-up at the singularities, computer-oriented methods....
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Most of them are perturbation nature (i.e. local in the parameter space).
We will add to this arsenal one more piece.

2. Calculus of Variations

Variational principle is a basic ingredient to formulate classical mechanics
and celestial mechanics, normally called Lagrangian formalism.
Periodic orbits of n-body problem are solutions to the Euler-Lagrange

equation of the action functional

T n . 2

m;||qs (T
At = [ 130 MOE 4 vgeptar

0 =1
defined on loop space W'2(R/TZ, X) for a fixed positive real number T
as period, where X := {q¢ = (q1,...,qn) € (R*)" | S0, miqi = 0, ¢; #
q;j, Yi # j} is the configuration space of the planar n-body problem. In
other words any periodic solution is a critical point of the action functional.

2.1. Topological Constraints

It was Poincaré?* who was the first to use variational methods to find peri-
odic orbits in the n-body problem. In fact he initiated the study of finding
periodic orbits of the planar three-body problem by minimizing the action
on the loop space of configuration space under homological constraints.

Topological constraints can be homotopical or homological. The main
difficulty here is free of collisions of the critical points of the action func-
tional. It was noticed already by Poincaré that collisions may develop in
the course of minimizing the action under some homological constraint, i.e.
the collisions have finite action.

Theorem(Gordon'?). Let T be some fixed positive real number. In the
planar Kepler problem, the minimizer of the action functional on the sub-
space of WH2(R/TZ, R?)-loops with winding number +1 with respect to
the origin is realized by elliptic Keplerian orbits with prime period 7.l

The first homology group Hi(X) of the configuration space X for the
planar three-body problem is isomorphic to Z3. Three components of each
clement of Hy(X) are the winding numbers of each side of the triangle
defined by the bodies undergoing along the loop. The next theorem is the

only known generalization of Gordon’s theorem.

Theorem(Venturelli,?! see also3?). Fix an element (ki,ko,k3) €
Hi(X) = Z? in the first homology group of the configuration space of
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the planar three-body problem. If (k1,ke,ks3) = (1,1,1) or (—1,—1,-1),
the minimizers of the action functional among the loops of fixed period
T € R in this homology class are exactly the elliptic Lagrangian solutions
with prime period T" which form a critical manifold.l

For other variational characterizations of Lagrangian orbits under vari-
ous constraint loop spaces, see for instance the papelrs.G’QO’21

2.2. Symmetry Constraints

One of recent discoveries in celestial mechanics is to realize that symmetry
constraints can be used to avoid collisions (see e.g.?). Due to the invariance
of the action under permutations of equal masses, a whole new class?® of
periodic orbits is found for the n-body problem with equal masses.

A typical example is the so-called figure-eight orbit in the planar three-
body problem with equal masses. Three equal mass particles chase each
other with one third period phase difference along an “8”-shaped curve in
the shape sphere of the planar three-body problem. It is the first of a bunch
of choreographies, a name coined by Simé for the solutions of the n-body
problem with this kind of chasing behavior. The shape sphere is the set of
similarity classes of oriented triangles, and the dihedral group Dg, which is
(01,02]0% =02 =1, 0102 = 02071) in terms of generators and relations,
is its natural symmetry group.

Theorem(Chenciner-Montgomery?®). The figure-eight is a minimizer
of the action functional on the Dg-invariant loop space.ll

For more examples, please refer to® and the references therein.

In the above we mainly focus on minimizers of the action functional
in various loop spaces. It is still an intriguing problem to find more peri-
odic solutions of n-body problem by critical point theory,? say minimax
methods, in which Rabinowitz plays an dominant role.

3. From Variations to Stability via Index

Given a periodic orbit, we want to clarify the relationship between its vari-

ational nature and stability, and understand it from the point of view of

Maslov(-type) index theory of periodic solutions of Hamiltonian system.!?

In this section, we only outline the main steps to build up the stability from

indices, and please consult our papers for the details.'314
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3.1. General Idea from Variational Methods to Stability

The idea to the proof of the linear stability via Maslov(-type) index is as fol-
lows: from the variational characterization of periodic solution of a Hamilto-
nian system, we get its Morse index; information on the Maslov(-type) index
follows from the Lagrangian-Hamiltonian correspondence through Legen-
drian transformations; in turn, these Maslov(-type) indices are related each
other through Maslov(-type) indices with respect to w € U by Bott-type
iteration formula which is the heart of the method; for different w’s on the
unit circle, their Maslov(-type) index differences are essentially due to the
splitting numbers jumps at the eigenvalues of the monodromy matrix; we
can use this way to detect the distributions of the eigenvalues of the mon-
odromy matrix on the unit circle, whence the linear or spectral stabilities.
The whole machinery of Maslov-type index theory developed by Long and
others and its variants play an important role in this process.

More precisely, periodic solutions in the n-body problem are found by
taking minimizers of the action functional on loop spaces under topologi-
cal constraints, symmetry constraints or mixed type constraints. If an or-
bit is a minimizer under topological constraints, then its Morse index is
zero since topological constraints permit little perturbations. If the orbit
is a minimizer under symmetry constraint, then its Morse index is zero
on the invariant loop subspace which is isomorphic to the W'2-space on
the fundamental domain of the whole period under the boundary condition
corresponding to the symmetry. The boundary condition is no longer peri-
odic in general. When we change the system into a Hamiltonian one, the
boundary condition changes correspondingly. General boundary condition
of a Hamiltonian system can be given by

(2(0), 2(T)) € A,

where A is a Lagrangian subspace in (R** @ R2?", —wq ® wp) with wq the
standard symplectic form on R?". Let v = 7(t) be the fundamental solution
along a periodic orbit, then its graph A(t) = Gr(v(t)) := {(z,y(t)x) |z €
R?"} is a path of Lagrangian subspaces in (R?" & R?", —wg @ wp), so the
Maslov index p(A, Gr(vy)) is well defined(we also need the complex ver-
sion).}* For boundary condition given by 2z(0) = wz(T), w € U, Maslov-
type index i, (7)!? is a successful tool to study the stability of periodic
solutions of general Hamiltonian systems. For later purpose, we express
Maslov index by Maslov-type index. Neat formula for the relation between
Morse index and Maslov index!* is derived. A key ingredient is the gener-
alized Bott-type iteration formula for periodic solutions in the presence of
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finite group action on the orbit. We have noticed that recently an interest-
ing iteration formula for periodic orbits with brake symmetry is given by
Liu and Zhang.'® Based on the relation with Maslov-type index, we give
stability criteria for the symmetry periodic orbits, and apply them to the
stability of the figure-eight orbit in the planar three-body problem.

3.2. Elliptic Lagrangian Homographic Triangles'3

In the planar three-body problem, if the three bodies form an equilateral
triangle at any instant of the motion and at the same time each body travels
along a specific Keplerian orbit about the center of masses of the system,
then the solution is called homographic orbit. It was found by Lagrange'”
in 1772 purely from mathematical interests, and only later it was discovered
that such a configuration can be used to analyze the Sun-Jupiter-Trojan
asteroids system and spacecrafts.

If the Keplerian orbit is a circle with some appropriate frequency, then
all the three bodies move around the center of masses with the same fre-
quency. It would be an equilibrium in the coordinate system rotating around
the center of masses in the same frequency. So it is called relative equilib-
rium. When the Keplerian orbit is elliptic, following Meyer and Schmidt,
we call this elliptic Lagrangian solution elliptic relative equilibrium.

The equilateral triangle is an example of central configurations of three-
body problem. In celestial mechanics, central configuration plays an im-
portant role because we can construct the homographic solutions of general
n-body problem explicitly from central configurations and Keplerian orbits.
Up to now this is the only known way to get exact solutions of the general
n-body problem which is already known to Euler and Lagrange. For the
state of arts on this topic, see.

Meyer and Schmidt?? give a beautiful coordinate system in which the
linearized variational equation corresponding to this solution decouples into
three subsystems. One of them refers to the motion of center of masses,
another is from Keplerian orbit, and the last shows the nontrivial charac-
teristic multipliers. The merit of this coordinate system is that the decom-
position is symplectic, in other words, any two parts are mutual symplectic
complements to each other. This fits quite well to the index theory.

Let Pr(2n) denote the space of continuous symplectic matrix paths
starting from identity. We can fix the center of masses from the very be-
ginning, so the symplectic path v of fundamental solution matrices of La-
grangian orbits is in Pr(8). Following Meyer-Schmidt, v = 71 ¢ 72, and
i € Pr(4) where the operation ¢ is defined by Long.!? v; is the Keplerian
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part and - is the essential part for the stability analysis.

First Integrals. We can show that the monodromy matrix of v; can be

11
01) which corresponds
to the conservation of energy and true for any n-body problem. The other

decomposed into two 2 x 2 Jordan blocks. One is

. (10 - . .
is < 0 1), and this is due to angular momentum conservation and special

nature of Keplerian orbit. In general, it is quite difficult to determine this
for other periodic solutions.

By Gordon’s theorem and the relation between Morse index and Maslov-
type index, we have

Theorem(Hu-Sun). For the fundamental solution 7; of the Keplerian
orbit, its Maslov-type index satisfies i(7f) = 2(k — 1), Vk € N. B

Let x = x(¢) be an elliptic Lagrangian solution, and ~(¢) be the sym-
plectic path of fundamental solution matrices to its variational equation.
Denote by ¢y, the Morse index of the action at = on the loop space with pe-
riod kT'. By e(M) we mean the total algebraic multiplicity of all eigenvalues
of symplectic matrix M on the unite circle in complex plan.

Following Venturelli and index theory for periodic solutions of Hamilto-
nian systems developed by Long and others, we can draw conclusions on the
relations between Morse index and the stability of the elliptic Lagrangian
homographic orbits.

Theorem(Hu-Sun). For the monodromy matrix M = ~(T') corresponding
to the elliptic Lagrangian solution z(t), 2 < ¢o < 4 and, e(M)/2 > ¢o.
Moreover

(a) If ¢o = 4, then the Lagrangian solution is spectrally stable.

(b) If ¢ = 3, then the Lagrangian solution is linearly unstable.

(¢) If ¢ = 2, then the Lagrangian solution is spectrally stable if there
exists some integer k > 3, such that ¢, > 2(k — 1).

(d) If ¢ = 2(k — 1), for all kK € N, then the Lagrangian solution is linearly
unstable. W

Recently, Long and both authors prove that the elliptic Lagrangian
orbits are non-degenerate. By this fact, we can also get the normal forms
in each case above.

For these orbits, the variational facts and the Maslov-type index theory
are both well established before us. The point is that we put them together
to get a better understanding of homographic orbits.
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The stability of relative equilibrium from our point of view is already
interesting. There the information about the index is quite clear.

Simé et al get the bifurcation diagram for the stability with the eccen-
tricity and mass as parameters numerically, and we leave this for the future
research.

3.3. Figure-Eight'*

The linear stability of the figure-eight orbit is numerically observed by
Sim6?° by verifying that all eigenvalues of the monodromy matrix are on the
unit circle. Then Kapela and Simé,'¢ also by Roberts,?® rigorously establish
the linear stability. However their proof is computer assisted. We try to
understand why this linear stability is possible from variational viewpoint
by index theory of Hamiltonian system.

The key property of the figure-eight orbit is that it has Dg full symmetry.
We denote by my, mo and mg the Morse indices of the figure-eight as the
critical point of the action functional on the total loop space W2(R/Z, X),
its some Z/2Z(cyclic-type)- and Z/3Z-invariant loop subspaces.

Theorem(Hu-Sun). For the figure-eight orbit, if = 1 and my = mg = 0,
1
it is linearly stable. Here a appears in Ni(1,a) = (0 Cll), which is the

symplectic Jordan form corresponding to the angular momentum of the
monodromy matrix. ll

The situation here is quite complicated than the topological constraint
case. To prove the theorem, we have to develop the Maslov index theory
for solutions of Hamiltonian systems with general Lagrangian boundary
conditions. Then we consider the periodic solutions of Hamiltonian systems
which possess discrete symmetry(dihedral group Dg for the figure-eight).
We need to build up generalized Bott-type iteration formula, the relation
between Maslov index and Morse index in this setting. By these general
theorem, we can link together the Morse indices on various invariant loop
spaces and the Maslov indices in different period segments; in turn, these
Maslov indices are related through Maslov indices with respect to w € U
on the same basic period segment (7'/6 in our figure-eight case at hand) by
the generalized Bott-type iteration formula. Then our strategy works.

Norm form of the monodromy matrix of the figure-eight can be derived
because we know the non-degeneracy of the orbit. Also the condition ms = 0
can be replaced by my < 4. Some remarks on these conditions are in sequel.
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In fact we have checked that m; = 2 and mo = 0 numerically. So we
pose

QUESTION 1. For the figure-eight orbit, establish my = 2 and ms =0
rigorously.

QUESTION 2. Is the figure-eight a minimizer of the action functional
in its homotopy class under the Z/3Z symmetry constraint? Numerical
computations of Simé suggest that this should be true. If this is the case,
then this would imply that ms = 0, which we can also get numerically.

First Integrals. The symplectic Jordan block of the monodromy matrix

corresponding to the angular momentum should be N1(1,1) = <(1) 1) We

have numerically checked this statement. It was also pointed earlier by
Chenciner et al” that the Jordan block corresponding to the angular mo-
mentum can be computed by the bifurcation family of the figure-eight.
Unfortunately, they also depend on the numerical results.

QUESTION 3. Give a mathematical proof of this symplectic Jordan form.

For more problems on the figure-eight, please refer to.*

We should point out that the stability of the figure-eight is quite spe-
cial among the solutions found recently by minimization methods. In fact
numerical simulations show that it is one of several examples of stable so-
lutions, and the others are all unstable. Our theorem on the instability of
periodic orbit, degenerate or not, via Maslov index will be useful for this
purpose. As an example, we would like to mention the following general-
ization of Poincaré’s classical theorem on Riemann surfaces.

Theorem(Hu-Sun)!® On an (n+ 1)-dimensional complete connected Rie-
mannian manifold M, an oriented closed geodesic ¢ is unstable if n+ind(c)
is odd, and a non-oriented closed geodesic ¢ is unstable if n + ind(c) is
even.ll

We expect that more applications of our strategy appear after elabo-
rating works to surpass the special difficulties encountered in the n-body
problem: first integrals, convexity, non-degeneracy....

4. Symmetry vs. Index

Index theory manifests its power in general Hamiltonian theory under con-
vexity and non-degeneracy assumptions. Here these conditions violate and
more difficulties appear. However we have the symmetries as benefits. It



Variational principle in celestial mechanics 49

seems that the relation between the symmetry and the index theory de-
serves more attentions. This falls into at least two categories:

Lie Groups. If a Lagrangian system admits some Lie group as a sym-
metry group, then the system have first integrals as conservation laws.
These are the so called moment maps of the Lagrangian system. These first
integrals can be used to reduce the orders of the system. This method of
order reduction was used extensively by Poincaré in various problems in
celestial mechanics in Hamiltonian formalism(canonical transformations).
The general picture is called symplectic reduction developed by Marsden-
Weinstein, Meyer and Souriau. It establishes a correspondence for motions
in the original and reduced Hamiltonian systems.

For a periodic solution in the planar three-body problem and its re-
duced partner, from our analysis on the first integrals, we can draw some
information on the relation between their Maslov indices. For the energy
first integrals, it is quite clear. But for the angular momentum, it is already
a hard problem to tackle. However we want to raise the following

QUESTION 4. How are the indices of a periodic solution of a Hamiltonian
system related before and after symplectic reduction?

The other challenge to the index theory is

Discrete/finite Groups. Our generalized Bott-type iteration formula
can be used to decompose the index of periodic orbit under the group
action which is also a challenge in studying the linear stability. From our
analysis on the index of the figure-eight and its stability, it seems that
the time-reversal symmetry of the orbit plays no role. Now we have many
symmetric orbits at hand, at least numerically: say choreographies in the
n-body problem and brake orbits in mechanical systems. We are interested
in how the symmetry of the orbit is reflected in the linear stability of the
orbit, and

QUESTION 5. How are these symmetries responsible for the linear sta-
bility of the orbits?
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We consider mean value properties for solutions of certain linear elliptic and
parabolic equations in Euclidean and hyperbolic spaces which generalize stan-
dard mean value properties for solutions to the Laplace and the heat equations.

1. Introduction

The mean value property is among the most beautiful features of harmonic
functions. It has many consequences which include the maximum princi-
ple, local estimates, the Liouville theorem and the Harnack inequality for
harmonic functions.

In this note, we consider mean value properties for solutions of either

Au+a(x)u =0, (1)
Ou — Au — a(t,z)u = 0. (2)

Here A is the Laplace operator on R™.
First, consider (1). When a(z) is a smooth and radially symmetric func-
tion, i.e. a(x) = a(|z — xo|) for some g, it can be shown by ODE methods
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that (1) has a unique smooth radially symmetric solution ¢(x) = ¢(|]z—x0|)
such that ¢(x9) = 1. Moreover, for any smooth solution u of (1) and any
ball B(zg, ), there holds

1 —
W//mm”d"(“‘)=u<xo>w<r)7 vo<r<r (3

which is equivalent to

u(zo) [// pdr = /// udz, VOo<r<T. (3%)
B(zo,r) B(zo,r)

When ¢ > 0, another equivalent form to (3) is

1 1
u(rg) = ——— u — dx, VOo<r<r. 3k*
) = 50 M7 &%)

The mean value property (3**) has a variant which does not require a(z)
to be radially symmetric. Indeed, we will show a mean value property of
the following form (see Theorem 2.1)

u(w) = |BM|/ﬂB(“) w(r, z;y) dy, (4)

where w is an appropriate and explicit weight which has two parts: one
takes care of the Laplacian contribution, and the other is accounted to the
additional appearance of a(x). More precisely, w can be expressed as

w(r,z;y) = 1+ a(y) m(r, dist (z,y)).

In particular, when a = 0, (4) is the standard mean value property for
harmonic functions.

Let us now switch our attention to (2). For the heat equation, i.e. a = 0,
a mean value property was proved by Pini® in dimension one and by Fulks?
in higher dimensions. Various aspects of this mean value property was later
studied by Watson.”!? In this line of work, the region where averaging
takes place is the so-called “heat ball”, which is defined as a sub-level set
of the heat kernel. Analogous to the elliptic case, we establish a mean value
property for (2) of the form (see Theorem 2.2)

1
t = dyd
u(t @) Volume(Heat ball) ///Heat banuw yas

where the weight w consists of a part that comes directly from Pini-Fulks’
mean value property and another part that is accounted to the appearance
of a(t, x).
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We also consider in this note mean value properties for analogues of
(1) and (2) on H", the n-dimensional hyperbolic space. See Theorems 3.1
and 3.2. The fact that the background manifold is not flat offers no special
difficulty except that the formula for the heat kernel is more complicated.

The rest is organized as follows. In Section 2 we consider mean value
properties in Euclidean spaces. In Section 3, we study mean value properties
on hyperbolic spaces.

2. Mean value properties in Euclidean spaces
2.1. Elliptic case
Consider
Au+a(x)u =0, (5)

where a is a given smooth function. We would like to derive a mean value
property for solutions of (5), which generalizes the standard mean value
property for harmonic functions. In fact, we prove a sub-mean value prop-
erty for sub-solutions of (5). Recall that a function u € C?(Q) is a sub-
solution of (5) in € if

Au+a(x)u > 0in Q.

Theorem 2.1. Let Q be an open subset of R™, n > 2, and a(x) be a smooth
function defined on Q. For any sub-solution u € C%(Q) of (5) and B, ()
C €, there holds

U@<Eﬁﬂﬂﬁmﬁ@wwwﬂy

where
T 4 n 1
wiarg) =1+a) [t [0 agan
|lz—y| |$*U|€
_ 1,2 _ 1,2 —
1+ a(y) 577 log |z —y| + 7 7*(2logr — 1)
= +4lz -y} ifn=2,
a r" r? n— )
1+(Ty§{%|w,y|nfz—7+z—flx—y|2} ifn>2.

Proof. Without loss of generality, we assume that x = 0. We will write B,
for Bs(0). Let G be the fundamental solution of the Laplacian with pole at
the origin, i.e.

— == log |y| forn =2
21 ’
Gly) = { (nflz)wn ly|2~™ for n > 3,
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where w, is the surface volume of the unit sphere S*~'. For convenience,

we often write G(y) as G(|y|).
By the divergence theorem, for s < r,

_///Bsaudy<//Bs Aualy:/mgsvu.,/agg(y)7 6)

where do is the Lebesgue surface measure and v is the outer unit normal
to 0B;.

Fix some 0 < r; < r2 < r for the moment. Note that G — G(r2) is
non-negative and harmonic in By, \ By,. Thus, by Green’s formula and (6)

0= ///BW\BH WAG = Gra)) dy
:///Q\B w (G — G(ra)) dy+//aB uVG@ - v do(y)
- //8&1 uVG - -vdo(y) + /8&1 Vu-v (G- G(ry))do(y)
_///Bw\&1 au(G—G(rg))dy—F//anuVG-VdU(Z/)
//{)B WG - vdoly) — (Glr) — G(rs) //BB audy.

Letting r; — 0, we thus get

v

f(r2) > u(0) for any ro € (0,7], (7)

where

//BB uVG-vdo(y /// auGdy — (s)///Bsaudy. )

We next rewrite (8) as

»/»/QBSUVG vdo(y //ABEaquo ) d€
s)/o //8Bsaudo(y)d§
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Then, by (7),

1wwm</ 5L f(s) ds

/ nlzzBquL@d)
+/0 snfl/o //aBgaquo(y)dgds
—:AryhlG@)[iZZBgaumﬂyﬁﬁd& )

Case 1: n = 2. Recalling the formula for G and integrating by parts in (9)
we get

L

1
- < — d
5" U(O)QW[/BTU Y
1, 1 2
-7 aulogly|dy + — auly|*log|y| dy
e B, 4 B,
1
+gr2(2logr—l)[/BraUdy
_iﬂﬂmﬁmouqm
o 5. Y g1y Y

w0 <=5 ],

1 1 1
wy) =1+ a(y){ - 5 logly| + 77*(2logr — 1) + 1y’ }.

This implies
where

Case 2: n > 2. The proof works similarly. Inserting the exact formula for G
into (9) and integrating by parts, we get

lr”u /[/ udy + ——— /[/ au|y|2 ™ dy
n wn B, Tl— Wn B,
ot s
n(n—Z)wn/[/Brau'yl Y 2(n—2)wnr Tau Y
1 2
+ﬂ;;ﬁ;ﬁﬁfuMd%
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O < )], ouma

a 1 " T )
(y){___z__Jr yQ}'
n—2Un |y 2 2n

The proof is complete. O

which implies

where

w(y) =1+

Corollary 2.1. Let Q, a and w be as in Theorem 2.1. Then a function u
€ C?(Q) is a solution of (5) if and only if

u(x) |B |/[/Br(w) w(z,r;y)dy for all B.(z) C .

Proof. The necessity follows directly from Theorem 2.1. Conversely, as-

sume that
|B |/[/ w(z,r;y)dy for all B.(xz) C Q.
3: B, (z

but Au(zg) + a(xo) u(zg) < 0 for some zg € Q. In particular, Au+au < 0
in a neighborhood of xy. The proof of Theorem 2.1 then implies that (see

e.g. (6))
1
u(xg) < m///&m) u(y) w(z,r;y) dy

for any r sufficiently small, which is a contradiction. O

2.2. Parabolic case

We next turn our attention to a parabolic version of the mean value prop-
erty. The heat kernel plays an important role, especially in recognizing the
shape where the average is taken. Let K denote the heat kernel,

K(t,z) L ( W) (10)
=———exp|——).
’ (4mt)n/2 P 4t
For a fixed point (t,z) and a parameter a > 0, define the “heat ball”
Wo =W(t,z; ) = {(s,y) cs<t,yeR" K(t—s,z—y) > a}.

Note that the bigger « is, the smaller W, is.
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We first recall the mean value property for the heat equation, which was

proved by Pini® and Fulks* (see also Watson®!?). Let u be a solution to
—Au=0.

Then for any (¢, z) and «, there holds

a |z —y|?
=— u(s,y dyds. 11
4 [//VV(t,z;a) ( ) |t - S|2 ( )

Motivated by the mean value property established in Theorem 2.1, we
look for a mean value property for solutions of

— Au—a(t,x)u =0. (12)

Following standard terminology, a function u € C?(]0, T] x ) is said to
be a sub-solution of (12) in (0,7) x Q if

—Au—a(t,z)u <0in (0,T) x Q.
Theorem 2.2. Let Q) be an open subset of R™, n
number, and a(t,x) a smooth function defined o

n(
solution uw € C2([0,T] x Q) of (12), (t,z) € (0,T] x
[0,T] x Q, there holds

u(t,z) < a W u(s,y) wit,z, s 5,1) d(y) ds,
W (t,z;cx)

> 1, T a positive real
0,T) x . For any sub-
| x Q and W(t,z;a) C

where
|z —y[? 1 [z =yl
wit, v ais,y) = 45— $)2+a(8’y)[a(4ﬂ(t ) exp (- At — s))
n |z —y|?
+loga + B log(4n(t — s)) + = s)} .

To prepare for the proof we need the following lemma.

Lemma 2.1. We have

/// dyds = C’l(n)oz_l_%, (13)

W(t,z;ax)

/// K(t—s,o—y)dyds=Cy(n)a"»,
W (t,z;a)

// VK({t—s,z—y) vydo(s,y) =1. (15)
OW (t,z;cr)

S
—~
—_
>~
Nz

Here v = (vs,vy) is the outer normal to OW (t,z; ) at (s,y).
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Proof. Without loss of generality, we can assume t = 0 and = 0 and we
write W, = W(0,0; «). Next, we note that if (s,y) € Wy, then (A\?s,Ay)
€ Wy-nq. Thus, by a change of variables (3,7) = (A%, Ay) with A = an,
(13), (14) follows from

aH%// dyds:// dyds =: C1(n) < 00
Wi
%// K(—s,—y dyds—// K(-8,—73)dyds =: Ca(n) < oo.
Wi

The finiteness of C;(n) is evident. To see the finiteness of Cs, note that Wy
is contains in a slab of the form {(s,y): =T < s <0,y € R"}, and so

// K(=5,—§)djds <T sup | K(-s,—5)dy
Wi

—T<s<0 JRn
<cr / exp(—Jy[?) dy < oc.
RTL

It remains to prove (15). By the co-area formula,

W |Vlog K (—s,—y)|* dy ds
/ //awﬁ |v|sv§< )P)d(svy)dﬂ

/ /awﬁ VE(=s,~y) vy do(s,y) df.

Thus it suffices to show

/[/ |Vlog K (—s,—y)|>dyds = a™"
Wa

Moreover, by scaling, it suffices to consider « = 1. We compute

2
[// |Vlog K(—s,— \Qdde—/[/ lyl® 5 dy ds
W1 Wl

2
/ /// Iyl dy ds
— s ly|<+/2n s log(—4ms) 4s?

2 1

nt2
z/ ) wnn+2 (2n s log(—4ms)) 2 @ds

4

n+2

(2%) 2 2 /OO ¢ n+2
t 2 dt
4(n +2) (m)in 2 Jo

=1
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The proof is complete. O

Proof of Theorem 2.2. By shifting, we can assume that x = 0 and ¢t =
0. We write W, for W(0,0; «) and set K(s,y) = K(—s,—y). We have for

a> o
/[/W~ audyds > [//Wd [Bsu - Au} (s,y) dyds

a - //8 . [uus —Vu-uy} (s,y) do(s,y) (16)

where v = (vs, 1) is the outer normal to OW,,.
Fix some a; > ay > « for the moment. By (16),

_ ///W%\Wal DuJu (K — an)] dyds = (a1 — an) //{)WQI wvs do(s,y)
< (o1 — ag) //8Wal Vu - vy do(s,y)

+ (a1 — ag)///wa audyds.

It follows that

0=— ///W . ulds + A|(K — ap) dy ds

o

- WW%\WM [0s — Alu (K — az) dyds — ///W%\Wal Os[u (K — az)] dy ds
— //awa2 uVK - vy do(s,y) + //8Wal uVK - vy do(s,y)
(o -ar) f] . Vudo(s.y

< [//WQQ\WQ1 au (K —ag)dyds + (a1 — az) Wwal audyds

- // uVK -v,do(s,y) + // uVK - v, do(s,y).
oW, W,

Sending a; — oo and using Lemma 2.1, we infer that

u(0,0) < ///W% au(K — ag) dyds

_ //mvaz uVK v, do(s,y) = Alaz). (17)
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To proceed, we apply the co-area formula to level sets of K to rewrite

A€) as

ao--|f , 1Baosn)

+/:°//8Wpuccza(s,y)dp—g/:o//wpuma(s,y)dp,

B(s,y) = VK(—s,y) - vy(s,y),
_a(s,y) K(=s,y)
o) =N Kyl

sy
Dy = g Kesol

where

By (17) and Lemma 2.1,

Sutto) < [T e ade

__ / e {o/a . u(z y) B(s,y) do(s,y)
+ / & /)E //a . 105:9) Clov) o)
_ / T /5 h //8 . (5:0) Dlosy) doo)
- [Te i . 105:9) Blos ) dos.)
vt ] . 150) Clos) dos.) e
_ /:Og—l //a ) Clo.p) dos,p) de
+loga [ h I . M) Dlssy) o) de
_ / T loge //8 . 1(os1) Do) dos,y) d

- ///Wa u(s,y) B(as s,y) dy ds,
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where
E(a;s,y) = |Vs,yl~(|{ —f(_ZB—Fa_lC’—IN(_lC’—i-logaD—logf(D}

= |Vlogl~(|2+a[oz_1f(—1—|—loga—logl~(]
2

_ [ 1 ( Iyl2)
482 als,y) a (4 |s])n/2 P 4]s|
|yl
+loga+ = 1og(47r| )+ 4| i
The assertion follows. O

Corollary 2.2. Let Q, T, a and w be as in Theorem 2.2. A function u is
a solution of (12) if and only if

u(t, x) —Q///W(t Jy)w(t, x, a;8,y) dy ds

for all (t,z) € (0,T] x Q and W(t,x;oz) C [0, 7] x Q.

3. Mean value properties on hyperbolic spaces
3.1. Elliptic case

Let H™ denote the hyperbolic space of dimension n, i.e. the upper-half space
R? = {(«/,2n) € R" : z;, > 0} equipped with the metric

|d;v 1> + da?

332

We denote by Buyyp, (x,7) the geodesic ball of H™ centered at = and of radius
r.
Consider

Apyptu+a(z)u=01in Q, (18)
where Ayyp is the Laplace-Beltrami operator on H" and (2 is some open
subset of H".

In the special case where a(z) = 0, i.e. u is harmonic, it can be shown
that
1
|Bhyp (CE, ’f’)| Buyyp (z,7)
This can be seen as a consequence of the generalized Darboux theorem on

the commutativity of the mean value operator and the Laplace-Beltrami
operator (see [6, Theorem 4.1]).

u(z) = u(y) dvolnyp ().
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In this section, we will develop an analogue of the above property for
arbitrary (smooth) a(x). We begin by recalling the Green function of the
Laplace operator on H". Let z be an arbitrary point on H™. In terms of the
radial variable r = dist (-, ), the Green function with pole at z is given by

G) = G)i= o [

—d 1
W, sinh s)7—1 % (19)

where w, is the surface volume of the unit sphere S*~! C R”. Note that G
= G(r) is decreasing in r and for r = 0,

—s=log 7+ O(1) if n=2
_ 27 )
Gl = { (n712)wn r2=" 4+ O(r3 ") if n > 3.

Theorem 3.1. Let Q be an open subset of H", n > 2, and a(z) be a
smooth function defined on ). For any sub-solution u € C*(Q) of (18) and
Biyp (z,7) C Q, there holds

u(@) < m I L Hute ) dvoly

where

w(z,r;y) = 1+ aly) m(r, dist nyp (y, 2)),

and

T T 1
m(’f’, S) = / (Sinh T)n71 / W dé- dr.

Proof. Let G be the radial Green function for the Laplacian on hyperbolic

spaces with pole at z and A, = G‘ .
OBhyp (2,7)

Fix 0 < r1 < re < r. We compute

og/// (A +au) (@ - 4y,)
Bhyp (2,72)\Buyp (z,71)
—uApyp (G — A4, )} dvolnyp (Y)

= /// au (G — A,,) dvolnyp (y)
Bhyp (2,72)\ Bhyp (z,71)
- // W, (G — Ay,) dogy (y)
thyp (z,rg)

- // [0,0(G = Ar) = udy (G = Apy) | donyy (1),
thyp (w,rl)
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Now, observe that G = A,, > A,, on 0By, (z,71) and so

// 0,u (G — Ay,) dongy (y)
OBnyp (z,71)
= (Am - ATz) [/ 81/” dohyp (y)
OBnyp (x,r1)
= (A, — Ar) /// Apyp udvolnyy (y)
Bhyp (z,71)

> —(A,, — A) /// au dvolnyp, (y).
Bhyp (Ivrl)
We thus have

0< /// au (G — Ar,) dvolnyp (y)
Bhuyp (2,72)\Bhyp (z,71)
— // u 0, G donyp (y)
OBhyp (z,r2)
+ // u 0, G donyp ()
OBnyp (z,71)

7‘1 - T2 w au d’UOlhyp ( )
Bhyp ($ 7‘1)

Sending 1 — 0 and using (19), we obtain

1
_ d
@) < Wy, (sinhrg)n—1 //ms’hyp (x,72) wdoyy (0)

+ /// au (G — Ar,) dvolny (y)
Bhy}) (I77’2)

=: g(r2).

N

It thus follows from the co-area formula that

| Buyp (z,7)| u(z) < /OT wy, (sinh 8)" "1 g(s) ds

= / // udonyp ()
0 JJOBuyp (x,5)
+ / wy, (sinhs)™ ™! / // auGdonyyp (y) dr
0 0 OBhyp (2,7)
- / wy, (sinh 8)" 1 Ay / // awdonyyp (y) dr.
0 0 OBhyp (2,7)
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Integrating by parts, we arrive at

/ // Udahyp( )
OBhyp (z,5)

+h1(7“)/ Z/ au G donyp (y)
0 OBhyp (2,5)
—|—/ hl(s)// auGdonyp (y) d
0 OBnyp (z,s)
— ha(r) / Z/ audonyp (y) ds
0 OBhyp (z,5)
— / ha(s) [/ audonyp (y) ds.
0 OBnyp (z,s)

S
wy, (sinh 7)1 dr,

| Buyp (z,7)| u(z

where
hi(s) =

wy, (sinh 7)1 A, dr.
g

— 55—

hQ(S)

The conclusion follows easily.
Corollary 3.1. Let , a and w be as in Theorem 3.1. A function u is a

solution of (18) if and only if
(x,7;y) dvolpyp ()

|Bhyp (33, T)| By (x,1)

for all Byyy (z,7) C Q

3.2. Parabolic case
(20)

Apypu —a(t,z)u=0

Next, we consider
Oy —
K, (z;5,y) be the radial heat kernel on H" with pole

Let K(x;s,y)

at . It is well known that K (x;s,y) depends only on s and r = dist (z, y)
In dimension two, the formula for K was found by McKean:”
bl

o0 texp(—4s)

V2 e S N —"
v/cosht — coshr

T

KQ(a.?Say) - (471'8)%
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In dimension three, it was found by Debiard, Gaveau and Mazet:>

1 2

r r
Ka(z;s,y) = I (— - —).
3(@;5,y) (475)2 sinhr exp T s

In higher dimensions, it is given by the following recurrence relation,

—ns

e

—— K, (x;5,¥).
27 sinhr Or (255,y)

Knya(z;8,y) =
This latter identity is attributed in® to Millson (unpublished), and is re-
covered by Davies and Mandouvalos.? A direct derivation of the formula
for the heat kernel in any dimension without using the above recurrence
relation is later given by Grigor’yan and Noguchi.®
For fixed (t,z) € RT x H" and a > 0, define hyperbolic heat balls by

Wo = Whyp (t,z;0) ={(s,y) : s < t,y e H", K(x;t — s5,y) > a}.

By [2, Theorem 3.1], K is dominated from above and below by positive mul-
tiples of the heat kernel of the Euclidean space R™. Thus, as Euclidean heat
balls are bounded, so are hyperbolic heat balls. Moreover, by [1, Lemma
4, p. 192], K is decreasing with respect to r. Thus, W, retracts to S, :=
{(s,z) € Wy,}. We claim that S, is connected. To see this, observe that
by [2, Theorem 3.1], S, contains {(s,z) : a < s < t} for some a < t. Hence,
if S, is disconnected, then as K is decreasing with respect to r, K has a
local minimum lying on the line {(s, ) : s < t}. This contradicts the max-
imum principle. The claim is ascertained. It follows that W, is connected.
Moreover, W, is of the form

Wo ={(s,y) 1 aa < s < t,distnyp (y,2) < 7a(s)}.

By the implicit function theorem, the boundary of W, is the union of a
smooth hypersurface and the point (¢, ).

Theorem 3.2. Let Q) be an open subset of H" and assume that u €

C3([0,T] x Q) is a sub-solution of (20) in [0,T] x Q. Then for any (t,z) €
[0,T] x Q and o such that Wy, (t,z;a) C [0,T] x £,

1
u(t,x) < // w(s, y) wlt, 2, a: 5, y) dvolyyy () ds,
C(O[) Whyp (t,2;00) v
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where

Ca) = /// |V log K (x;t — s,y)|* dvolp,, (y) ds,
Wiyp (t,2500)
UJ(t, T,a;s, y) = ‘VIOgK(l',t - S, y)|2
+a(s,y)[a” K@it = 5,y) — 1

—l—loga—logK(w;t—s,y)]

Proof. We write W, for W (t, z; o). We write K(s,y) = K (z;t — 5,7). Fix
some a1 > ag > «a. Arguing as in the proof of Theorem 2.2, we arrive at

0=— ///W u[ds + Anyp |(K — a2) dvolngy (y) ds

az \Way

< /// au (K — ag) dvolyy, (y) ds
Way \Wa,
+ (1 — a2) [// a v dvolyyy, (y) ds
Wo‘l

- // uVK - vy donyp (S, Y)
MWa,

+ // uVK - vy, doyyp (5,9). (21)
OWa,

Here doyyp denotes the surface element on OW, induced by the product
metric on R x H".
Next, using [2, Theorem 3.1] and Lemma 2.1, we have

lim /// au (K — ag) dvolyyp (y) ds = 0,
a;—0 Wa,

lim (a7 — a2) [// audvolyy, (y) ds =0,
a1 —0 Wal

lim // uVK - vy dony, (5,y) = Coul(t,z),
Wa,

a1 —0

where Cj is a constant that depends only on n. Thus, by sending a; — 0
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in (21), we get
Cou(t,z) < [// au (K — as) dvolyy, (y) ds
Way
- Z/ uVK - vy, dongp (5,9)
OWa,y
=: Aag). (22)

We then proceed as in the proof of Theorem 2.2. Applying the co-area
formula to level sets of K, we rewrite A(&) as

4© =~ [ wBdons (o
" /:0 //awp uC donyy (s,y) dp
¢ /:O //awp uD donyp (s,y) dp,

where

B(Svy) = VK(t - Svy) ' Vy(s,y),
) Kt — s.)
ClEn) =9, Kt s

_ a(ly])
Pev) =R —s)

By (22), Lemma 2.1 and [2, Theorem 3.1],

S [Teraga

—— [T [ usy) Bls.y) dongy (5,)
[/
+ /:O &2 /:O //awp u(s,y) C(s,y) donyp (s,y) dpd€
_ /:o ¢! /:o //awp u(s,y) D(s,y) donyp (s,y) dp d§

_ ///WQ u(s,y) E(t, 0 5,y) dvolnyy () ds,
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where
E(t,a;s8,y) = |Vs7yf(|{f(*23+oflC— f(*lC—l—logaD—logf(D}
= |Viog K|? —l—a,[oflff— 1+loga—logK|.

To conclude the proof, it remains to “compute” Cy. To this end, applying
the above formula to u = 1 and a = 0, we get

% = [//W |V10gf(|2d1101hyp (y) ds.

The assertion follows. O

Corollary 3.2. LetQ, T, a, C(«) and w be as in Theorem 3.2. A function
w is a solution of (20) if and only if

U,(t, 33) = ﬁ /ﬂw(t7m;a) U’(S7 y) UJ(t, €, a5s, y) dhyp (y) dS
for all (t,x) € (0,T) X Q and W(t,x;a) C [0,T] x Q.
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In this paper, we summarize some new progresses in the study of the problem
of multiplicity of brake orbits on hypersurfaces in R2". We first give an intro-
duction to the Bott-type iteration formulas of the Maslov-type index theory
associated with a Lagrangian subspace for symplectic paths. As an applica-
tion of these results, we consider the problem of multiplicity of brake orbits on
C? compact convex symmetric hypersurface 3 in R2" satisfying the reversible
condition N¥ = X. In the symmetric case, we give a positive answer to the
Seifert conjecture of 1948 under a generic condition.

Keywords: Brake orbit, Maslov-type index, Bott-type iteration formula, Con-
vex symmetric domain

1. Introduction

In this paper, we summarize some new progresses in the study of the prob-
lem of multiplicity of brake orbits on hypersurfaces in R?". We first give an
introduction to the Bott-type iteration formulas of the Maslov-type index
theory associated with a Lagrangian subspace for symplectic paths. Then
as an application of these results, we consider the problem of multiplicity
of brake orbits on C? compact convex symmetric hypersurface ¥ in R2"

satisfying the reversible condition N¥ = X. The details are given in.!?

*Partially supported by NNSF of China, 973 Program of MOST.
TPartially supported by National Science Foundation of China grant 10801078 and
Nankai University.



72 C. Liu and D. Zhang

1.1. Background for brake orbits

This paper is concerned with special periodic solutions of second order
autonomous Hamiltonian systems of the form

-G=V'(q), q(t) eR™ (1.1)

Naturally the potential V is assumed to satisfy that V € C?(R™ R)
and h > 0 such that Q = {¢ € R"|V(¢q) < h} is nonempty, bounded, open
and connected.

More specifically, we shall look for nonconstant solutions of (1.1) such
that for some 7 > 0 following problem

4(0) = 4(5) = 0. (1.2)

A solution of (1.1) and (1.2) can be 7-periodically extended to a periodic
solution of (1.1). The trajectory in configuration space of such motion is
a simple curve connecting the two points ¢(0) and ¢(%) along which the
solution oscillates back and forth. Hence we usually consider the following
problem

Q)+ V'(a(t) =0, for q(t) € 2, (1.3)
SO+ V) =h,  VieR, (14
i(0) = d(3) =0, (L5)
WG+ =a5 -, at+m)=qt), WeR.  (L6)

A solution (7, q) of (1.3)-(1.6) is called a brake orbit in Q. We call two
brake orbits ¢; and g2 : R — R"™ geometrically distinct if ¢1(R) # g2(R).

We denote by O(Q) and O(Q) the sets of all brake orbits and geomet-
rically distinct brake orbits in 2 respectively.

Let J = <0 _I> and N = <_I O) with I being the identity in R"™.

I0 0 I
Suppose that H € C?(R?" \ {0}, R) N C1(R?*", R) satisfying
H(Nz) = H(z), V€ R*™. (1.7)

We consider the following fixed energy problem

'()ZJH/( (1)), (1.8)
H(z(t)) = (1.9)
x(—t) = Na:( ), (1.10)
x(r+t) = z(t), YVt € R. (1.11)
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A solution (7, ) of (1.8)-(1.11) is also called a brake orbit on ¥ := {y €
R?" | H(y) = h}.

Remark 1.1. It is well known that via

Hp.q) = 3o + V(a), (112)

z = (p,q) and p = ¢, the elements in O({V < h}) and the solutions of
(1.8)-(1.11) are one to one correspondent.

In more general setting, let ¥ be a C? compact hypersurface in R2"
bounding a compact set C' with nonempty interior. Suppose ¥ has non-
vanishing Guassian curvature and satisfies the reversible condition N (¥ —
x0) = X —x0 := {z—mzo|z € £} for some z¢ € C. Without loss of generality,
we may assume g = 0. We denote the set of all such hypersurface in R?" by
Hp(2n). For z € X, let Nx(x) be the unit outward normal vector at z € X.
Note that here by the reversible condition there holds Nx(Nz) = N Nx(x).
We consider the dynamics problem of finding 7 > 0 and an absolutely
continuous curve z : [0, 7] — R*" such that

&(t) = JNs(x(t)), z(t) € %, (1.13)
x(—t) = Nz(t), (T +1) = =(t), for all teR. (1.14)

A solution (7, z) of the problem (1.13)-(1.14) is a special closed charac-
teristic on X, here we still call it a brake orbit on X.

We also call two brake orbits (71, 21) and (72, xz2) geometrically distinct
if z1(R) # z2(R), otherwise we say they are equivalent. Any two equivalent
brake orbits are geometrically the same. We denote by J,(X) the set of all
brake orbits on X, by [(7,z)] the equivalent class of (7,z) € Jp(X) in this
equivalent relation and by J,(X) the set of [(7, )] for all (1,z) € Ju(%).
From now on, in the notation [(7,z)] we always assume z has minimal
period 7. We also denote by J(X) the set of all geometrically distinct
closed characteristics on X.

Remark 1.2. Similar to the closed characteristic case, #jb(E) doesn’t
depend on the choice of the Hamiltonian function H satisfying (1.7) and
the conditions that H=*(\) = ¥ for some A € R and H'(z) # 0 for all
z € X.

Let (7, x) be a solution of (1.8)-(1.11). We consider the boundary value
problem of the linearized Hamiltonian system

y(t) = JH" (x(t))y(t), (1.15)
y(t+71)=y(), y(—t)= Ny, vt € R. (1.16)
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Denote by 7;(t) the fundamental solution of the system (1.15), i.e., v5(?)
is the solution of the following problem

Ve (t) = JH" (2(t))7v2 (1), (1.17)
Y2(0) = Ion. (1.18)

We call v, € C([0,7/2],Sp(2n)) the associated symplectic path of (T, ).

The eigenvalues of ~,(7) are called Floquet multipliers of (7,z). By
Proposition 1.6.13 of Ekeland’s book,” the Floquet multipliers of (7,z) €
Jb(2) do not depend on the particular choice of the Hamiltonian function
H satisfying conditions in Remark 1.2.

Definition 1.1. A brake orbit (7,z) € J(X) is called nondegenerate if 1
is its double Floquet multiplier.

Let B} (0) denote the open unit ball R™ centered at the origin 0.

In?" of 1948, H. Seifert considered the brake orbit problem of (1.8)-
(1.11) in the case H(p,q) = szzl a;j(q)pip; + V(q), where (a;;(q)) is
positive matrix for every ¢ € Q = {q € R"|V(q) < h}. Let § = H~!(h).
He proved that: J,(X) # 0 provided V' # 0 on 99, V is analytic and
Q is homeomorphic to B} (0). Then he proposed his famous conjecture:
#jb(Z) > n under the same conditions.

After 1948, many studies have been carried out for the brake orbit prob-
lem. S. Bolotin proved first in*(also see®) of 1978 the existence of brake
orbits in general setting. K. Hayashi in,'® H. Gluck and W. Ziller in,'? and
V. Benci in? in 1983-1984 proved #O(Q) > 1if V is C*, Q = {V < h} is
compact, and V'(q) # 0 for all ¢ € 9. In 1987, P. Rabinowitz in?% proved
that if H satisfies (1.7), ¥ = H~1(h) is star-shaped, and z - H'(z) # 0 for
all z € ¥, then #7,(X) > 1. In 1987, V. Benci and F. Giannoni gave a
different proof of the existence of one brake orbit in.?

In 1989, A. Szulkin in?® proved that #7,(H~'(h)) > n, if H satisfies
conditions in?® of Rabinowitz and the energy hypersurface H~1(h) is v/2-
pinched. E. van Groesen in'! of 1985 and A. Ambrosetti, V. Benci, Y. Long
in' of 1993 also proved #O(Q) > n under different pinching conditions.

Note that the above mentioned results on the existence of multiple brake
orbits are based on certain pinching conditions. Without pinching condi-
tion, in?* Y. Long, C. Zhu and the second author of this paper proved the
following result.

Theorem A. (Long-Zhang-Zhu, 2006). For n > 2, suppose H satisfies
(H1) (smoothness) H € C*(R*"\ {0},R) N C*(R*",R),
(H2) (reversibility) H(Ny) = H(y) for all y € R*".
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(H3) (convexity) H" (y) is positive definite for all y € R?™ \ {0},
(H4) (symmetry) H(—y) = H(y) for all y € R*".
Then for any given h > min{H (y)| y € R?*"} and X = H~1(h), there holds

#jb(z) > 2.
As a consequence they also proved

Theorem B. (Long-Zhang-Zhu, 2006). For n > 2, suppose V(0) = 0,
V(g) >0, V(—q) =V(q) and V"(q) is positive definite for all ¢ € R™\ {0}.
Then for Q = {q € R™V(q) < h} with h > 0, there holds

#O(Q) > 2.

1.2. Main results

Definition 1.2. We denote

Hi(2n) = {X € Hp(2n)| X is strictly convex },
Hy(2n) = {¥X € Hi(2n)] — X =X}

Definition 1.3. For ¥ € H;°(2n), a brake orbit (7,z) on ¥ is called
symmetric if z(R) = —z(R). Similarly, for a C? convex symmetric bounded
domain Q C R", a brake orbit (7,¢q) € O(Q) is called symmetric if ¢(R) =
—q(R).

Note that a brake orbit (7,z) € Jp(X) with minimal period 7 is sym-
metric if z(t + 7/2) = —x(t) for t € R, a brake orbit (7,q) € O(Q) with
minimal period 7 is symmetric if ¢(t + 7/2) = —¢(t) for t € R.

In this paper, we denote by N, Z, Q and R the sets of positive integers,
integers, rational numbers and real numbers respectively. We denote by
(-,-) the standard inner product in R™ or R?", by (,) the inner product
of corresponding Hilbert space. For any a € R, we denote E(a) = inf{k €
Z|k > a} and [a] = sup{k € Z|k < a}.

The followings are the main results for brake orbit problem proved by
the authors of this paper in 2009.

Theorem 1.1 (Liu-Zhang, 2009). For any ¥ € H;“(2n), we have

#jb(z) > [g] + 1.
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Corollary 1.1 (Liu-Zhang, 2009). Suppose V(0) = 0, V(q) > 0,
V(—q) =V (q) and V" (q) is positive definite for all ¢ € R™\ {0}. Then for
any given h >0 and Q = {q € R"|V(q) < h}, we have

n

#0Q) > |3

+1

Theorem 1.2 (Liu-Zhang, 2009). For any ¥ € H;°(2n), suppose that
all brake orbits on % are nondegenerate. Then we have

# () > n+2A(%),

where 22(X) is the number of geometrically distinct asymmetric brake orbits
on X.

As a direct consequence of Theorem 1.2, for ¥ € H;°(2n), if #7,(2) = n
and all brake orbits on ¥ are nondegenerate, then all [(7,z)] € J(X) are
symmetric. Moreover, we have the following result.

Corollary 1.2 (Liu-Zhang, 2009). For ¥ € H;*°(2n), suppose #J (%)
=n and all closed characteristics on X are nondegenerate. Then all the n
closed characteristics are symmetric brake orbits up to a suitable translation
of time.

Remark 1.3. We note that #7(X) = n implies #7,(X) < n, and Theorem
1.2 implies #7,(%) > n. So we have #7,(2) = n. Thus Corollary 1.2 follows
from Theorem 1.2. Motivated by Corollary 1.2, we tend to believe that if
¥ € H§ and #J(X) < oo, then all of them are brake orbits up to a
suitable translation of time. Furthermore, if ¥ € H;*® and #J (%) < +o0,
then we believe that all of them are symmetric brake orbits up to a suitable
translation of time.

Corollary 1.3 (Liu-Zhang, 2009). Under the same conditions of Corol-
lary 1.1 and the condition that all brake orbits in ) are nondegenerate, we
have

#0(Q) > n + A(Q),

where 224(82) is the number of geometrically distinct asymmetric brake orbits
in Q. Moreover, if the second order system (1.3)-(1.4) possesses exactly n
geometrically distinct periodic solutions in  and all periodic solutions in
Q are nondegenerate, then all of them are symmetric brake orbits.
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1.3. Problems for further study

Motivated by corollary 1.2, we tend to believe that

e if ¥ € H{ and #7(X) < 400, then all of them are brake orbits up to
a suitable translation of time.

e Furthermore, if ¥ € H;*“ and #J (%) < 400, then we believe that all
of them are symmetric brake orbits up to a suitable translation of time.

A typical example of ¥ € H}“(2n) is the ellipsoid &,(r) defined as

follows. Let r = (r1,--- ,7,) with r; > 0 for 1 < j < n. Define
" g2 4y
g’n = = y "y dny 7"'7n€R2n u:]- .
(") {x (@1 e o) >

If rj/rx ¢ Q whenever j # k, from® one can see that there are precisely n
geometrically distinct symmetric brake orbits on &, (r) and all of them are
nondegenerate.

Since the appearance of,'* Hofer, among others, has popularized in many
talks the following conjecture: For n > 2, #j(E) is either n or 400 for any
C? compact convex hypersurface ¥ in R?**. Motivated by the above conjec-
ture and the Seifert conjecture, we tend to believe the following statement.
Conjecture 1.1. For any integer n > 2, there holds

{FA@)8 e M) | = fn, +oo}.

For ¥ € H;“(2n), Theorem 1.1 supports Conjecture 1.1 for the case
n = 2 and Theorem 1.2 supports Conjecture 1.1 for the nondegenerate case.
However, without the symmetry assumption of ¥, the estimate #jb(E) >2
has not been proved yet. It seems that there are no effective methods so far
to prove Conjecture 1.1 completely.

2. Iteration formulas for Maslov-type index theory
associated with a Lagrangian subspace

We observe that the problem (1.8)-(1.11) can be transformed to the follow-
ing problem

where Lo = {0} x R" C R2",
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An index theory suitable for the study of this problem was developed
in'® for any Lagrangian subspace L. In order to prove Theorems 1.1-1.2,
we need to establish an iteration theory for this so called L-index theory.

We consider a linear Hamiltonian system

#(t) = JB(t)z(t), (2.1)

with B € C([0,1], Ls(R?"), where £(R?") denotes the set of 2n x 2n real
matrices and L4 (R?") denotes its subset of symmetric ones. It is well known
that the fundamental solution vp of (2.1) is a symplectic path starting from
the identity Is, in the symplectic group

Sp(2n) = {M € LR*")|MTJM = J},
ie., v € P(2n) with
P-(2n) = {y € C(|0,7],Sp(2n))|[y(0) = Iy}, and P(2n) = P1(2n).
We denote the nondegenerate subset of P(2n) by
P*(2n) = {7 € P(2n)|det(1(1) — L) # 0}.

In the study of periodic solutions of Hamiltonian systems, the Maslov-type
index pair (i(7),v(y)) of v was introduced by C. Conley and E. Zehnder in®
for v € P*(2n) with n > 2, by Y. Long and E. Zehnder in?? for v € P*(2),
by Long in?° and C. Viterbo in?® for v € P(2n). In,?! Long introduced the
w-index which is an index function (i, (7),vw(y)) € Z x {0,1,---,2n} for
weU:={zeC||z| =1}.

In many problems related to nonlinear Hamiltonian systems, it is nec-
essary to study iterations of periodic solutions. In order to distinguish two
geometrically distinct periodic solutions, one way is to study the Maslov-
type indices of the iteration paths of the fundamental solutions of the
corresponding linearized Hamiltonian systems. For v € P(2n), we define
Ft) =yt —j)y(1), j <t <j+1,j €N, and the k-times iteration path
of v by v¥ = F|jo,5), Yk € N. In the paper?’ of Long, the following result
was proved

i) =" du(n), v =D mly). (2:2)
wk=1 wk=1
From this result, various iteration index formulas were obtained and were
used to study the multiplicity and stability problems related to the nonlin-
ear Hamiltonian systems. We refer to the book of Long?? and the references
therein for these topics.
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In?* Y. Long, C. Zhu and the second author of this paper studied the
multiple solutions of the brake orbit problem on a convex hypersurface,
there they introduced indices (11 (), v1(y)) and (p2(7), v2(7)) for symplec-
tic path . Recently, the first author of this paper in'® introduced an index
theory associated with a Lagrangian subspace for symplectic paths. For a
symplectic path v € P(2n), and a Lagrangian subspace L, by definition the
L-index is assigned to a pair of integers (i1, (v),vr(v)) € Z x {0,1,--- ,n}.
This index theory is suitable for studying the Lagrangian boundary value
problems (L-solution, for short) related to nonlinear Hamiltonian systems.
In'7 the first author of this paper applied this index theory to study the
L-solutions of some asymptotically linear Hamiltonian systems. The indices
u1(y) and pa(y) are essentially special cases of the L-index ir () for La-
grangian subspaces Ly = {0} x R™ and L; = R™ x {0} respectively up to
a constant n.

Let Ly = {0} x R" and L; = R™ x {0} ¢ R*". The following two
maslov-type indices are defined in?* by Long, Zhang, and Zhu in 2006.

AB

Definition 2.1. For M = (C D

) € Sp(2n), we define

vi(M) =dimker B, and wv2(M)=dimkerC.
For ¥ € C([a,b],Sp(2n)), we define
v (V) = (¥®)),  va(¥)=ra(¥(0))
and

Ml(qja [au b]) = Z.CLMRQn (L07 \IJL07 [a7 b])7
,UQ(\I/a [0,, b]) = iCLMRQn (Lla \IJle [Cl, b])7

where the Maslov index icra,, for Lagrangian subspace paths is defined
by Cappell-Lee-Miller in” in 1994. We will omit the interval [a,b] in the
index notations when there is no confusion.

Proposition 2.1 (Long-Zhang-Zhu, 2006). For i = 1 or 2, the index
w; are characterized by the following properties:

(i) Homotopy. Two curves of symplectic matrices which begin at Uy and
end at U1 are homotopic with end points fived if and only if they have
the same p; indez.

(ii) Zero. For each k, every path in Spy(2n) has py index zero, every path
in Sp*(2n) has po index zero,



80 C. Liu and D. Zhang

(iii) Catenation. (V) = pi(¥la,q) + wi(¥]ep) holds for ¥ ¢
C([a,b],Sp(2n)) and a < ¢ < b.

(iv) Product. For ny + ng = n, identifying Sp(2n1) x Sp(2n2) as sub-
manifold of Sp(2n) in the obvious way, there holds u;(V1 @ ¥y) =
pi(U1) + pi(¥2) for U; € C([a,b],Sp(2n)) with j =1, 2.

(v) Normalization. The Maslov-type indices of the following two sym-
plectic shears

i (t) = (Ig E;f)) () = <E§&) I(;)

with t € [a,b] are given by

p(¥1) =m*(B(a)) —m™(B(b)), p2(¥2) =m™(B(a)) —m~(B(b)).
(2.3)
In general case, the Maslov-type index (i, (), v1 (7)) for symplectic path
v starting at identity associated with any Lagrangian subspace L of the
standard symplectic space (R?",wp) was defined by Liu'® in 2007. This

general index paly an important role in the proof of Iteration theorem
below. The following relation is proved by the authors'® in 2009.

Proposition 2.2. For any v € P.(2n), there hold

ri(y) =vr,(v), wv(v)=vr,(v), (2.4)
p(y) =i, (v) +n,  p2(y) =i, () +n.

We mention here that, for any symplectic path ~, associated with
(r,z) € Tp(X), by using the notations in Definition 2.1, there holds

()= D>, ), i ()= Y, ().
o<t<t/2 o<t<t/2
Suppose the continuous symplectic path « : [0,1] — Sp(2n) is the fun-
damental solution of the following linear Hamiltonian system
2(t) = JB(t)z(t), teR (2.6)

with B(t) satisfying B(t+2) = B(t) and B(1+¢)N = NB(1-t)) for t € R.
This implies B(t)N = NB(—t) for t € R. By the unique existence theorem
of the linear differential equations, we get

Y(L+1) = Ny(1 = t)y(1) " Ny(1),y(2 + 1) = v(£)7(2). (2.7)
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For j € N, we define the j-times iteration path 47 : [0, ] — Sp(2n) of « by

v (1) =(t), t€0,1],

2 _ A/(t)7 te [0, 1]7
7= {Nwz (1) V(1) t € [1.2),

and in general, for k € N, we define

(1), t € 0,1,
Ny(2=t)y(1)7 Ny (1), t € 1,2,

72’@*1(75) ¢ ... (2.8)
Nv(2k — 2 — t)y(1) "IN~ (1)y(2)%¢75, t € [2k — 3,2k — 2],
Yt — 2k +2)7(2)%4, t € 2k — 2,2k — 1],

V(t)ﬂ [AS [0, 1]7
N2 = t)y(1)TINA(1), t € [1,2],
YRty = oo (2.9)
vt — 2k 4+ 2)v(2)%k4, t € [2k — 2,2k — 1],
Nv(2k — t)y(1)"IN~(1)y(2)%83, t € [2k — 1, 2K].

In order to study the brake orbit problem, it is necessary to study the
iterations of the brake orbit. In order to do this, one way is to study the
Lo-index of iteration path ~* of the fundamental solution ~ of the linear
system (2.1) for any k& € N. In this case, the Lo-iteration path v* of v is
different from that of the general periodic case mentioned above.

In 1956, Bott in® established the famous iteration Morse index formulas
for closed geodesics on Riemannian manifolds. For convex Hamiltonian sys-
tems, Ekeland developed the similar Bott-type iteration index formulas for
Ekeland index(cf.?). In 1999, Long in?! established the Bott-type iteration
formulas (2.2) for Maslov-type index. In 2009, the authors established the
following Bott-type iteration formulas for the Lg-index.

Theorem 2.1 (Liu-Zhang, 2009). Supposey € P.(2n), for the iteration
symplectic paths v*, when k is odd, there hold

iny(VF) =ip, (v —I—Zl 20 (v), vro, (V) = v, (v -I-ZV 2 (v%), (2.10)

when k is even, there hold

kg B

iny (V") =ip,(y +Zz 20 (), vro,(77) = v, (v -I-ZV 2 (v%), (2.11)
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where wy = ™% and (i, (7), vw (7)) is the w index pair of the symplectic
path v introduced in.?!

Remark 2.1. (i) Note that the types of iteration formulas of Ekeland
and (2.2) of Long are the same as that of Bott while the type of our Bott-
type iteration formulas in Theorem 2.1 is somewhat different from theirs.
In fact, their proofs depend on the fact that the natural decomposition of
the Sobolev space under the corresponding quadratical form is orthogonal,
but the natural decomposition in our case is no longer orthogonal under the
corresponding quadratical form. We have noticed that the iteration formula
for brake orbit is studied in'® by a different way.

(ii) In?* by using fi1(x) > 1 for any brake orbit in convex Hamiltonian
systems and the dual variational method the authors proved the existence
of two geometrically distinct brake orbits on ¥ € H;“(2n) , where fi1(x)
is the mean pj-index of 2 defined in.?* Based on the Bott-type iteration
formulas in Theorem 1.3, we can deal with the brake orbit problem more
precisely to obtain the existence of more geometrically distinct brake orbits
on ¥ € Hy¢(2n).

Using the iteration formulas in Theorem 2.1, motivated by the common
index jumping theorem in,2° we prove the following common index jump-
ing theorem 2.2 of the ir,-index for a finite collection of symplectic paths
starting from identity with positive mean iy -indices in'® of 2009. In the
following of this paper, we write (ir, (7, k), vL, (7, k) = (ir,(7F), v, (7))
for any symplectic path v € P-(2n) and k € N.

Theorem 2.2. Let v; € P, (2n) for j =1,---,q. Let M; = ~(275), for
j=1,---,q. Suppose

Then there exist infinitely many (R, mi,ma,--- ,mg) € N9 such that

(Z) VLO(’Y]’ ZmJ + 1) - VL0(71>
(i) ire () 2mj — 1) + vie(v5,2my — 1) = R — (i, (3;) +n + Sy (1) —
v, (74)),
(idi) i, (v, 2mj +1) = R+, (7)),

where SJ:\E[(W) = hmf—’o'f' (iwewp(j:\/TIE) (7) — (7)) fO?” any Sympl€CtiC path
starting with identity and ending at M is the splitting number of the sym-
plectic matriz M at w for w € U.
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3. Variational setup

For ¥ € H;“(2n), let jx : ¥ — [0, +00) be the gauge function of ¥ defined
by

js(0) =0, and js(z)=inf{\>0] ; €C), VzeR¥™\ {0}, (3.1)

where C' is the domain enclosed by .
Define

Hy(z) = j&(x), Vo € R®". (3.2)

Then Hs, € C*(R*\{0},R) N CH'(R?", R). Its Fenchel conjugate is the
function Hy, defined by

Hi(y) = max{(z -y — Hx(z))|z € R*"}. (3.3)

We consider the following fixed energy problem

#(t) = JH((1)), (3.4
Hy(x(t)) = 1, (3.5)
z(—t) = Nuz(t), (3.6)
z(r+t)=z(t), VteR. (3.7)

Denote by J5(2, 2) the set of all solutions (7, z) of problem (3.4)-(3.7) and

by Jp(2,2) the set of all geometrically distinct solutions of (3.4)-(3.7). By

Remark 1.2 or discussion in?* of Long, Zhang, and Zhu, elements in J; (%)

and J,(%, 2) are one to one correspondent. So we have # 7, (X)=%# 7, (%, 2).
For S' = R/Z, as in?* we define the Hilbert space E by

E = {m c Wh2(st, R*)

/01 2(t)dt = o} . (3.9)

The inner product on F is given by

x(—t) = Nx(t), forallt € R and

1
wmzl@mamw (3.9)
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The C! Hilbert manifold My, C E associated to X is defined by

1 1
My, = {m ckE / Hi(—Jz(t))dt = 1 and / (Jz(t), z(t))dt < O} )
0 0
(3.10)
Let Zy = {—id,id} be the usual Zy group. We define the Zs-action on

FE by

—id(z) = —z, id(z) ==, Vo € E.

Since H3, is even, My is symmetric to 0, i.e., Zy invariant. My is a para-
compact Zs-space. We define

B(z) = %/O (Ji(t), z(t))dt, (3.11)

then ® is a Zy invariant function and ® € C*°(E,R). We denote by &5
the restriction of ® to Ms:.
In?* the following lemma is proved.

Lemma 3.1 (Long-Zhang-Zhu, 2006). If #7,(3) < +oo, there is an
sequence {c}ren, such that

—oo < << << g1 <o <0, (3.12)
¢, — 0 ask — +o0. (3.13)

For any k € N, there exists a brake orbit (1,x) € Jp(X,2) with T being the
minimal period of x and m € N satisfying mt = (—cg)~! such that for

#)2/ z(s)ds, te St (3.14)
0

2(x)(t) = (m7) " ta(mrt) — (mr

z(x) € Mx, is a critical point of ®x with ®x(2(z)) = ¢, and
iro(x,m) <k—1<ig,(x,m)+vr,(z,m)—1, (3.15)

where we denote by (ir,(z,m),vr,(z,m)) = (ir,(Ye, m), VL, (Y2, m)) and
vz the associated symplectic path of (7,x).

Definition 3.1. We call (7,2) € Jp(X, 2) with minimal period 7 infinitely
variational visible if there are infinitely many m’s € N such that (7, )
and m satisfies conclusions in Lemma 3.1. We denote by Vo (2, 2) the sub-
set of J,(2, 2) consisting of [(7, )] in which there is an infinitely variational
visible representative.

As in?® of Long and Zhu in 2002, in'? we proved the following injective
map lemma which is also very important in our proofs.



Brake orbits in bounded conver symmetric domains 85

Lemma 3.2 (Liu-Zhang, 2009). Suppose #7J,(X) < +oo. Then there
exist an integer K > 0 and an injection map ¢ : N+ K — Vo p(%,2) x N
such that

(i) For any k € N+ K, [(1,2)] € Voo p(X,2) and m € N satisfying
o(k) = ([(7 ,x)],m), there holds

ing(z,m) <k—1<ip,(x,m)+ v, (x,m)—1,

where x has minimal period T.
(i1) For any kj € N+ K, k1 < ko, (15,2;) € Tp(2,2) satisfying ¢(k;) =
([(7j ,x)],m;) with j =1,2 and [(11 ,z1)] = [(T2 , x2)], there holds

m1 < ma.

4. Sketch of the proofs of Theorem 1.1

For reader’s convenience we briefly sketch the proofs of Theorem 1.1. The
details are given in.'?

Fix a hypersurface ¥ € H;(2n) and suppose #jb(E) < 400, we carry
out the proof of Theorem 1.1 in three steps.
Step 1. Using the Clarke dual variational method, as in,2* the brake orbit
problem is transformed to a fixed energy problem of Hamiltonian systems
whose Hamiltonian function is defined by Hx(x) = ji(z) for any z € R*"
in terms of the gauge function jx(z) of X. By results in?* brake orbits
in J5(3,2) (which is defined after (3.7)) correspond to critical points of
Oy, = D|py, where My and ® are defined by (3.10) and (3.11). In Section
3 we obtain the injection map ¢ : N+ K — Vo 5(2,2) x N, where K is a
nonnegative integer such that

(i) For any k € N+ K, [(1,2)] € Voo s(Z,2) and m € N satisfying ¢(k) =
([(r ,z)], m), there holds

i, (2™) <k—-1<ip, (™) +vp,(z™) -1, (4.1)

where x has minimal period 7, and ™ is the m-times iteration of x for
m € N. We remind that we have written ir,(z) = ir,(v.) for a brake
orbit (7, ) with associated symplectic path ~,.

(ii) For any k; € N+ K, k1 < ko, (15,%;) € Jp(2,2) satisfying ¢(k;) =
([(m5 ,x;)],m;) with j = 1,2 and [(11 ,x1)] = [(72 , z2)], there holds

m1 < ma.
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Step 2. Any symmetric (7,2) € Jp(%, 2) with minimal period 7 satisfies

ot + %) — —z(t), VteR,

and

(ino (2™),vLe(2™)) = (ino ((=2)™), v ((=2)™)), Vm € N.

(4.2)

(4.3)

Denote the numbers of symmetric and asymmetric elements in jb(E, 2) by

p and 2q. We can write
jb(272) = {[(Tj7x])]|] = ]‘727. o ap}
U {[(Tk,$k>], [(Tkv —ﬂfk)”k =D + 17 Y 4 + Q}a

where 7; is the minimal period of z; for j =1,2,--- ,p+gq.
Applying Theorem 2.2 to the associated symplectic paths of

(T1,21), (T2, %2), -+, (Tptqs Tpg)s (2Tpa1, Toyq),
(27pt2, x123+2)7 o (2T x12)+q)
we abtain a vector (R,mq,- -+ ,mp12,) € NPT29F1 guch that R > K +n
and
ine(@k, 2mig +1) = R+ir,(zk), (4.4)
ino(xk, 2my — 1) + vp, (25, 2my — 1)
= R— (i, (zx) +n+ 5§, (1) — v, (2r)), (4.5)
fork=1,--- ,p+q, My =v(r), and
iro (K, dmi +2) = R+ir,(xx, 2), (4.6)
i (Tk, dmy, — 2) + v, (xg, dmy, — 2)
= R — (i, (zx,2) + n+ S3; (1) — v, (2, 2)), (4.7)
fork=p+q+1,---,p+2q and My = v, (27%) = v (7%)2.
We also have
i(zk, 2my + 1) = 2R + (), (4.8
i(x, 2my — 1) + v(ag, 2my, — 1) (4.9
= 2R — (i(zx) + 257, (1) — v(zr)), (4.10)
fork=1,--- ,p+q, My = v(7%), and
i(zg, 4my + 2) = 2R + i(zk, 2), (4.11)
i(xg, 4my — 2) + v(ak, 4myp — 2) (4.12)
= 2R — (i(zx, 2) + 25, (1) — v(zk, 2)), (4.13)

fork=p+q+1,---,p+2q and My = v (27%)-
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By the injection map ¢ and Step 2, without loss of generality, we can
further set

G(R =5+ 1) = ([(rhio)s 2(s)l () fors = 1,2, [2] +1, (4.14)

where m(s) is the iteration time of (7(4), Zp(s))-
Step 3. Let

S| = {86{1,27“'7[%} +1}‘k(s)§p},
Sy — {1,2,--- , [g} +1}\51. (4.15)

‘We should show that
#8, <p and #S, < 2q. (4.16)

In fact, (4.16) implies Theorem 1.1.
To prove the first estimate in (4.16), in'® we proved the following Lemma
4.1.

Lemma 4.1 (Liu-Zhang, 2009). Let (1,z) € Jp(X,2) be symmetric in
the sense that x(t + %) = —x(t) for all t € R and v be the associated
symplectic path of (t,x). Then we have the estimate

1—n

i, (7) + 850y (1) = via(1) = = (4.17)

Combining the index estimate (4.17) and the strict convexity of Hy,
we show that m(s) = 2my, for any s € S;. Then by the injectivity of ¢
we obtain an injection map from S; to {[(7j,;)]|1 < j < p} and hence
#51 <p.

To prove the second estimate of (4.16), using the precise index informa-
tion in (4.4)-(4.13) we can conclude that m(s) is either 2my, ) or 2my(s) —1
for s € S5. Then by the injectivity of ¢ we can define a map from Ss to
I' = {[(rj,2;)][p+1 < j < p+ ¢} such that any element in I' is the image
of at most two elements in Sy. This yields that #Sy < 2q.
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1. Introduction

Nonlinear elliptic problems with nonlinearities of linear growth have been
a classical area of research. In particular, these problems are closely re-
lated to resonance and non-resonance type conditions at infinity and have
deeply inspired developments of variational methods in the last forty years,
such as the Landesman-Lazer type conditions (e.g., [5]), the Saddle Point
Theorem (e.g., [12]), Morse theoretic approach (e.g., [1,2,18]) etc. We refer
[6-8,11,15-18] and references therein for more detailed discussions of some
historical results. Recently for nonlinear Hamiltonian systems and nonlin-
ear elliptic boundary value problems with nonlinearities of linear growth
we have established in [6,7] some existence results without requiring res-
onance conditions at infinity and therefore allowing arbitrary interaction
of the nonlinearity and the linear spectral set. This paper is concerned
with existence and multiplicity of solutions for nonlinear elliptic systems in
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the entire space with nonlinearities of linear growth. Unlike in the cases of
periodic solutions of Hamiltonian systems and nonlinear elliptic boundary
value problems in bounded domains for which the linear operators involved
are of compact type, we have to deal with continuous spectra of the linear
operators involved. The purpose of the paper is to extend the ideas and
results in [6,7] to these more general cases with the essential spectra for the
linear operators being present.

We begin the discussions of the results in this paper. Let M be the linear
space of m X m real symmetric matrices. M is regarded as a subspace of
R™ when convergence of matrices in M is considered. For A, B € M,
A < B means that B — A is semi-positively definite. We study nonlinear
elliptic systems of the type on R¥:

—Au+V(z)u =V, F(z,u) inRY, 1
{U € (H'(RY))™, .

where the potential V satisfies

(V) V € C(RN, M) and there exists co > 0 such that V(x) > —col,, for
any x € RY, I, being the unit matrix of mth order.

The assumptions on F : RY x R™ — R will be formulated later.

Under the assumption (V'), the operator —A + V on (L2(R™))™ with
domain D(—A + V) = (C§°(RY))™ is an essentially self-adjoint operator.
To study the impact of the interplay between the linear operator —A + V'
and the nonlinearity V, F' on existence and multiplicity of solutions of (1),
we consider the increasing sequence A\; < Ao < --- of minimax values
defined by

Jan IVul* + (Vu,u) da

A = inf  sup , k e N,
VEVEk ueV, u0 f]RN |U,|2 dz
where u = (u1,u2, -+ ,Unm), |Vul? = 37" |Vu;l?, (u,v) is the Euclidean

inner product of u,v € R™, |u?> = (u,u), and Vj denotes the family of
k-dimensional subspaces of (C§°(RY))™. Denote

k—oo

Then A is the bottom of the essential spectrum of —A + V if it is finite,
and for every n € N the inequality \,, < A\ implies that \,, is an eigenvalue
of —A +V of finite multiplicity (see e.g. [13,14]).

By adding (co+ 1)u to both sides of the equation in (1), we may assume
that V(x) > I, for any € RY and therefore A\; > 1. Let E be the Hilbert
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space
{u]we (H @)™, (Vu,u) e L{RY)}
endowed with the inner product

(u,v)g = Vu-Vu+ (Vu,v) dz,

RN
where Vu - Vo = > Vu,; - Vo;. Then (C§°(RY))™ is dense in E. To
formulate the assumptions on F', we introduce some notations. Let A be
the set of such functions A € C(RY, M) that there exist 7 > 0 and A < Ay
which may depend on A satisfying A(z) < Al,, for z € RY with |z| > r. For
A € A, we have the orthogonal decomposition E = E~(A)&E(A)®ET(A)
in terms of the negatively definite, the null, and the positively definite
subspaces of —A +V — A, and denote i(4) := dim E~(A) and n(A) :=
dim E°(A). That i(A) and n(A) are finite is a consequence of the assumption
that A < A and A(z) < AL, for x € RY with |z| > R; see the remark
following the proof of Lemma 2.2.

We now formulate the assumptions on F.

(F) F € C*(RN xR™, R); there exist real numbers ¢y, ¢z such that ¢; I, <
V2F(x,u) < cal,y, for all x € RY and u € R™; and there exist R > 0
and coo With coo < Ao such that V2F(z,u) < coolpy for all z € RY
with |z| > R and u € R™.

(F57) VuF(z,0) =0 and n(V2F(-,0)) = 0; there exist K > 0 and A, € A
such that V2F(z,u) > Ay (x) for all z € RY and all u € R™ with
lu| > K, and i(As) —i(V2F(-,0)) > 2.

(Fy) VuF(2,0) =0 and n(VZF(-,0)) = 0; there exist K > 0 and A, € A
such that V2F(x,u) < Ax(x) for all z € RY and all v € R™ with
lu| > K, and i(As) — i(V2F(-,0)) < —2.

One of our main results is as follows.

Theorem 1.1. Assume (V), (F1), and either (FyY) or (Fy). Then (1) has
at least one nontrivial solution. If in addition, F is even in u, then (1) has
at least |i(Aso) — i(VZF(-,0))] — 1 pairs of nontrivial solutions.

Remark 1.1. a) Without loss of any generality, it may be assumed in
addition that ¢11,, < Ax(z) < calyy, for all x € RY and that A, (z) <
Coolm for all z € RN with || > R, under the assumptions of Theorem 1.1.

b) For z € RY with |z| small and for u € R™, it is allowed that
V2F(z,u) = Mool That is, V2F(z,u) may enter the essential spectrum
of the linear operator for x € RV with |x| small and for u € R™.
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We prove Theorem 1.1 in Section 2 and finish with more remarks on
further extensions of our results.

2. Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1 by looking for the critical
points of the functional

D(u) = 1/ |Vul? + (Vu,u) de — F(x,u)dz, u€E.
2 Jr~ RN

Under the assumption (Fy), ® is well-defined and is of C?. Let u be a
critical point of ®. The maximal dimension of the subspace of E on which
O (u) is negatively definite is called the Morse index of u and is denoted
by p(u). The dimension of the subspace on which ®”(u) vanishes is called
the nullity of v and is denoted by v(u). The number u(u) 4+ v(u) is called
the augmented Morse index of u. In terms of the terminologies introduced
in Section 1, p(u) = i(V2F(-,u(-))) and v(u) = n(V2F(-,u(-))). Therefore,
pw(u) and v(u) are finite if F satisfies (F1).

We shall adopt the idea from [7] to prove Theorem 1.1. By modifying
the nonlinearity we shall consider a sequence of modified problems. Each
modified problem will be asymptotically linear and nonresonant near infin-
ity and then will possess the compact property of (PS) type. Existence and
multiplicity of solutions with Morse index being controlled of each modified
problem can be obtained by applying an abstract critical point theorem (see
[2,18]) and Morse theory. Using Morse index information we shall have a
uniform L bound of the solutions found for all the modified problems and
then obtain solutions to the original system.

We first quote in the following [7, Lemma 2.1].

Lemma 2.1. Let M € LS, (RY, M). If u € (HE . (RN))™ satisfies the
inequality |Au| < |Mu| and u vanishes on a subset E of RN with positive
measure, then u is identically zero in RY.

Using Lemma 2.1, the following lemma is proved by essentially the same
arguments as in [8], and we sketch a proof here only for reader’s convenience.
See [8] for more details.

Lemma 2.2. Assume (F) and there exists a real number A & o(—A+ V)
such that V2F(x,u) — A, as |u| — oo for all z € RY. Then ® satisfies
the (PS) condition.
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Proof. Let (uy,) C E be such that ®'(u,) — 0 as n — oo in E*. We first
prove that (u,) is bounded. For this we may assume by contradiction that
llunlle — o0 as n — oo. Define v, = uy/||un||g. Choosing a subsequence
if necessary we assume v, — v as n — oo for some v € E. For any ¢ €

(C°RM)™,

o(1) = (' (uy), &)
= / (Vun - Vo + (Vu,, d))dr — / (gnon, )dx, (2)
RN RN

where g, is the symmetric matrix function given by

In () :/0 V2 F(z, tu,(z))dt.

For each pair (4,7) with 4,5 = 1,--- ,m, the assumption (F}) implies that
the entries (g, )i; of g, form a bounded sequence of functions in L>®(RN).
Without loss of generality, it may be assumed that (g, );; converges in the
weak* topology to some g;; in L= (RY). Set g(x) = (gi;(z)). Taking limit
as n — oo in (2) yields

—Av+ Vo =gv.

If v is not identically zero then v(x) # 0 and |uy,(z)] — oo as n — oo for
almost all z € RY, as a consequence of Lemma 2.1. From the assumption
it can be deduced that V2F(z,u,(z)) — A, as n — oo for almost all
r € RN, Then g,(z) — A, as n — oo for almost all x € RY. Using the
Lebesgue dominated convergence theorem we see that (gn);; converges in
the weak™ topology to A\d;; for ¢,j =1,---,m. Thus g(z) = A, for almost
all x € RN and v satisfies

—Av+Vv= M.

This is a contradiction since v # 0 and A € o(—A + V).

Now we assume that v is identically zero. Choose ¢* € (¢o0, Axo) and
decompose E as E = E~ @ Et, where E~ is the subspace of E spanned
by all the eigenfunctions associated with eigenvalues less than ¢* and E*
is the orthogonal complement of £~ in E. For any u € F, write

u=u" +ut, uwe€eE,uT €E".

Since v, — 0 in E and since dimE~ < oo, v,, — 0 strongly in E. Then
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using (Fy) we estimate as

@ (). va) = loulls = [ (guvnr0,)da

[unll

> loally — e [ lonfde -+ of1)
RN

> ot = o [l Pda +o(1)
]RN

C
> (1= =)o 1% +o(1),

c*

which implies v;7 — 0 and then v, — 0 strongly in E. We arrive at a
contradiction again since ||v,||g = 1. Therefore (u,) is bounded.

Passing to a subsequence, we then assume that u,, — u for some u € E.
Denote wy, = u,, — u. Then w;; — 0 strongly in E. As above, we have

<(I)/(un)awn> = (un;wn)E - /RN (gnun,wn)daj

= lwalls = [ (@, wn)do -+ o(1)

Coo
> (1= Z2) it 1 + o).

which implies w7 — 0 and then w,, — 0 strongly in E, as required. O

We remark that the assertion in Section 1 that i(A) and n(A) are finite
integers can be justified using the argument above. Indeed, let A € A and
(un) € E~(A) ® E°(A) be any sequence with ||u,||g <1 forn=1,2,---.
Then (u,) has a weakly convergent subsequence, denoted by (u,,) itself. We
may assume that (u,,) converges to u weakly in E and strongly in L2 _(RY).
We prove that (u,,) converges to u strongly in E. Denote w,, = u,, — u and
choose ¢* € (A, A\). Using the same argument as in the second paragraph
of the proof of Lemma 2.2, we have w,, — 0 strongly in £ and

A
0>l = [ (A > (1= 2) i+ of0).

Therefore, (u,) converges to u strongly in E. Since the unit ball of E~(A)®
E°(A) is compact, E~(A) @ E°(A) is a subspace of finite dimension and
thus i(A) and n(A) are finite.

The following two lemmas are variant of results in [7]. Their proofs
depend on the unique continuation property stated in Lemma 2.1.

Lemma 2.3. Assume (Fy) and that there exist K > 0 and A € A such
that V2 F(z,u) > A(x) for all x € RN and all u € R™ with |u| > K. Then
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there exists 3 > 0, depending only on K, A, and the numbers R, c1, o, Coo
from (Fy), such that for any F as above and any solution u of (1), if
u(w) < i(A) — 1, then [|u]loc < B.

Proof. The proof is a combination of the proofs of Lemma 2.2 and [7,
Lemma 2.1]. Assume by contradiction that, for each n, there exist a function
F,, as in the lemma and a u,, € F satisfying

—Auy + Vu, = Vi Fp(z,u,) in RY, (3)

such that p(u,) < i(A) — 1 and [|un|[g<@yy = n. Then (F) together
with elliptic estimate implies that ||u,||z — oo as n — oo. Denote v,, =
Un/||un||E. Passing to a subsequence, we assume that v, — v for some
v € E. Note that

—Av, + Vv, =grv, in RY,

where

1
gn(z) = /O V2 F,(z, tu, (z))dt.

As in the proof of Lemma 2.2, since all F), satisfy (Fy) uniformly, the
entry (gy,)i; of g;, converges in the weak™ topology to g;; € L (RYN) for
i,j=1,---,m. Set g*(z) = (g;;(x)). Then v satisfies

—Av+ Vv =g*v, inRV.

If v is identically zero, decomposing v, as v, = v} + v, and using the
argument in the second paragraph of the proof of Lemma 2.2, we see that
vy, — 0 strongly in E, a contradiction. Therefore, v is not identically zero
and Lemma 2.1 implies that v(z) # 0 for almost all z € RY. Therefore
|tn(z)| — 00 as n — oo for almost all z € RY.

Let ®,, be the energy functional corresponding to (3). For any z €
E~(A)\ {0}, we have

(B (un)z, 2) = |121[% — / (V2 Fo(,un)2, 2)da.
]RN
By Fatou’s Lemma, we have

liminf/ (ViFAx,u“z,z)dm}/ liminf(V2 F, (2, un)z, 2)dx
RN

n— oo RN M—00

> / (AGw)z, 2)d,
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which implies

lim sup(®”’ (u,)z, z) < / |Vz|? + (V(2)z, 2)dx — (A(x)z, z)dz < 0.
RN

n—oo
Thus if ng(z) is large enough, then for n > no(z),
(@ (up)z, z) < 0.
A compactness argument then yields an ng independent of z such that the

last inequality holds for all z € E~(A) \ {0} and n > ng. Therefore the
Morse index p(uy) = i(A) for n > ng, which is a contradiction. m|

Lemma 2.4. Assume (Fy) and that there exist K > 0 and A € A such
that V2F(z,u) < A(x) for all z € RY and all u € R™ with |u| > K. Then
there exists 3 > 0, depending only on K, A, and the numbers R, c1, c2, Coo
from (Fy), such that for any F as above and any solution u of (1), if
p(u) +v(u) = i(A) + n(A) + 1, then ||ull < 8.

Proof. Assume, by contradiction that, for each n, there exist a function F),
as in the lemma and a wu, satisfying (3) such that p(u,) + v(u,) > i(A) +
n(A)+1 and ||up||c = n. Then, as in the proof of Lemma 2.3, |u,(x)| — oo
a.e. in RN, For any n € N, since pu(uy,) + v(un) = i(A) + n(A) + 1, there
exists z, € E1(A) with ||z,||g = 1 such that

@)z ) = onlly = [ (VEPu(oun)on, 2o <0 ()

Choosing a subsequence if necessary, we assume that, for some z € ET(A4),
2y —=2in E, 2z, —zin L} (RY), andz, — za.e on RV,

As in the second paragraph of the proof of Lemma 2.2, we choose ¢* €
(Coos Ao ), decompose E as E = ET @ E~, and write u = u* +u~, ut €
Et, w~ € E~,forany u € E. If z =0 then 2z, — 0 in F and

03|zl - / (V2 F (i, )2, 2 )
]RN
Sll5HE - / (V2 F (2, un) 2, 25 )de + o(1)
]RN

Coo
>(1— 22213 + o)),

which implies 2,7 — 0 in E. Then 2, — 0 in F, a contradiction. Therefore,
z € ET(A)\ {0}. We rewrite (4) as

Izl = ccllzlltaemy < [ (V3P 10) = col)on, 0o )
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Since
1205 — coollzlZo@ny = (¢ = co)llzlTo@ny, V¥ 2 € EY,
it is easy to see that (||z[|% — coo||z||2L2(RN))1/2
Since z;7 — 2% in E* and z;, — 2z~ in E~, we have
timing (1 13 — exellz 12agamy) > 12 1% - excllz® I2en,

and

Tim (127 1% = sollzi [awy) = 12713 = coollz™ [Baqum

is an equivalent norm of ET.

Therefore, since E* is perpendicular to £~ in both E and L?(RY), we see

that
lim inf (|| 2, |5 — COOHZnH%?(RN)) > ||201% - COO||Z||%2(RN)'
n—oo

On the other hand, since

/ (ViFn(x,un)zn,zn)dx = / (ViFn(x,un)z,z)dm—&—o(l),
Br(0) Br(0)

and since |u,| — oo and z, — z a. e. on RV, Fatou’s lemma implies

limsup/ (V2F (2, un) — coolim)2n, 2n)dx
RN

n—oo

n—oo

< limsup/ (V2F, (2, upn) — Coolm)z, 2)dx
Br(0)

+ lim sup/ (V2F(,un) — coolim)2n, 2n)dz
RN\BRr(0)

n—oo

g/ limsup((V2 Fy (2, up) — Coolim)2, 2)dx
Br(

0) n—oo

—|—/ lim sup((V2 Fy, (x, ) — Coolim)2Zn, 2n)dz
RN\BRr(0)

n—oo

< /R ((A) ~ cool)z 2)dr.

Combining (5)-(7), we obtain

HES /RN(A(:C)ZVZ)dx.

Since z € ET(A) \ {0}, we arrive at a contradiction again.

(6)

|

Now we discuss the way to modify the nonlinearity F'. Since we consider
the system (1), more care should be taken so that the modified problems



Elliptic systems with nonlinearities of linear growth 99

satisfy (F3) uniformly, that is, the modified nonlinearities do not intrude
the essential spectrum of —A + V for |z| large.

First we consider the case in which (F;) and (F; ) hold. Recall that,
without loss of any generality, we may assume that ¢11,, < Ax(z) < c2lp,
for all z € RY and that A (2) < cooly for all x € RY with |z| > R. In
this case we modify F in the same way as in [7]. Choose a sequence {¢,,} of
increasing numbers such that ¢; > K and t,, — oo. For each n € N, define
On : [tn, 2ty] — R as

1
914

n

(5 —tn)® — == (s —tn)?, 5 € [tn,2tn]

Pn(s) = 943

and ¥, : [2t,,00) — R as

1282

= Sy

Combining ¢, and 1, yields an increasing function 7, : [0,00) — [0,1)
given by

07 0 < S S tn,
N (8) = Q Gnls), tn <5< 2y,
Un(s), 2t, < s < oo,

which has a continuous second order derivative. Let A be a real number and
define F,, : RY x R™ — R by

Fo(z,u) = (1= 0 (luD)F (2, u) + ma(ul)(A/2)|ul®. (8)

By exact the same proof of [7, Lemma 2.4], choosing A to be a negatively
large number with A ¢ o(—A + V'), we have

Lemma 2.5. Assume (F1) and (Fy ). Then there exists ¢1 such that for
alln € N,

el < V2iF,(z,u) < coly, forz € RN, uw € R™,

V2E,(2,u) < Coolpm, forueR™ xRN, |z| > R,
Vi Fu(z,u) < As(z), forz e RN, w e R™, |u| > K,
V2E, (v, u) — Ay, as |u| — oo, for x € RN,

Next we consider the case where (F}) and (F;") hold. In this case, the
above modification does not work since V2 F,, (z,u) may exceed Aoo I, if A
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is a positively large number. We shall construct modification in a different
way. Fix e € (0,1) and p > 1 and define for s > 2p, the function

P(s) = iizt)), a(s) =In (1 +eln2ip).
Note that
/ 6(1_6)
V(s) = :
5(1—i—eln%})(l—i—ln(l—i—eln2ip))2
and
—e(1—e)(2e+ (1+e+eln—)(1+1In(1+eln--)))
¢ (s) = 2 2

2 52 S
S (1 + €ln 2p) (1 + In (1 + €ln Zp))
It is then easily seen that

4
e<u(s) <1, 0<¥(s) <, —5 <U(9) <0, fors>2p  (9)

’ 1- 1 1- 1+3
vz = e, vz = Loy - 9139
and
lim P(s) =1.
For s € [p, 2p], set
b
8(s) = 25 =)+ 55 = p)* 4 (s = ),

where a, b, ¢ will be chosen so that ¢ joins ¥ at s = 2p smoothly up to the
second derivative, that is,

$(2p) =9(2p), ¢'(20) =¢'(2p), " (2p) =" (2p). (10)
Obviously, ¢ satisfies
o(p) = ¢'(p) = ¢"(p) = 0.

For p > 1 we choose ¢ = p~! in the definition of ). Then (10) can be
rewritten as the system for a, b, c:

a+b+c=1,

3a+4b+ 5c = (1—%),

1 1 3
6a +12b+20c=—=(1—-)(1 4+ —),
o c=—10-Da+d)

N =
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which has a unique solution

A T N1
8 8p2’ 4 p 4p2 8  4p  8p?’
It is clear that
0<a<10, —-15<b<0, 0<ec<6, forp>1. (11)

We prove that there exists pg > 1 such that ¢'(s) > 0 for p > pp and
p < s < 2p. For this we denote 7 = (s — p)/p. Then 7 € [0,1] and

2
.
(s) ==
The quadratic polynomial p(7) := 5¢12 + 4b7 + 3a in the last expression
takes its minimum at —2b/5¢ which satisfies as p — oo,
26 2(45/4+3/p+3/4p%) _ 36 0(1)
5¢  5(35/8+5/4p+3/8p2) 35 o’
Then there exists pg > 0 such that —2b/5¢ > 1 for p > po, and using
p(0) > 0 and p(1) > 0 gives ¢/(s) = 0 for p < s < 2p.
Using the definition of ¢ and the estimates in (11) yields

(5¢r? + 4bT + 3a).

hS)

1
0< ¢(s) < P for p < s < 2p, (12)
3 4/b| + 5 120
0<¢'(8)<W\ — for p<s <2, (13)
P p
6a + 12]b] + 20 360
(o) « SR I oy ciszn g
Finally for p > po define a function 7, as
0, 0<s<p,
Mp(s) = q ¢(s), p<s<2p,
¥(s), s = 2p.

Let ¢oo be the number from (F;) and choose a number A € (¢oo, Aoo) such
that A & o(—A + V). Then

Ao () € ool < A

Let {t,,} be an increasing sequence so that t; > py and ¢, — 00 as n — oc.
Denote 7,, = 1;, and define F, : RV x R™ — R by

Fo(x,u) = (1=, ([uD)F (2, w) + o (ul)(A/2)|ul*. (15)
Then F,, € C*(RY x R™ R).
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Choose § > 0 sufficiently small such that
i(As — 01,) —i(VZF(-,0)) > 2.
This is possible since i(A) is nondecreasing under small perturbation.

Lemma 2.6. Assume (Fy) and (F,"). Then there exist a positive integer
no and three real numbers ¢1, éa, Coo With ¢1 < Ca and Coo < Aso Such that
for all n = ng,

érly, < V2F,(z,u) < é2ly,,  forx € RN, w e R™,
V2F,(2,u) < Coolm, forueR™, xRN |z| >R,
V2F,(z,u) € Aso(x) — 61, forx € RN, u e R™, |u| > K,
V2E,(z,u) — Ay, as |u| — oo, for x € RN,
Proof. Without loss of generality we may assume ¢y > Ao. For u € R™
with |u| > t,, we deduce from (8) and (15) that

O*Fp(x,u) O?F(x,u)
W =(1- 77n(|u|))m + M (|ul)v
, ~uj OF(z,u)  w; OF(z,u) Ui
b | - 20T OFEY) g, b

dij  wiuj ylul?
+(|u| |u|3>< g~ Flww)
Wi ul?
) 5 (55 - P

From this expression, the assumption (F}) and the definition of 7, it can
be deduced that V2 F, (z,u) — M, as |u| — oo for all n € N and z € RV.
The fourth assertion holds.

For u € R™ with |u] > t,, and for o € R™ with |a| = 1, we see that

(VoFn(a, u)or, ) =(1 = o (Jul)(V (x w)a, &) 41 ([uf)A
)

) (VF(z,u), @) | 2A (u, )2

+ 15, (Ju
| | |ul

[
+<ﬁ— W) (5 rew)

ot B (U pew).
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According to (F}), we have
1
IVE(z,u)] <clul, |F(z,u)] < 5efuf®, forzeQ, ueR™,

where ¢ = max{|c1], |cz|}. From these estimates and (9), (12)-(14), we see
that the absolute value of the sum of the terms in (16) involving the factor
0, (lu]) or n/(|ul) is less than or equal to

Ao — A

)

for all w with |u| > ¢, provided that n is large enough. Therefore, there
exists ng such that for n > ng, z € RY, and u € R™,

1 :
3(c+ AN (lel)ul + 5 (e + DI (fuDluf* < min {5,

(V2F, (2, u)a, @) > ¢ — 6,

Aoo — A
2 ?
and for n > ng, x € RY with |2| > R, and u € R™,

(szn(m, U)Oé, Oé) <A+ )\002_ A _ /\oo2+ A

Ao and ¢ = 22t we obtain the first and

Letting ¢1 = ¢1—0, é2 = co+ =5 5
the second assertions. The above discussion also implies that for n > ng,

z € RN and u € R™ with |u| > K,

(ViFn(x,u)a,a) > (A (z)a, ) — 6,

(ViFn(Jj,U)a, O[) < C2 +

which is the third assertion. O

Proof of Theorem 1.1. For each n, consider the modified problem

—Au+V(z)u =V F,(r,u) inRY,
{U € (H'(RY))™

and its associated functional

1
D, (u) = 3 /RN(|Vu|2 + (Vu,u)) de — /]RN F.(z,u)dz, wué€E.

According to Lemmas 2.2, 2.5, and 2.6, each ®,, satisfies the (PS) condition.
We then apply Morse theory in the same way as in [7] to ®, to obtain
the desired number of solutions with Morse indices less than or equal to
i(Aso)— 1 in the case of (F}}") or with augmented Morse indices greater than
or equal t0 i(Ax) +n(Ax) +1 in the case of (F, ). We then apply Lemmas
2.3 and 2.4 to obtain a bound in the L>(R") norm for those solutions, and
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therefore they are solutions of the original problem. For more details see
[7]. |

We conclude with a few remarks about further information of the solu-
tions and further extensions of the results.

First we remark that our methods would allow extensions of the results
to the case where the linear operator possesses spectra gaps containing
multiple eigenvalues of the operator. In this case a Lyapunov-Schmidt re-
duction procedure is needed to first reduce the variational problem to a
finite dimensional one (as done in our previous work for Hamiltonian sys-
tems in [6]). Then the ideas and arguments here can be used for the finite
dimensional problem to construct multiple solutions.

Next let us consider (1) for m =1, i.e.,

{ —Au+V(z)u = f(r,u) in RV,

u € Hl(RN), (17)

where V satisfies condition (V') for m = 1. The assumptions on the nonlin-
earity f is the following.

(f1) f e CHRYN xR,R), f(x,0) =0, n(f.(-,0)) = 0, and there exists real
number ¢1, ¢g, Coo With ¢oo < Ao such that ¢; < f1(x,u) < ¢o for all
z € RN and u € R and limsupy,| .. sup,er f4 (2, u) < Coo.

(fo) There exist K > 0 and as € C(RM,R) such that
M Sup ;|00 Goo(T) < Aoy fr(2,u) = aco(w) for all z € RY and all

u € R with |u| > K, and i(as) — i(f.(-,0)) > 2.

Then we have the following.

Theorem 2.1. a) Assume (V), (f1) and (f2). Then (17) has at least one
nontrivial solution. If in addition f is odd inu then (17) has at least i(aso)—
i(f1,(-,0)) = 1 pairs of nontrivial solutions.

b) Assume (V), (f1) with i(f}(-,0)) =0 and (f2). Then (17) has at least
three nontrivial solutions.

Here part a) is a consequence of Theorem 1.3. For part b) one combines
the proofs here with the cut-off techniques for getting a positive and a
negative solutions for single equations. In fact by combining the ideas from
[3,7,9,19] we may further deduce that the solutions given in part b) are
one positive, one negative and a third sign-changing solutions and that all
solutions in part a) are sign-changing. We omit the details here.

For single equations the conditions on f/ can be easily replaced with
conditions on f(z,u)/u weakening the smoothness requirement as was done
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in [7,8]. Our arguments can also be used to study positive solutions like in
[4,10] weakening the requirement for f at infinity. We leave this to interested
readers.

Finally it would be interesting to see whether the results here can be
generalized to situations where more general interactions with the essential
spectra are allowed.
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In recent years, new interests on the problem of closed geodesics on spheres as
well as compact simply connected manifolds increase and many new works have
appeared. In this article, I give a brief survey on this problem, and describe
the main ideas of the new results of H. Duan and myself on the existence of
at least two distinct closed geodesics on every 3 or 4 dimensional compact
simply connected manifold with an irreversible or reversible Finsler as well as
Riemannian metric.

Keywords: Closed geodesic, multiplicity, stability, sphere, compact simply con-
nected manifold, Finsler and Riemannian metrics

1. A brief history on closed geodesics

It has been a long-standing problem in dynamical systems and differential
geometry whether every compact Riemannian manifold has infinitely many
distinct closed geodesics. Confirmative answers to this conjecture have been
given for many manifolds, but has not been settled still for also many man-
ifolds including simplest compact manifolds, the spheres. When the closed
geodesic problem on Finsler manifolds is studied, the situation is rather
different and more complicated. Riemannian manifolds are a special class
of reversible Finsler manifolds. In this paper, I give a brief survey on the
recent studies on the closed geodesic problem on Finsler and Riemannian
manifolds, specially describe the main ideas of the new results of H. Duan
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and myself on the existence of at least two distinct closed geodesics on every
3 or 4 dimensional compact simply connected manifold with an irreversible
or reversible Finsler as well as Riemannian metric.

For the definitions of Finsler metrics, we refer to the book*3 of Z. Shen.
We denote by F(M) the set of all Finsler metrics on M, by Firr(M) and
Fr(M) the set of all irreversible and reversible Finsler metrics on M re-
spectively, and by R(M) the set of all Riemannian metrics on M. Clearly
we have R(M) C F.(M).

Note that here conditions of a Finsler metric F' yield only local prop-
erties of closed geodesics near fixed points. But we are really interested in
global questions on closed geodesics, i.e., the problems on the existence,
multiplicity, and stability of closed geodesics on Finsler manifolds.

As usual, a curve ¢ : R — (M, F) is a closed geodesic on a Finsler
manifold M = (M, F), if it is a closed curve, and it is always locally the
shortest curve.

Here for a Finsler manifold M = (M, F) we denote by AM the free loop
space on M which consists of all absolute continuous W12(St M) curves,
where S' = R/Z. Let ¢ : S' — M be a closed geodesic. Then for any
m € N its m-th iterate is defined by ¢™(t) = ¢(mt) for all t € R. ¢ is prime,
if ¢ # d™ for any closed geodesic d and m > 2. Note that here ¢™ and c"
are different elements in AM, but their image sets in M are the same.

When F is an irreversible Finsler metric on M, two prime closed
geodesics ¢ and d on (M, F) are distinct, if ¢(t) # d(t + 0) for all ¢ and
6 € [0,1]. When g is a reversible Finsler (as well as Riemannian) metric
on M, two closed geodesics ¢ and d on (M, g) are geometrically distinct, if
c¢(R) # d(R). We are really interested in such distinct closed geodesics.

In the rest of the paper, we shall use the following shorthand notation
CG(M, F) for the set of distinct prime closed geodesics on (M, F') for F €
f(M)v }—irr(M) or ‘FT(M)

The closed geodesic problem has a very long history and there exist a
huge quantity of results on it. Here I have to limit this very brief survey to
only several results which are more closely related to current studies and
the author’s interests. We refer readers to the beautiful survey paper? of
Victor Bangert in 1985 on other related topics (cf. also recent paper®* of
L. Taimanov).

The study on the existence of closed geodesics on compact Rieman-
nian manifolds can be traced back to works of Hadamard in 1898 and H.
Poincaré in 1905. During 1917 to 1927 G. D. Birkhoff® proved the exis-
tence of at least one closed geodesic for every Riemannian metric g on a
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d-dimensional sphere S¢. In 1951, L. A. Lyusternik and A. I. Fet3® proved
the existence of at least one closed geodesic on every compact Rieman-
nian manifold. Because their proof is variational, it works also for Finsler
metrics on compact manifold. Thus on every compact finite dimensional
manifold M there holds #CG(M,F) > 1 for every F € Fi..(M) and
#CG(M, g) > 1 for every g € F.(M).

After establishing the existence result, the next natural question is to
estimate the number of distinct closed geodesics on each Finsler manifold.
To answer this question, the global topology of the manifold M is needed.
Note that for a compact manifold M, its Betti numbers are defined via its
free loop space AM by BJ(M) =dim H;(AM;Q) for all j € Z.

Besides many other results on the multiplicity of closed geodesics, the
results of D. Gromoll and W. Meyer plays a special important role in the
studies.

Theorem 1.1. (Gromoll and Meyer'®, 1969) Let M be a compact manifold
of dm M > 2, and g be any Riemannian metric on M. Then that the
sequence of Betti numbers {bj(M)}jen is unbounded implies #CG(M, g) =
+00.

Motivated by Theorem 1.1, M. Vigué-Poirrier and D. Sullivan studied
the condition on the Betti numbers and obtained the following remarkable
result.

Theorem 1.2. (Vigué-Poirrier and Sullivan®, 1976) Let M be a compact
simply connected manifold of dim M > 2. Then the Betti number sequence
{I;j(M)}jeN is bounded if and only if H*(M;Q) has only one generator.
In this case, there holds

H*(M; Q) = Ty i1 (x) = Qla]/ ("1 = 0), (1.1)
with a generator x of degree d > 2 and hight h +1 > 2.

In 1980, H. Matthias5 further proved that these two theorems work for
irreversible and reversible Finsler manifolds too.

From the condition (2.1) one sees that the simplest compact manifolds,
spheres, become the most difficulty and interesting manifolds in the study
of multiplicity of closed geodesics.

Known multiplicity results for Riemannian d-dimensional sphere S un-
der pinching conditions were proved by W. Klingenberg?? in 1968, and then
later by W. Ballmann, G. Thorbergsson and W. Ziller® in 1982. Among
other things one of their results is #CG(S%,g) > d, if 1/4 < K, < 1, where
K, is the sectional curvature of the Riemannian sphere (S¢, g).
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In 1965, A. Fet'® proved #CG(M, F) > 2 for all bumpy F € F,(M)
when M is compact. Here an F' is Bumpy, if all the closed geodesics (with
their iterates) are non-degenerate.

The most remarkable result in this direction was proved by V. Bangert®

using variational methods and J. Franks'* using dynamical system methods
around 1990:

#CG(S?, g) = 400, Vg e R(S?). (1.2)

Later N. Hingston'® in 1993 gave a variational proof for the part of J.
Franks’ result. Besides the above results, there are a big quantity of re-
searches in the literature obtained by many others which we can not get
into more details here. Nevertheless, the following famous conjecture is still
open for many compact manifolds when dim M > 3:

Conjecture 1. #CG(M,g) = +oo, YV g € R(M) on every compact
manifold M .

Although those proofs of V. Bangert and J. Franks heavily depend
on the 2-dimensional character, many people believe that this conjecture
should be true in higher dimensions. But it is surprising that up to very
recently, the following much more weaker question is still open:

Question 1. #CG(S% g) >2, Vg€ R(SY) whend > 37

For the Finsler metrics, in 1973 A. Katok?! constructed a special family
of irreversible Finsler metrics Frqtor on S¢, one of whose most surprising
properties is that they possess only finitely many distinct closed geodesics:

#CG(SY, Frator) = 2[%1, Vd>2, (1.3)
where [a] = max{k € Z|k < a} for all a € R.. Specially his metrics satisfy
#CG(S?, Frator) = 2, #CG(S?, Frator) = #CG(S*, Frator) = 4.

In 2003, H. Hofer, K. Wysocki, and E. Zehnder2® studied the closed
characteristics on 3-dimensional star-shaped energy hypersurfaces in R*.
Their result can be project down to Finsler S? and it yields the following
wonderful result:

#CG(S%, F)=2 or + oo, (1.4)

provided the irreversible Finsler F on S? is bumpy, and all stable and un-
stable manifolds intersect transversally at every hyperbolic closed geodesics
(cfalso A. Harris and G. Paternain'?).

In 2005, V. Bangert and Y. Long” proved the following result on S2,
#CG(S?, F) > 2, YV F € Firr(S?). (1.5)
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Motivated by the methods used in the proof of (1.5), in recent years
there are many results on the multiplicity of closed geodesics on Finsler
manifolds appeared. For example: H. Duan and Y. Long!'® in 2007 and
H.-B. Rademacher*' in 2008 proved independently the following result for
d>2:

#CG(SY, F) > 2, ¥ bumpy F € Fip.r(S9). (1.6)
In 2008, H.-B. Rademacher*? further proved
#CG(CP?, F) > 2, ¥ bumpy F' € F;,..(CP?). (1.7)

Other related recent results were proved by H. Duan and Y. Long!!, Y.
Long and W. Wang3?:33:34 and W. Wang*6.

Based upon these results, a natural conjecture for compact manifold M
with dim M = n was proposed by Y. Long?3C:

Conjecture 2. For any integer n > 2, there exist integers 0 < p, < qp <
400 such that p, — +00 as n — +oo, and for every compact manifold M
with dim M = n there holds

#CG(M, F) € [pn, qn] U {+00}, Y F € Fipp(M).

Note that Theorems 1.1 and 1.2 and the results (1.3) and (1.5) imply
p2 = 2 by the classification of 2-dimensional closed surfaces. By the results
(1.3) and (1.4), it is natural to have

Conjecture 2 on dimension 2. ¢ = 2 in the Conjecture 2.
Similarly to Conjecture 1, it is nature to have

Conjecture 3. #CG(M,F) = +oo, VY F € F.(M) on every compact
manifold M.

2. New multiplicity results on closed geodesics and main
ideas

Recently Dr. Huagui Duan and the author have obtained some new re-
sults on the multiplicity of closed geodesics on compact simply connected
manifolds, specially including spheres:

Theorem 2.1. (Long and Duan®!, 2009) Let M be a compact simply con-
nected manifold with dim M = 3. Then there hold

(i) #CG(M,F)>2, Y F € Fi.(M).

(ii) #CG(M,g) > 2, ¥V ge& F.(M), specially for all g € R(M).
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Theorem 2.2. (Duan and Long'?) Theorem 3.1 holds for every compact
simply connected manifold M with dim M = 4.

The rest part of this paper is devoted to describe the main ideas in the
proofs of Theorems 2.1 and 2.2.

Let (M, F') be a compact simply connected irrev./rev. Finsler (Rieman-
nian) manifold. Then the theorems of Gromoll-Meyer and Vigue-Sullivan
together with the condition #CG (M, F) < 4oc imply that the condition
(1.1) must hold. Main (not all) examples of such manifolds include specially
spheres as well as the compact rank one symmetric spaces.

Note that one of the most surprising results in the multiplicity problem
of closed geodesics on spheres was proved in 1934 by M. Morse in his famous
book3” on ellipsoids:

Theorem 2.3. (Morse®”, 1934) Let E4 be a d-dimensional ellipsoid in
R4, For any given N € N, every closed geodesic ¢ which is not an iterate
of some main ellipse must have Morse index satisfying i(c) > N, provided
all the semi-azis of Eq are mutually distinct and close to 1 enough, where
i(c) is the Morse index of the closed geodesic c.

The consequence of this theorem is that all the global homologies of the
free loop space on M at dimensions less than IV are generated by iterates
of the main ellipses only. Therefore 70 years ago, M. Morse in fact already
observed that if one wants to use variational method to attack the Conjec-
ture 1, the solution of the problem has to depend on the understanding of
the Morse indices and local homologies of high iterations of prime closed
geodesics and how they generate the global homologies of the free loop
space of the ambient manifolds.

Suggested by the works of M. Morse and recent studies by V. Bangert
and Y. Long” etc., to attack the Conjectures 1-3 our first things first be-
comes to understand Morse indices and local homologies of iterates of each
single prime closed geodesic on manifolds. As a by-product of our study we
shall obtain Theorems 2.1 and 2.2 on the existence of at least two closed
geodesics on some compact simply connected manifolds.

Note that in the studies on closed geodesics, dynamical system method
and curve shortening flow method depend on the 2 dimensional property
strongly. In order to study higher dimensional manifolds, we use the varia-
tional method for closed geodesics. As usual we define

E(W):/O F(3(t)%dt,  V~yeAM, (2.1)

A ={yeAM|E(y) <k}, A=A/S' A"=A"/S' (2.2
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Let ¢ be a prime closed geodesic on a Finlser manifold M, then we define
Cy(E,c™)=H, ((A(cm) ust. cm)/Sl,A(cm)/Sl) , (2.3)

where e(c™) = (—1)"¢") =) Let k,,, = E(c™) = m?E(c) > 0 forallm > 1.
Then we obtain

Ko=0< K1 < Ko< < bm < Emg1 <, (

2.4)

Km — 400 as m — 400, (2.5)

i(c) >0, i(c™) — 400 as m — +oo, (2.6)

where i(c) = lim,, oo % € [0,4+00) is the mean index of the closed
geodesic c.

Now we consider the global homologies H; (KM/Sl,KOM/Sl; Q) with
j > 0 of the Sl-invariant free loop space pair (AM/S', K M/SY).
Using Theorem 1.2 and other results, all the Betti numbers b; =
dim H; (KM/Sl,KOM/Sl; Q) for all j € Z are computed precisely by H.-B.
Rademacher®®3? and in the recent works of H. Duan and the author3!:!2
for any compact simply connected manifold M with H*(M; Q) = Ty p41(x)
for some integers d > 2 and h > 1.

Now our natural question is whether the local homologies can generate
the global homologies. By Theorems 1.1 and 1.2, our ideas to prove the ex-
istence of at least two distinct closed geodesics are realized by the following
steps:

(1) We classify all closed geodesics into two classes: rational and ir-
rational based on the basic normal form decompositions of the linearized
Poincaré maps of prime closed geodesics.

(2) We study the Morse indices of iterations of every rational or irra-
tional prime closed geodesic.

Now we assume that there exists only one prime closed geodesic ¢ on
M. Here both ¢ and ¢~! should be considered when F is reversible.

(3) We study the local homological properties of iterations of the only
prime closed geodesic c.

(4) Using the Rademacher identity, we derive relations between the local
homologies of iterations of ¢ and the global information of the manifold M.

(5-1) When c is rational, using homological properties of the triple
(AM, X", M ) we obtain relations of the local and global information.

(5-2) When c¢ is irrational, using Morse theory we obtain relations of the
local and global information.

(6) We prove that (4) and (5-1) or (5-2) yield some contradiction, and
then complete the proof.
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In the rest of this paper, we describe ideas in these steps in more details.

3. Classification of closed geodesics

For 7 > 0, let v € C([0,1],Sp(2n)) satisfy v(0) = I. A Maslov-type index
theory (i1(7),v1(7)) € Zx{0,1,...,2n} was defined by C. Conley, E. Zehn-
der and Y. Long (cf. the book??). Here an important property of the Morse
index theory (i(c),v(c)) € No x {0,1,...,2n — 2} of any orientable closed
geodesics ¢ : S1 = R/Z — (M, F) with dim M = n and this Maslov-type
index theory is that there exists a symplectic path v, € C([0, 1], Sp(2n —2))
with 7.(0) = I and ~.(1) = P. where P, is the linearized Poincaré map of
¢ such that the following hold (cf. C. Liu and Y. Long??4, and C. Liu??):

i(e) =), vle) =vi(ve): (3.1)

In order to carry out computations of the Maslov-type index pair
(11(7™), 1 (™)) of iterations v™ of «, we try to find some path § €
C([0,7],Sp(2n)) with B(0) = I which is homotopic to v so that the fol-
lowing hold

(™) =i1(v™), vi(B") =1n(™), VmEeN, (3.2)

and i1(8™) and v1(8™) can be computed out directly. In papers®”?® of

1999 and 2000, the author found the largest path connected subset Q°(M)
with M = ~(1) in Sp(2n) containing (1) such that (3.2) holds, whenever
the homotopy 75 from 7o = v to 71 = 3 satisfying v5(1) € Q°(M) for all
s € [0,1]. This set Q°(M) is called the homotopy component of M, which
is independent of the choice of v : [0,1] — Sp(2n) with v(1) = M. We write
M =~ N if N € Q°(M).

In the paper?” of 1999, it is proved that for any M € Sp(2n), there exist
a basic normal form decomposition M ~ Mjo---oM;, in Q°(M), where
each Mj is one of the basic normal forms given below:

1) (5, 69

wa=(3.0) mo- (o). e
N(9,B) = <R(()t9) R@) with B = (Z; Zz) : (3.5)

with @ and b € {-1,0,1}, d € R\ {0,£1}, 0 e R, b € Rfor 1 < i < 4,
and by # bz (cf. Section 1.8 of the book??). M;oM, denotes the symplectic
direct sum of M7 and Ms.
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Based on the basic normal form decomposition, in the paper?® of 2000,
the author established the precise index iteration formula (cf. also Theorem
8.3.1 of the book??), which works also for Morse indices of iterates of any
orientable closed geodesics.

Now we can classify closed geodesics as follows:

Definition 3.1. Let ¢ be a closed geodesic on a Finsler manifold (M, F)
with d = dim M. By the paper®” of Y. Long, the linearized Poincare map
P. € Sp(2d — 2) of ¢ possesses a basic normal form decomposition

P.~ Mo---oM,. (3.6)

Then c is irrational, if there exists some j € {1,...,k} such that Mj is a
rotation matriz M; = R(0) with 8/ € R\ Q, ¢ is rational, otherwise. A
closed geodesic ¢ on a Finsler manifold is non-degenerate, if 1 ¢ o(P.),
i.e., its linearized Poincaré map P. does not have eigenvalue 1, and is com-
pletely non-degenerate, if 1 ¢ o(P™) for all m € N. The analytical
period n(c) of a closed geodesic c is defined by Y. Long and H. Duan®' as

n(c) = min{k € N |v(cF) = mg)liy(cm), i(c™TRY —i(c™) € 2Z, Ym € N}.

When the total number of prime closed geodesics on a Finsler mani-
fold (M, F) is finite, H.-B. Rademacher® in 1982 established an important
identity which establishes a relation between information of prime closed
geodesics and the global information of the ground manifold. But in his pa-
per, except the mean indices of prime closed geodesics, other quantities are
proved to be rational numbers without further detailed information. The
precise information on these rational numbers are given later by V. Bangert
and Y. Long”, Y. Long and W. Wang??, and H. Duan and Y. Long'?.

Proposition 3.2. (Rademacher?®, Bangert and Long”, Long and Wang?32,
Duan and Long!®) Let (M, F) be a compact simply connected Finsler man-
ifold satisfying (1.1) for some integers d > 2 and h > 1. Denote prime
closed geodesics on (M, F) with positive mean indices by {c;}1<;j<k for
some k € N. Then the following identity holds

ko
x(c;) _ B ) — —%, d even, g7
4 - ( I )_ d+1 d dd ( N )
j=1 i(cj) 2d—2° odd,
where dim M = hd, and
o 1 i(c™ e(c™) m
W)= —= > (DT e (38
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e(c™) = (=1)"")=Ue) | and kf:ﬂcm)(cm) is the dimension of the l,-th S*-
invariant critical module of the energy functional E at ¢™. Note that h =1

holds if and only if M is rationally homotopic to a sphere S of dimension
d.

4. Studies on rational closed geodesics

The most important properties of the Morse indices of iterates of a rational
prime closed geodesic are the following results:

Lemma 4.1. (Long and Duan®!) Let ¢ be a rational prime closed geodesic
on a d-dimensional Finsler manifold (M, F). Let n = n(c) be the analytical
period of c. Then the following conclusions hold:

(A) (Periodicity) For all m € N,
() = (™) i) +ple), ™) =), (1)

where p(c) is a constant depending only on the linearized Poincaré map P,

of c.
(B) (Boundedness) For all 1 <m < mn,

i(c™) +v(c™) <i(c") +plc) +d -3, v(c™) =v(c"™™). (4.2)

Next we suppose #CG (M, F) = 1 and denote the prime closed geodesic
by c.

Based on these properties, it suffices to study the homologies of level
sets related to iterates of ¢ up to level k,. Let p = p(c) + d — 3 with a
constant p(c) depending on P. only. By the Rademacher identity, we have

n(c)i(c) B(d,h) = > (1) dim Cy(om) i (E, ™). (4.3)

1<m<n(e)
0<i<2d—2

From this result we obtain the following new identity:

Proposition 4.2. (Long and Duan®!, Duan and Long!?) Let (M, F) be a
Finsler manifold satisfying (1.1) for some integers d > 2 and h > 1, and
#CG(M, F) = 1. Suppose the only prime closed geodesic c is rational with
n = n(c) being the analytical period. Then there exists an integer k > 0
such that

i(c")+p
B(d,h)(i(c") +p(c)) + (=) e = 3" (=1)7b, (4.4)
Jj=n—p(c)+1
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where 7 —p( )+ (dh —3), B(d,h) = —2Dd e g c 9N, B(d, h) =

2d(h+1)—4

Then from this identity we obtain a contradiction, which implies that ¢
can not be rational. Note that in general, the homologies of level sets are
not additive. But in our case, this is in fact true, which forms the crucial
part of the proof of Proposition 4.2.

Lemma 4.3. (Long and Duan3!) Suppose that M = (M, F) is a Finsler
manifold with #* CG(M, F) = 1, and the prime closed geodesic c is rational
with n = n(c) being the analytical period of c. Then for any non-negative
integers b > a and h € Z, there exists a chain map f on singular chains
which induces an isomorphism:

for Hy(R™ A™) =5 Hyyigeonyppe) (A7 )., (4.5)

Here the difficulty is to study the case of kg < Kgtr1 < -+ < Kp—1 < Kp
for b —a > 1. The key idea in the proof of Lemma 4.3 is the application of
the five-lemma.

Now we can give

Proposition 4.4. (Long and Duan®!, Duan and Long'?) Let M = (M, F)

be a compact simply connected manifold with a Finsler metric F. If
#CG(M,F) = 1, then this prime closed geodesic can not be rational.

Idea of the proof of Proposition 4.4. By Theorems 1.1 and 1.2, it
suffices to study the case when H*(M; Q) satisfies (1.1). Note that in this
case, we have i(¢) > 0 and 0 < i(c) < d — 1. Specially we can prove that
i(c") + p in (4.4) is odd and it then implies

B(d, h)(i(c™) + p(c)) > — > baj 1. (4.6)

n=p(c)+1<2j—1<i(c™)+pu

Let D = d(h 4+ 1) — 2. By direct computation of the sum of the Betti
numbers, we obtain

h(h+1)d, .
> by = MOV ) 4 p(e) 4 an—a—2)
p=p(c)+1<2j—1<i(c™)+p
dh(h —1
—% +1+eqn(i(c") + p),

where the function ey h( ) is defined by

canth) = {22y 2 d,;fn’“%”ﬁ

2t ( P lyy (Beumhy
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Here we define {a} = a — [a] for all a € R. Together with B(d,h) =
—h(h+1)d/(2D) < 0, we obtain

h(h+1)d,. dh(h—1)

i(c™)+p(e) <i(c™)+p(c)+dh—d—2+ 5D (1- 5 +ean(i(c™)+p)).
That is,
cantile”) 410> G (@.1)

On the other hand, we prove further that there exists an integer n €
[0, D/2 — 1] such that the following holds:

canli@) 4w = (o) - 2 T2H2 2y
dh (d— 2)
dh+ (d—2) (48)

Now (4.7) and (4.8) yield a contradiction and prove Proposition 4.4. ]

5. Studies on irrational closed geodesics

The most important property of the Morse indices of iterates of an irrational
closed geodesic is the following quasi-monotonicity.

Proposition 5.1. (Theorem 3.20 of Duan and Long!?) Let ¢ be a closed
geodesic with mean index i(c) > 0 on a compact simply connected Finsler
manifold (M, F) of dimension d > 2. let k be the number of rotation matri-
ces with angles which are irrational multiples of m in the basic normal form
decomposition (3.6) of the linearized Poincaré map P, of c. Then there exist
an integer A with [(k+1)/2] < A <k and a subset P of integers {1,...,k}
with A integers such that for any e € (0,1/4) there exists an sufficiently
large integer T' € n(c)N satisfying

{Zi}>1—e for j e P, (5.1)
T, .
{271'}<6 for je{l,...,k}\ P. (5.2)

Consequently we have
i(e™) = i(cT) = Ky = A+ (qo0 +q4) + 2(r — k) +2(r. — k.) + 24,
Ym>T+1, (5.3)
i(ch) —i(c™) > Ky = A — (qo + qy ) + 2k — 2(r, — k) — 24,
Vi<m<T -1, (5.4)
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where A = i(c) + p— + po — r, the integers p_, po, qo, 4+, 7, k, T+« and ks
are integers uniquely determined by P..

The proof of the theorem depends on some deep understanding of the
roles of the irrational rotation matrices played on the growth of Morse
indices of iterates.

Proposition 5.2. (Duan and Long!?) Let M = (M, F) be a compact simply
connected manifold with a Finsler metric F. If #CG(M,F) =1, then this
prime closed geodesic can not be completely non-degenerate.

Idea of the proof. By Theorems 1.1 and 1.2, it suffices to study the case
when H*(M; Q) satisfies (1.1) for some integers d > 2 and h > 1. Now let
¢ be the only prime closed geodesic on (M, F').

In this case we have first:

i(c) >0, i(c)=d—1, M;j=b; VjcZ, (5.5)

where Mjs are the Morse type numbers. We continue the proof in two cases
in the value of d.

Case 1.d=2 and h > 1.

Here by Proposition 5.1, for some large even T' € n(c)N we get (5.1)
and (5.2) as well as

i(c™) —i(ch) >ile)+ (2A—r)>d—14+ (24 —7), Ym>T+1,
(5.6)
i) —i(c™) >ile) —(2A—r)>d—1—2A—7r), V1<m<T-1,
(5.7)

for some [(r +1)/2] < A < r, where r is the number of irrational rotation
matrices appeared in the basic normal form decomposition of P, in (3.6).
Then by Proposition 3.2, we get

'y 2
1- 2=
r+jz:;7r h+1

By the precise index iteration formula established by Y. Long?®2%, from
this for some € € (0,1/4) we then obtain
2T

R=i(c") < il (24 —r) + 2e. (5.8)
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On the other hand, by Morse inequality up to dimension R = R+2A—r—1,
we obtain

Tziszibj: (h+1)(1§2{—h+1).
j=0 j=0

J J

Therefore we get

2T ~
2A — —— +2e=R— 1+ 2e.
R+ ( r)<h+1+e R—h+1+42¢

which implies h < 1. Contradiction!
Case 2.d >3 and h > 1.
In this case, by (5.6) and (5.7) we obtain
i(c™)>R+2d—1)>R+4, Vm>T+1, (5.9)
i(c™) <R, Y1<m<T-1. (5.10)
If d > 4 and h > 1, we obtain
{R+1,...,R+5}n{i(c™)|m>1} ={R+1,...,R+5}n{i(cD},

which implies the following contradiction

If d = 3, we then have h = 1, and
{R+1,R+2,R+3}n{i(¢™) |m>1} = {R+1,R+2,R+3}n {i(c")}.

Then R is even, and we then obtain the contradiction

3 3

2=0bpp= ZbR+j = ZMR+J‘ <L
j=1 j=1

The proof is complete. [

6. On 3 or 4 dimensional compact simply connected
manifolds

Proof of (1) of Theorem 2.1. Now let us consider a 3-dimensional com-
pact simply connected Finsler manifold M = (M, F) given by Theorem 3.1
with only one prime closed geodesic c¢. Then its linearized Poincaré map P,
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is a 4 x 4 symplectic matrix. By Propositions 4.4 and 5.2, it can be nei-
ther rational nor completely non-degenerate. Thus the basic normal form
decomposition of P, must have the form

P, ~ MoMs, (6.1)

with My = R(61) for some 6 /7 € R\ Q and M is rational. Thus the
mean index i(c) > 0 of ¢ must be irrational. Then Proposition 3.2 yields a
contradiction and completes the proof. ]

Idea of the proof of (1) of Theorem 2.2. Let us consider a 4-
dimensional compact simply connected Finsler manifold M = (M, F) sat-
isfying (1.1) with only one prime closed geodesic ¢. Then its linearized
Poincaré map P. is a 6 x 6 symplectic matrix. By Propositions 4.4 and 5.2,
it can be neither rational nor completely non-degenerate. By Proposition
3.2 the basic normal form decomposition of P. must have the form:

Pc ~ R(Ql)OR(92)0M7 (62)

with 61 /7 and 02/m € R\ Q and M is rational. Because the first non-zero
Betti number appears in dimension dh — 1 = 3, we obtain i(¢) > 0 and
0 <i(c) < dh—1 = 3. In the following we explain ideas in the proof for the
case of i(c) = 0 only. Ideas in the proofs of other cases of 0 < i(c) < 3 are
similar, and all the details can be found in the paper'? of H. Duan and Y.
Long.

In this case, there must hold M = <1 _1>. Then we have

01

i(cm) =-2m++2 <|:m_01:| + |:m_92:|> +2, and V(Cm) =1, ¥Ym>1.

2m 2m

(6.3)

Then from Proposition 3.2 we obtain

1 R
——(k —kf =i(c) =—-2+2 0 6.4
Fra @) — ki (©) =i0) = 24201 +o2) >0, (6.4)

where 0; = 0;/(2m) for j = 1,2. Then it yields

EF(c™) =kf(c)=1, ko(c™)=0, ¥Ym>1. (6.5)

Therefore by (6.3), (6.5) and the Morse inequality, we obtain
MQj = 07 b2j+1 = M2j+1 = #{m e N: Z(Cm) = 2]}, v'] € Np.

Specially we have by = M7 > 0. Then we must have

d=h=2  and B(d,h):—g. (6.6)



122 Y. Long

Thus by Lemma 2.6 with d = h = 2, we obtain

ng = bgj =0, My =b = 1, M3 =1bs = 2, M2j+5 = b2j+5 =3, Vj € No.
(6.7)
From (6.4)-(6.6) we obtain

o1 + 09 = —. (68)

This then implies
i(c?) =i(c?) =2, (6.9)
i(mTY = (M) = i(P) =2m 4+ 2, YmeN. (6.10)

Now for any m € N we obtain
8
2m 42 = i(™ ) = 2m + 3 2{(Bm+1)o1} + {(B3m + 1)o2}).

That is
1

{Bm+1)o1} +{(Bm+ 1)o2} = 3 V'm € N. (6.11)

Then for all m € N we obtain
{Bm+1)o1} +{(Bm+1)o2} = {(Bm +1)o1} + {% —{(Bm+1)o1}}.

Because o is irrational, by a result'® of A. Granville and Z. Rudnick (cf.
the final remark on page 6 there), the sequence {(3m + 1)o1} for m € N
is uniformly distributed mod one. Thus we can find some sufficiently large
m € N such that

1
3 < {Bm+1)o1} < 1.
Plugging it into (6.11) yields the following identity for this m:

{Bm+1o1} +{Bm+1)o2} = {Bm+1)o1} +1+ % —{(Bm+1)o1} = g

which contradicts (6.11). This proves that the Case of i(¢) = 0 can not
happen.

Therefore ¢ can not be the only prime closed geodesic on (M, F). I

Now when the Finsler metric is reversible, ¢™ and (c~!)™ have the
same Morse indices and local critical modules. Thus dimensions of all local
critical modules at every energy level are precisely twice of those in the
proof for the irreversible Finsler metric case. Then we can carry out the
same proof with minor modifications to get a contradiction if there is only
one geometrically distinct closed geodesic on M.



Recent progress on closed geodesics 123

7. More open problems

Besides Conjectures 1, 2 and 3 in Section 1, the following conjectures are
still open and we think that any answer to them should be interesting.

Conjecture 4. If on a compact Finsler manifold (M, F) there exists a
hyperbolic prime closed geodesic, then there exist infinitely many distinct
prime closed geodesics.

Conjecture 5. On a compact Finsler manifold (M, F'), if there exist only
finitely many distinct prime closed geodesics, all of them must be irrationally
elliptic.
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1. Introduction

We consider the two-torus T2, provided with a C", r > 2, Riemannian
metric g. We consider a C" real-valued function P on T? and use P as
shorthand for P o m, where 7: T T? — T? is the projection of the tangent
bundle of T? on T2. The Riemannian metric g is a real-valued function
on T'T?, which is quadratic and positive definite on the fibers. We set
L := K+ P: TT? — R, where K := g/2. In the language of classical
mechanics, L is called the Lagrangian of a mechanical system on T2. The
terms kinetic energy, potential, and potential energy are used for K, P, and
—P. In classical mechanics, one is interested in study of the trajectories of
the Euler-Lagrange equation

%Lg =Ly,

where § = (01,02) denotes the standard cyclic coordinates on T? and
0 = (0y,0,) is the pair of associated velocities. Thus 6; and 6 are defined
modulo 1 and (01, 2, 61, 03) coordinatizes T2.

The extremals (in the sense of the calculus of variations) v: R — T2
of L correspond to trajectories (v,%): R — T T? of the Euler-Lagrange
equation. In recent years, many authors have studied special classes of ex-
tremals satisfying various action-minimizing conditions. We surveyed some
of this work in [Mat2, Sections 1-3]. Dias Carneiro [Car] initiated the study
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of such extremals in the case of mechanical systems on T'T?. We extended
some of Dias Carneiro’s results in [Mat2, Section 4].

A classical tool for the study of trajectories of a mechanical system is
the Jacobi metric

gg = (P+ E)g

associated to a real number E. According to the well-known Maupertuis
principle, geodesics of gp are reparameterized trajectories of the Euler—
Lagrange equation in the energy hypersurface {H = E}. Here, H = K — P
denotes the Hamiltonian associated to L. It is well known that a trajectory
always lies in an energy hypersurface { H = E'}. Dias Carneiro [Car] showed
that in the case that the trajectory satisfies an action—minimizing condition
we have F > — min P, where min P denotes the minimum value of P.

In the case of mechanical systems on T2, certain extremals satisfying
an action—minimizing condition correspond to gg—shortest curves in a non—
zero integral homology class. We set Ejy = — min P. In the case that £ > Ej,
the Jacobi metric gg is a Riemannian metric. Results of [H] apply in this
case. For example, a gg—shortest curve in an indivisible homology class is
simple, i.e. it has no self-intersections.

These results do not apply in the case that E = Ey, because gg is no
longer a Riemannian metric on all of T2. It vanishes on {P = min P}. It is
a Riemannian metric on the complement of this set.

In Section 9, we sketch an example of a gg,—shortest curve in an indivis-
ible homology class that crosses itself. A suitable version of this example is
stable for perturbations of L, although we do not prove this in this paper.

Our main purpose in this paper is to study how a gg,—shortest curve
in an indivisible homology class may cross itself, and to study the relations
among ¢g,shortest curves in various homology classes. We restrict our
attention to potentials that take their minimum at only one point. For

such potentials, we show that there exists a norm || | g, on Hi(T?%R)
such that for h € H1(T?;Z), the gg,~length of the gg,—shortest curve in h
is [l -

The results in this paper are a step in our proof (as yet only partially
written) of Arnold diffusion in 2% and 3 degrees of freedom. Here, we give
a very brief indication of how we plan to use these results in our study
of Arnold diffusion. For passing by a double resonance, we need a detailed
understanding of certain Aubry sets near a double resonance. By averaging,
these Aubry sets are related to certain Aubry sets of a mechanical system
on T2. The construction relating the Aubry sets near the double resonance
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to the Aubry sets of the mechanical system provides an indivisible element
h of H1(T?;Z). The Aubry sets of the mechanical system that are relevant
to the proof of Arnold diffusion are those whose rotation vector has the form
Ah with A € R. They correspond to gg—shortest curves in h for £ > Ej.

When we wrote our announcement [Matl], we overlooked the possibil-
ity that gg,—shortest curves in h could fail to be simple. As a result the
genericity conditions in [Mat1] defining U/ are insufficient; we need further
genericity conditions on U for our proof of Arnold diffusion to work. We
plan to write a revised announcement correcting [Mat1].

2. The Main Results

We consider mg € T? and a C”, 7 > 2, Riemannian metric g, on T2~\.mg. We
extend g, to all of T2 by setting g.(mg) = 0. For an absolutely continuous
curve v: [a,b] — T?, we define the g,—arc-length £,(v) of v by the formula

b
t(y) = / o (v, 5 dt

This is the usual definition of arc—length, slightly generalized since g, may
be discontinuous at mg. Since 7y is absolutely continuous, the vector 4(t) is

defined for almost all t € [a,b]. Moreover, the function ¢ — /g, (v(t), %(t))
is defined almost everywhere and is measurable. Since it is also non—
negative, the integral above is defined in the sense of Lebesque if the value
400 is permitted. In this paper, we will suppose throughout that this in-
tegral is finite for every absolutely continuous «y. This is a restriction on g,
but it holds if g, = gg,, where gg, is as in the introduction.

We define the distance between two points ¢ and 6 of T? to be

dy(p,0) == i,rylfé*('y) ,

where v runs over all absolutely continuous curves  that connect ¢ and 6.
We extend the definition of g,—arc-length to continuous curves
v: [a,b] — T? thus:

k
b(y) = Supzd*(v(ti—l)ﬁ(tz‘)) ;

where the supremum is taken over all partitions a = tg <t; <--- <tp =b
of [a, b].
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In the case that v is absolutely continuous, our two definitions of £, ()
are equivalent. This follows easily from the well-known analogous result in
Riemannian geometry.

If »,0 € T2, we may choose a sequence 1,72, ... of curves connecting
¢ and 6 such that £,.(v;) | di(p,6). We may parameterize these curves
proportionally to arc-length with [0,1] as the domain of the parameter.
The resulting sequence of mappings is equicontinuous with respect to d.
It follows from the Arzela—Ascoli theorem that this sequence has a subse-
quence that is uniformly convergent with respect to d,. By replacing the
original sequence with the subsequence, we may assume that the sequence
Y1,72 - - - is uniformly convergent with respect to d,. The limit v is con-
tinuous with respect to dy. The topology defined by d, is the standard
topology on T?; thus, v is continuous with respect to the standard topol-
ogy on T?2. In view of the second definition above of g,—arc-length, we have
L(y) < liini(i)gf l (i) = d(p,0). In view of the definition of d(¢y, ), it fol-

lows that £, (v) = d(g, 8). We have thus proved that there is a g,—shortest
curve connecting ¢ and 6.

A curve in T? is a continuous mapping ~: [a,b] — T2. It is closed if
~v(a) = ~v(b). A closed curve represents an integral homology class [y]. If
h € H1(T?;Z), we say that a closed curve v is in h if [y] = h. We define
£,(h) to be the infimum of the g,—lengths of curves in h. An argument
similar to that showing that there is a g,—shortest curve connecting two
points in T? shows that each h € H;(T?;Z) contains a g,—shortest curve.

Theorem 1. There ewists a unique norm || || on Hi(T?;R) such that
|k« = €(R) if h € H1(T% Z).

We prove Theorem 1 in Section 5.

We call || ||« the stable norm of g, by analogy with Riemannian geom-
etry.

We denote the unit ball with respect to || |« by Bx. Thus, B, :=
{v € Hi(T%R): |lv]|x < 1}. By a side of By, we mean B, N ¢, where ¢ is
a supporting hyperplane of B, and B, N ¢ contains more than one point.
Since H;(T?;R) is a two-dimensional real vector space, a hyperplane / is a
line.

More generally, we could define a side of a compact, convex subset of a
two dimensional real vector space in the same way. The closed set bounded
by a triangle has three sides; by a semi—circle, one side; and by a circle,
no sides. A closed, convex subset of a two—-dimensional real vector space
is strictly convex if and only if it has no sides. If E is a compact, convex
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subset of a two dimensional real vector space, and v € FF, the frontier
of E relative to the vector space, then exactly one of the following two
possibilities hold:

e v is an extremal point of F, or
e v is in the relative interior of a side of E.

Obviously, a side of a compact, convex subset of a two dimensional real
vector space is a compact line segment.

Theorem 2. If ¥ is a side of B, then the endpoints of ¥ have the
form hi/||hill«, © = 1,2, with h; an indivisible element of Hy(T?;Z).
Moreover, hy and hy generate Hy(T?;Z). If h € H{(T%Z),h # 0, and
h/||h||* € X then h = nihy + noho, where ni and ny are mon-negative
integers. If T’ is a shortest closed curve in h then there exist simple
closed curves Ai, ... ,A,l€1 L A2 ,Aiz, A3 .. Aig and a positive integers
... ,p,ﬁl D2, ,p%z, 3. .. ,pig (with k; possibly zero) such that:

o I'= Zpé-A;», i.e., I' is obtained by tracing out each Aé- ezactly pé- times;
i,

e cach A} contains mo;
o different Aé- ’s meet only at mg;
° Aé- 18 a shortest curve in h;, for i = 1,2,3 and j = 1,...,k;, where
hs := h1 + he; and
—plp... 1 34 ... 3 d —p24... 2 31 ...1p3
® N p1+ +pkl +p1+ +pk3 ana ng p1+ +pk2+p1+ +pk3

Conversely, any curve satisfying the bullet point conditions is a shortest
curve in h.

Remark 1. The first bullet point condition means that I is represented by
a curve v: [0,1] — T? such that v~ 1(mg) is a finite set {zo,...,x,} with
O=z0< 21 <+ <2y_1 <xg:1,£:p%+---+p,1€1+p%+'-'+piz+p:{’
+---+pj,, and the £ intervals into which {0, ...,z¢} partitions [0, 1] may
be labeled I}, with i =1,2,3; j =1,...,ki; m = 1,..., p} such that v|I},,
represents A}.

Remark 2. It may happen that one or two of the k;’s vanishes. For example,
if h is a positive multiple of h;y then ko = ks = 0. For some choices of g,
and 3, no shortest curve in hi + ho is simple. In that case k3 = 0.

Any point in the frontier of B, is either in the relative interior of an
edge of B, or it is an extremal point of By. In Theorem 2, we assumed that
h/||h||« is an element of an edge. In Theorem 3, we assume that it is an
extremal point.
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Theorem 3. Suppose that hg is an indivisible element of H,(T?;Z),
ho/||holl« is an estremal point of B, and h = nhg, where n is a posi-
tive integer. Let I" be a shortest curve in h and suppose that mg € I'. There

exist simple closed curves A1, ..., Ax and positive integers pi,...,px such
that

o I'= Ejijj ;

e cach A; contains mo;

o different A;’s meet only at mo;

e A; is a shortest curve in hg; and

® n=py+-+ Pk

Conversely, any curve satisfying the bullet point conditions is a shortest
curve in h.

Remark. If my ¢ I then I' winds n times around I'y, where Ty is a shortest
curve in hg.

We prove Theorems 2 and 3 in Section 6.

3. Linearly Independent Homology Classes

Lemma. Suppose that hy, ha € Hy(T%;,Z) and hy and ho are linearly in-
dependent (as elements of Hy (TQ;R)). Let T'y and I'y be shortest curves
in hy and hy. Then Ty and Ty meet and 0y (hy + ha) < £i(h1) + £ (he).
Moreover, if there exists an isolated point of I'y N T’y other than myg, then
Li(hy + hg) < Li(hy) 4 Li(h2).

Proof. Since hy and hs are linearly independent, we have that the inter-
section pairing hi - ho of hy and hy does not vanish. Hence I'y N Ty # ().
We choose 8 € T'; NT's. We may represent I'; by a curve beginning and
ending at 6, and likewise for I'y. We denote by I'; x 'y the curve obtained
by tracing out first I'; and then I's. Since I'y ends at 6 and I's begins at
0, this indeed defines a curve and I'y x I'y begins and ends at 6. Clearly
[[y T3] = hy + he and £, (T % Tg) = £, (T1) + £, (T2). Hence £y (hy + ho) <
Li(h1) + Li(h2).

In the case that 8 # mg, we have that I'; and I's are geodesics near 6,
since g, is a Riemannian metric except at mg. On the assumption that 6 is
an isolated point of I'y N I'y, the tangents of I'; and I's at 6 are different.
Consequently, the curve I'yxI's has a corner where the tracing of I'; ends and
the tracing of I's begins. It is therefore possible to shorten I'y x I'y without
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changing the homology class by rounding this corner. Hence ¢, (hy + ho) <
Li(h1) + £, (h2) in this case. m|

4. Consequences of (%)

Throughout this section, we suppose that the following conditions hold:
(x) Ty and Ty are simple closed curves in T2. They are shortest closed
curves in their homology classes. Their homology classes are linearly inde-
pendent. We have U, (h1 + ha) = € (h1) + €. (ha), where h;, i = 1,2, denotes
the homology class of T';.
We sketch an example that satisfies these conditions in Section 9. In
this section, we deduce various consequences of ().

Lemma 1. 'y NIy = myg.

Proof. Since h; and ho are linearly independent, we have h; - hy # 0.
Hence, I'y and I's meet. We consider 8 € I'y N I's. We consider first the
case when 6 # myg. By the lemma in the previous section, if 8 is an isolated
point of I'y N Ty then £, (hy + ha) < £i(h1) + £« (h2) contrary to one of the
conditions (). Hence 6 is not an isolated point of I'y N T's.

Since # is not an isolated point of I'y NT's and I'; and I'y are geodesics
with respect to g, in the complement of mg, we have that I'; and I's coincide
in a neighborhood of 8. We consider a moving point P that traces out I'; in
one direction starting from #. It remains in I's until it reaches my, if it does.
If mg ¢ I'1, then P remains in Iy while P traces out all of 'y, so I'y C I's.
Since one simple closed curve cannot be properly contained in another, we
have I'y = I'y in the case that mg ¢ I'y.

If mg € T’y then P also remains in I's while it traces out I'y in the other
direction until it reaches mg. The part of I'y traced out in both directions
from 6 until mg is reached is a simple closed curve and therefore must be
I'y. Hence again we have I'y C 'y, which implies I'y = I', as before.

We have shown that I'y = I's assuming that I'y N I's contains a point
other than mg. This implies hy = +ho, contrary to the condition that hq
and hg are linearly independent, which is one of the conditions (x). This
contradiction shows that I'; N 'y does not contain any point other than
mg. Since we have already shown that I'; and I'y meet, it follows that
Fl N FQ = my. O

Lemma 2. T’y and Ty cross at mg, hy - ha = £1, and {h1,ha} generates
the group Hy(T?;Z).
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Proof. Since I'y and I'; meet only at my, it follows that hj - ho equals the
local intersection pairing of I'y and I's at mg, which we denote I'y -, I'a.
If I'y and I'y cross at mg then I'y -y, ' = £1. Otherwise, '+, I'2 = 0.
Since hy - ho # 0 it follows that I'; and T'y cross at mg and hy - hg = +1.
From hq - hg = £1, it follows that {hi, ho} generates Hq(T?;Z). O

We let v;: [0,1] — T? be a parameterization of I'; such that +;(0) =
7i(1) = mo, 7][0,1) is injective, and ~;([0,1]) = T;. We let m: R? — T?
denote the projection. We choose mq € R? such that 7(mg) = mg. For h €
Hi(T?%R) = 71 (T?), we let T),: R? — R? denote the deck transformation
associated to h. With the usual identification of Hy(T?;Z) with Z2, we
have T(p o) (7,y) = (z + p,y + q). We extend 7; to all of R so that it is
periodic of period 1. We let 7;: R — R? be the unique mapping such that
7:i(0) = g and T 0 ¥; = ;. We set A; := %,([0,1]) and T; := 7;(R). By
the Schoenfliess theorem [N], there exists a homeomorphism ®: R? — R?
such that ®([0,1] x 0) = Ay, ®(0 x [0,1]) = Ag, Tj, 0 ® = ® 0 T{4 ), and
Th2 od=0¢o T(O,l)-

We lift g, to §, defined on R?. This is a Riemannian metric on R? ~
{Thmo: h € Hi(T?Z)} and it vanishes at Tymg for every h € H1(T?; Z).
We define §,—arc-length for curves in R? and §,—distance on R? in the same
way as we defined g,—arc—length and g,—distance earlier.

For (p,q) € Z% we set S, = {(z,y) € R*:p < 2 < p+1 and
g <y < q+ 1}. Clearly, S, is a square. The terms bottom side, top
side, left side, and right side for this square need no explanation. We set
Cp.q = ®(Sp,q) and call Cp, ;4 a cell. We call the images under ® of the top,
bottom, left, and right sides of S, 4, by the same names. Likewise, we call
the images of the vertices of S, , under ® the vertices of C} 4. We may
speak of the lower left, lower right, upper left, and upper right vertices of
Cp,q, these being the images under ® of the vertices of S, ; of the same
names. We call a side of a cell an edge.

Lemma 3. We consider two points in the boundary of a cell. In the follow-
ing cases, there is a shortest (in R?) curve connecting the two points that
lies in the boundary of the cell:

e Both points lie in the union of the lower side and the right side of the
cell.

e Both points lie in the union of the left side and the upper side of the
cell.

Proof. Each side of a cell is a shortest curve between its endpoints, since
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I'; is a shortest curve in h; by (*). It follows that if the two points are in
the same side then the segment of that side between the two points is a
shortest curve joining the two points.

We consider the case when one of the points, which we denote P, is in
the lower side and the other, which we denote @, is in the right side. We
denote the union of the segment of the lower side joining P to the lower
right vertex and the segment of the right side joining the lower right vertex
to @ by X. We let 31 be an arbitrary curve joining P to ). We let A (resp.
A1) be the cocatenation of the segment of the lower side joining the lower
left vertex to P followed by ¥ (resp. ¥;) followed by the segment of the
right side joining @ to the upper left vertex. Thus, A is the union of the
lower side and the right side and A is a curve joining the lower left vertex
to the upper right vertex. From (%), we obtain

Ce(A) = Li(h1) + Li(ha) = bi(h1 + ho) < Le(A1).

It follows that £,(X) < £,(31). Thus, X is a shortest curve connecting P
and @ and it is in the boundary of the cell. The other cases may be treated
similarly. O

Remark. We do not have such a result when one of the points is in the
lower side and the other is in the left side, nor when one is in the right side
and the other is on the upper side, nor when the two points are on opposite
sides.

We will say that a curve is a shortest curve between any two of its
points if the segment of the curve between any two points is a shortest
curve joining those two points.

Lemma 4. We let i € Z. Each of the curves ®(i x R) and ®(R x i) is a
g« —shortest curve between any two of its points.

Proof. We argue by contradiction. We consider points P and @ both in
®(i x R) or both in ®(R x i) and g.—shortest curve I' connecting P and
Q. We suppose that T is shorter than the segment of ®(i x R) or ®(R X 7)
between P and Q.

We let X1 denote the set of (unordered) pairs {P’, Q’} of distinct points
in T" such that P’ and Q" are both in ®(j X R) or both in ®(R x j) for some
J € Z and they are both isolated points of I N ®(j x R) or IV N ®(R x j)
where TV is the segment of " joining P’ and Q.

We consider x € ' N ®(R X j) and suppose that x is not a vertex.
Since z € ®(R x j) and is not a vertex, there exists an integer k such that
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x € ®((k,k + 1) x j). Since ®([k,k + 1] x j) is a lift of I'y and Ty is a
gx—shortest curve in hy by (%), it follows that ®([k,k + 1] X j) is a G
shortest curve connecting ®(k, j) and ®(k+ 1, j). Since I is also a shortest
curve and §, is a Riemannian metric in the complement of the vertices, it
follows that either z is an isolated point of 'N®(R x j) or ®([k, k+1],5) C
I'N®(R x 7). Similarly, if x € TN ®(j x R) and is not a vertex then either
x is an isolated point of I'N ®(j x R) or there exists an integer k such that
xreP(Gx[kEk+1)CcT NP xR).

It follows that Xr is finite.

We consider first the case when Xp has only one element. For notational
simplicity, we suppose that P,Q € ®(0 x R). The proof in the other cases
is the same. We let s,t € R be such that ®(0,s) = P and ®(0,¢) = Q.
We suppose that s < t. The other case may be reduced to this case by
interchanging P and Q.

Welet a,beZ witha<s<a+landb—1<t<b Weset

A:=®([0,1] x [a,b]) and B := &([—1,0] x [a, b]).

Our assumption that 3 reduces to a single element implies that I' C A
or I' € B. We consider first the case I' C A. We show by induction on
b — a that the assumption that ®(0 x [s,¢]) is not a shortest curve in A
connecting P and @ leads to a contradiction.

In the case b — a = 1, this follows from the assumption (x) that 'y is a
g.—shortest curve in hy, which implies that (0 x [a,a+1]) is a g,—shortest
curve in R? connecting ®(0,a) and ®(0,a + 1).

In the case b — a > 1, we consider for contradiction a curve A in A
connecting P and @ that is shorter than ®(0x [s, t]). We let P’ = ®(u,a+1)
be the first point on A counting from P where A meets ® (R x (a+1)). Since
A C A, we have 0 < u < 1. We denote the segment of A between P and P’
by A;. Since P is in the left side of the cell Cp , and P’ is in the top side,
the curve consisting of the union of the segment of the left side between
P and the upper left vertex and the segment of the top side between the
upper left vertex and P’ is no longer than A;, by Lemma 3. We let A5 be
the curve obtained by adding this curve to A and removing A;. Thus, Ag
joins P to @ and is no longer than A. Hence, it is shorter than ®(0 x [s, ¢]).

Now we remove from A, the segment ®(0 x [s,a + 1]) (i.e. the part of
the left side of Cp , that is in Ag). The resulting curve Ag joins ®(0,a + 1)
to ®(0,t) and is shorter than ®(0 x [a + 1,¢]). This is a contradiction by
our inductive hypothesis.

Now we consider the case I' C B. Again the proof is by induction on
b— a. In the case that b—a = 1, the proof is the same as in the case I' C A.
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In the case b — a > 1, we consider a curve A in B connecting P and Q
that is shorter than ®(0 x [s,¢]). We let @' = ®(v,b — 1) be the first point
on A counting from Q where A meets ® (R x (b—1)). We let Az be the curve
obtained by removing the segment between @ and @’ from A and replacing
it with ®(0 x [b—1,¢]) U ([v,0] x (b—1)). We let A3 be the curve obtained
by removing ®(0 x [b — 1,¢]) from As. Just as before, Ay is shorter than
®(0 x [s,t]) and Ag is shorter than ®(0 x [s, b— 1]). This is a contradiction
by our inductive hypothesis.

We showed above that Xr is finite and we just showed that the assump-
tion that I' is shorter than the segment of ®(i x R) or ®(R X ¢) joining P
and @ together with the assumption that ¥ is reduced to a single point
yields a contradiction.

We now finish the proof by induction on the number of elements of ¥r.
We suppose that X has more than one element. We let P’ (resp. Q') be P
(resp. @) in the case that P (resp. Q) is an isolated point of T'N ®(0 x R).
Otherwise, we let P’ (resp. Q') be the endpoint different from P (resp. Q)
of the connected component of ' N ®(: x R) or ' N ®(R x i) that contains
P (resp. Q). Obviously {P’,Q'} € Zr.

We consider a second element {P”,Q"} of ¥r. We let IV denote the
segment of " between P and QQ”. We have that P”, Q" are both in ®(j xR)
or both in ®(R x j) for some j € Z. We let I'” be the curve obtained by
removing I from I and replacing it by the segment of ®(j x R) or ®(R X 5)
(according to the case) between P” and Q”. Since T is shorter than the
segment of ®(i x R) or ®(R x i) between P and @, at least one of the
following must hold:

e The curve I is shorter than the segment of ®(j x R) or ®(R X j)
(according to the case) between P’ and Q".

e The curve I'” is shorter than the segment of ®(i x R) or ®(R X i)
(according to the case) between P and Q.

It is easy to see that Y/, X¥p» C Xr. On the other hand {P’,Q'} ¢ X1
and {P",Q"} ¢ Xr,. It follows that each of X1 and X~ has fewer elements
than Xr. Hence the inductive hypothesis gives a contradiction in either case.

O

Lemma 5. Let n1 and no be non—negative integers, not both zero, and
suppose that €,(h1 — ha) > [€i(h1) — Li(h2)|. Then li(nihy + nahe) =
n1ly(h1) + noly(he) and if T' is a shortest closed curve in nihy + nohs then
there exist simple closed curves A3, ... ,A}Cl, A3 ,AiQ, A3 .Aig_ and
positive integers pi,. .. ,p,lﬂ, pI,. .. ,piQ, 3. .. ,pis such that:
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=2 p5Aj;
s

each A;- contains mo;

different Aé- ’s meet only at my;

Aé- is a shortest curve in h;, fori =1,2,3 and j = 1,...,k;, where

hg := hy + hg; and

o N = 1_|__|_1+3_|_ 3 d — 2. .. 2 34 ... 3
1=p1 P, TP1 +Pg, ana N2 =P+ +Pg, TP+ TPk,

Conversely, any curve I' satisfying the bullet point conditions is a shortest
curve i nihi + nohs.

Remark. If we set h := nyhi +nshs, the conclusions of this lemma are the
same as the conclusions of Theorem 2.

Proof of Lemma 5. We consider a g,—shortest curve I' in nihi +nohs. We
represent I' by a mapping «: [0, 1] — T? and choose a lift 7: [0,1] — R? and
consider the extension 7: R — R? defined by F(t + 1) = ¥(t) +n1hy +nahs
for all t € R. Here, we regard nihi + nho as an element of Z2, via the
identification H,(T?;Z) = Z>.

We consider ¢y € R such that 7(¢p) is in the relative interior of an
edge o. Since Y(t9) is not a vertex and g, is a Riemannian metric in the
complement of the vertices, there are two possibilities in view of the fact
that 7 and o are both geodesics in the complement of the vertices:

e The curves 7 and o cross at ¥(tp). In particular, ¥(¢o) is an isolated
point of intersection of 7 and o.

e There exist t_1 < tp < t1 such that ¥ maps [t_1, 1] homeomorphically
onto o.

We show below that the first possibility does not happen, i.e. ¥ does
not cross ®(i x R) or ®(R X ¢) at a point in the relative interior of an edge.
We show this in several steps.

In the first step, we show that if 5 crosses ®(i x R) or ®(R x i) at a
point in the relative interior of an edge then it does not meet ®(i x R) or
O (R x7) (according to the case) a second time. For notational simplicity, we
consider only the case of a crossing of ®(i X R), the other case being similar.
For contradiction, we suppose that 7 crosses ®(i x R) at Y(to) and F(to) is
not a vertex. We suppose also that 7(t1) € ®(¢ x R) for some ¢; # to.

We prove that these assumptions lead to a contradiction by the argu-
ment that proves the Morse crossing lemma (see e.g. [Mat2, Section 1]):

We remove the segment between 7(¢g) and 7(¢1) from each of the curves
J(R) and ®(i x R) and replace it with the segment from the other curve. We
obtain two new curves that are shortest between any two of their points.
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Both have corners at ¥(tp), which is impossible since both are geodesics
in the complement of the vertices. This contradiction shows that if 7 crosses
®(i xR) (or ®(R x 7)) at a point other than a vertex then it does not meet
®(i x R) (or ®(R x 7)) a second time. This finishes the first step.

We say that two distinct vertices are adjacent if they are endpoints of
a common edge. For the second step, we consider s < t € R such that 7(s)
and 7(t) are adjacent vertices. From the first step, it follows that if 7 crosses
®(i x R) or (R x i) at v with s < u < ¢, then J(u) is not in the relative
interior of an edge, since if it were it would necessarily meet ®(i x R) or
®(R x i) a second time.

We have that the g.—length of ¥([s,t]) is £x(h1) or {,(h2) depending
on whether the edge joining 7(s) and 7(t) is horizontal or vertical. If s <
up < ug < t, ¥(u1) and F(ug) are vertices, and there is no v satisfying
u1 < v < ug such that ¥(v) is a vertex, then the g.—length of ¥([u1, us]) is
one of £, (h1 + ha), lx(h1), L« (h2) or £,(h1 — hs) depending on the homology
class that y([u1, ug]) represents. Since £, (hq + ha) = €, (h1) + £« (h2) (one of
the conditions (%)) and €y (h; — ha) > |lx(h1) — €. (h2)| (a hypothesis of the
lemma), it follows easily that there can be no u satisfying s < u < ¢ such
that ¥(u) is a vertex:

For example, we consider the case when the edge joining 7(s) and 7(¢)
is vertical and J([uy,us]) represents hy — hy. In this case, there exists
[v1,v2] C [s,t] ~ (u1,uz2) such that J(vy) and F(vz) are the two endpoints
of a horizontal edge. Then

Ci(h2) = €(V[s,t]) > L (F[v1, v2]) + L (F]u1, uz))
>0, (h )—f—é (hg—h1)>€*(h2),

a contradiction. In all other cases, we similarly obtain a contradiction on the
assumption that [uy,us] has the properties listed in the previous paragraph
and [u1,ug] is properly contained in [s,t]. This contradiction shows that
there can be no u satisfying s < u < ¢ such that J(u) is a vertex, as
asserted in the previous paragraph. In view of what we previously proved,
it follows that ¥([s, t]) either is the edge joining 7(s) and 5(¢) or it is entirely
in one of the two cells having that edge as one of its sides.

The second step consists of constructing a new curve 5* by replacing
every segment of 7 joining adjacent vertices by the edge that joins them.
This construction is possible because if s < ¢t and F(s) and 5(t) are adjacent
vertices then 5([s, t]) is either the edge joining 7(s) and 4(t) or it is entirely
in one of the two cells having that edge as one of its sides. Since (¢t +1) =
(t) + n1hi + noho, we may parameterized 3* so that the parameterization
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is unchanged where 7 is not modified and 7*(¢ + 1) = 7*(¢) + n1h1 + naha.
Thus, 7*: R — R? is a lift of a curve v*: R — T? satisfying v*(t + 1) =
~v*(t) and W*HO, 1] represents a closed curve I'* in T? in the homology class
ni1hy 4+ noho. Moreover, I'* is a g,—shortest curve in nyhi + nohs because it
has the same g,—length as I'. Consequently, the results that we have proved
for ', v, and 7 also hold for I'*, v*, and ~7*.

From the first two steps, it follows that v*(R) N ®(i x R) and ¥*(R) N
®(R x i) are each either a single point or a (possibly empty) union of
vertices and edges. In the third step, we show that v*(R) N ®(i x R) and
7*(R) N ®(R x i) are both connected.

We call an interval [s, t] special if for some i € Z, we have that both 7*(s)
and 7*(t) are elements of ®(i x R) (resp. ®(R x ¢)) and 7*(u) ¢ ®(i x R)
(resp. (R x 7)) for s < u < t. Obviously, there exists a special interval if
and only if for some i € Z one of 7*(R) N ®(i x R) or ¥*(R) N ®(R x i) are
disconnected.

Thus, to carry out the third step, it is enough to show that there are
no special intervals.

It is easy to see that any nested sequence [s,t] D [¢/,¢] D [¢",¢] D

- D [, t(M] of distinct special intervals is finite. Hence, if there are
any special intervals at all, there is a minimal one, i.e. one that does not
properly contain any other. Consequently, to carry out the third step, it is
enough to show that there are no minimal special intervals.

For contradiction, we consider a minimal special interval [s, ¢]. By def-
inition, both 7*(s) and 7*(t) are elements of ®(i x R) or of ®(R x ¢) for
some ¢ € Z. For notational simplicity, we suppose that both are elements
of ®(0 x R). The other cases may be treated similarly.

We follow the argument in the proof of Lemma 4 for the case when Xp
has only one element. We set P :=7*(s), @ := 7*(¢) and A :=3*([s, t]). By
the first step, P = ®(0,a) and @ = ®(0,b), for suitable a < b € Z. In the
proof of Lemma 4, we assumed for contradiction that the g,—length of A was
less than that of ®(0x [a, b]). Now we know (by Lemma 4) that the g,—length
of A is greater than or equal to that of ®(0 X [a, b]). Moreover, since 7* is
shortest between any two of its points, we have that the lengths are equal.

From the assumption that [s,t] is a minimal special interval it follows
that A C A := ®([0,1] X [a,b]) or A C B := ®([—1,0] x [a,d]). We first
consider the case A C A and obtain a contradiction by induction on b — a.

In the case that b—a = 1, we have A = ®(0 X [a, b]) by the construction
of ¥* (second step). This contradicts the assumption that [s,t] is a special
interval.
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In the case that b —a > 1, we follow the construction in the proof of
Lemma 4 for the case when X has only one element. We construct A;,
i = 1,2,3 starting from A in exactly the same way as before. Once again,
A2 is no longer than A and Ag is no longer than ®(0 x [a + 1,0]), for the
same reasons as before. Since ®(0 x [a+1,b]) is a shortest curve connecting
its endpoints, we have that ®(0x [a+1,b]) and A3 have the same g,—length.

Since 7*(s + 1) = *(s) + n1h1 + nahg is a vertex and ¥*(u) is not a
vertex for s < u < t, we have t < s + 1. Hence A is an initial segment of
¥*([s, s+ 1]). We modify 7* by removing A from 7*([s, s+ 1]) and replacing
it by As. The resulting curve ¥': [s,s + 1] — R? may be extended to R
by the periodicity condition ¥t (u + 1) = FT(u) + n1hy + nohs, for u € R.
We choose the parameterization of 57 to coincide with that of 5* where
7* is not modified. We let r € (s,t) be such that F1(r) = ®(0,a + 1).
Then [r,t] is a special interval for 3T in place of 7*. It is easily to see that
At has all the properties needed to apply the induction hypothesis. Since
31(r) = ®(0,a + 1) and F7(t) = ®(0,b), we get a contradiction by the
induction hypothesis.

In the case A C B, we obtain a contradiction by a similar modification
of the proof of Lemma 4 for the case when X has only one element.

These contradictions show that there are no minimal special intervals
and hence no special intervals. Hence, 7*(R)N® (i x R) and 7*(R)N®(R x 7)
are connected. This finishes the third step.

From the third step, it follows that ¥(R) = ®(i x R) for some i € Z
in the case that n; = 0, ¥(R) = ®(R X ¢) for some ¢ € Z in the case that
ng = 0, and J(R) crosses each ®(i x R) and ®(R x i) for ¢ € Z exactly once
in the case ny,n2 > 0. The intersection of ¥(R) and ®(i x R) or ®(R x 4) is
either the segment between two vertices or a single point, in the last case.

The fourth step consists of showing that in the case that this intersection
is a single point, that point is a vertex.

Since ¥*(t + 1) = *(t) + n1h1 + n2ha with n1,ne > 0, we have that
7*(R) crosses ®(i x R) from left to right and it crosses ®(R x ) from bottom
to top. We suppose for contradiction that 7* crosses ®(i x R) in the interior
of an edge, e.g. 7*(to) € (I)(i x (7,5 + 1)) We let t1 be the smallest t > tg
such that 4*(¢) is an element of some ®(k x R) or ®(R x k). Since 7* crosses
each ®(k x R) or ®(R x k) only once and from left to right or from bottom
to top, we have that y*(¢1) is an element of ®((i,i + 1] x (j + 1)) or of
®((i+1)x (4,5 +1)).

If ¥*(t1) € ®((i,i 4+ 1] x (j + 1)) then by Lemma 3 and its proof, the
union of the segment of ®(i x [j,j + 1]) between ¥*(to) and ®(i,j + 1)
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and the segment of ®([i,i + 1] x (j + 1)) between (i, + 1) and 3*(¢1) is
a shortest curve between 7*(tg) and 7*(¢t1). We replace the segment of 7*
between 7*(to) and ¥*(¢1) with this shortest curve. The new curve obtained
in this way has a corner at 7*(to) because 7*({) is not a vertex, which is a
contradiction to the fact that it is shortest between any of its points. This
contradiction shows that 7*(t1) ¢ ®((i,i+ 1] x (j +1)).

Hence, 7*(t1) € ®((i+1) x (j,j+1)). Since 7*(t) ¢ ®((i+1) x (j,j+1))
for ¢ < t1, we have that 3* crosses ®((i + 1) x (j,j + 1)) at 3(t1).

We have thus shown that the assumption that v* crosses ® (l x (4,7 + 1))
implies that it also crosses <I>((z +1)x (4,5 + 1)) By induction, it crosses
®((i+k)x(j,j+1)) for all k > 0. This contradicts the fact that 3*(t+1) =
F*(t) + n1h1 + nahe and ny > 0. This contradiction shows that 7* does not
cross ®(i x R) at a point other than a vertex.

A similar argument shows that ¥* does not cross ®(R x i) at a point
other than a vertex. This finishes the fourth step.

Since 7* does not cross an edge at an interior point, neither does 7.
It follows that there exists a bi-infinite sequence {t;};cz of real numbers
such that J(¢;) is a vertex for each i € Z and 7(t) is not a vertex for
t; <t < tiy1. Thus, there exists (a;,b;) € Z? such that (t;) = ®(a;, b;).
Since J(t + 1) = (t) + n1h1 + n2ha, there exists a positive integer k such
that t;4x = t; + 1 and @(ai+k,b¢+k) = @(ai,bi) + nih1 + noho. Since *
crosses each ®(i x R) (resp. ®(R x 4)) just once, and from left to right
(resp. from bottom to top), it follows that (a;41,b;41) is one of (a; + 1,b;),
(ai, b; + 1), or (ai +1,b; + 1).

When (a;y1,bi+1) is one of (a; + 1,b;) or (a;,b; + 1), we have that 7*
traces out a side of a cell. Whenever (a;4+1,bi41) = (a; + 1,b; + 1) we
replace 7*| [ti, ti+1] by the curve that traces out the bottom side and right
side of C,, ;- We denote by 7** the curve obtained by modifying 4* in this
way. We have that 3*([t;, t;+1]) and 3**([t;, t;41]) have the same length
since Cy(h1 + h2) = €i(h1) + Ci(h2) by (%). Therefore ¥** is a shortest
curve between F(ty) = 3*(to) = 7™ (fo) and F(tx) = 37 (tx) = 37 (tx) =
F(to+1) = F(to) +n1h1 +nohs. Its projection on T? traces out I'y ni—times
and I's no—times. Hence £, (nahy +nohe) = n1ly(T'1) +n2lu (T'2) = n1li(hq)
—l—ngé*(hg).

The Aj’s in the statement of Lemma 5 are the projections of the seg-
ments ”7'| [ti,tiv1] on T2 fori = 0,...,k—1. We have 73(t;) = my(tir1) = mo
because the 77(t;)’s are vertices, and Wﬂ [ti,ti+1) is injective because
5([@», ti+1]) is entirely in one cell. Thus, the A}’s are simple closed curves.
The usual curve shortening argument shows that two of them cannot cross
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except at mg. Hence two of the projections of the 7‘ [ti, tiy+1] are either the
same or they do not meet except at mg. The other statements of Lemma 5
follow trivally from what we have already proved. O

Next, we will investigate what happens in the case the hypothesis ¢, (h; —
ha) > |€«(h1) — €i(h2)| of Lemma 5 does not hold. From the lemma in
Section 3 and (x), it follows that £, (h1) < €y(ha —h1)+ L. (ha) and £, (ha) <
li(hg —h1)+ €, (h1). Since £, (h1 — hg) = £, (ha — h1), these two inequalities
are equivalent to £,(hy — ha) > |li(h1) — Le(h2)|. Thus, €4(hy — h2) =
|04 (h1)—£«(h2)| in the case that we are considering here. There are two sub—
cases: E*(hl — hg) = g*(hl) — E*(hg) and f*(hl — hg) = g*(hg) — E*(hl) The
second sub—case may be reduced to the first by interchanging the subscripts.
We will consider the first sub-case in what follows.

Lemma 6. Suppose that L,(h1 — ha) = ly(h1) — Li(h2). Then any shortest
curve in hy — ho is simple.

Proof. We set h3 := h1 — ho and let I'3 be a shortest curve in hs. We have
£y (h3) + €, (ha) = £, (h1) = £y (h3 + hg). The proof of Lemma 1 did not use
the assumption that I'y is simple. It used only the assumptions that I'; was
shortest curve in h; for i = 1,2 and that £, (hy+hs) = €, (h1)+ £« (h2). These
conditions hold here with the subscript 1 replaced by 3. Hence I'sNI'; = myg
and mg € I's. We may lift I's to a curve fg in R? whose endpoints are
mo = ©(0,0) and Th3m0 = ®(1,-1). If T's ¢ ®(R x [~1,0]) then there
must be two points in I's N ®(R x —1) or two points in ['s N ®(R x 0). B
removing the segment of fg between these two points and replacing it Wlth
the segment of ®(R x —1) or ®(R x 0) between the same two points, we
obtain a curve fg that is no longer than I, by Lemma 4. By doing this
repeatedly, we obtain a curve fg* - (D(R x [—1, 0]), no longer than I's and
having the same endpoints as I's5. We may modify fg* in a similar way,
getting a curve [5** € ®([0,1] x [~1,0]), no longer than I'y and having the
same endpoints as Ts. Finally, since g, is a Riemannian metric except at
the vertices, if any point in the relative interior of fg** meets the frontier of
Co,—1 = ®([0,1] x [~1,0]), then it is possible to replace [§** with a shorter
curve whose relative interior is in the interior of Cy,_; and having the same
endpoints as Fg This curve is shorter than Fg in the case that the relative
interior of Fg is not in the interior of Cp _1. Since Fg is a shortest curve
joining its endpoints, this is a contradiction unless the relative interior of
fg is contained in the interior of Cy ;.
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Thus, we see that the relative interior of fg is in the interior of Cp ;.
Since I's is simple, it follows that I's is a simple closed curve. O

Remark. Thus, I's is a simple closed curve and is shortest in hg. Since hq
and hy are linearly independent so are hg and ho. We have £, (hg + ho) =
£i(h1) = £i(h3) + £, (h2). Thus, all the conditions (x) are satisfied if T’y is
replaced by I's and h; is replaced by hs.

Lemma 7. Suppose that ,(h1 —ha) = £, (h1)— . (he). Then £.(h1 —2ho) >
[€x(h1) — 20, (h2)|.

Proof. The same argument that proved above that £, (hy —hgo) > [.(h1) —
= |

f*(h2)| also proves g*(h1—2h2) = f*(h;;—hg) > |€*(h3) f (h2)| f (hl)—
20, (h2)|.
Hence, assuming for contradiction that €, (h1 —2ha) > |4 (h1) — 20, (h2)|

does not hold, we have ¢, (hy — 2hs) = £, (h1) — 20, (h2) or £ (hy — 2h2) =
20, (h2) —Li(h1). Equivalently, £, (hs —h2) = £, (h3) —li(h2) or £i(ha—h3) =
Li(ha) — Li(hs).

We consider first the case £, (hs — hg) = €, (h3) — l.(h2). We set hy =
hs — ha = hy — 2hy and let 'y be a shortest curve in hy. By Lemma 6,
applied with h3 in place of hl, we have that I'y is sunple We lift the curves
I's and T'y in T? to curves I‘3 and I‘4 in R? such that I‘3 joins ®(0,0) and
®(1,—1) and 'y joins ®(0,0) and ®(1,—2). In the proof of Lemma 6, we
showed that the relative interior of fg lies in the interior of Cp 1. The same
argument, applied with h3 in place of hi, shows that the relative interior
of T4 lies in the open region R bounded by I's, ®(1 x [—2, —1]), T_,T's,
and ®(0 x [~1,0]). We set 'y := ®([0,1] x —1). This is a lift of I';. Since
Fg lies in the relative interior of Cy _1, we have that the relative interior
of I'; lies in R. Since 'y joins one pair of opposed vertices of R and I,
joins the other, they must cross. Since they are shortest curves connecting
their endpoints they have a unique crossing point P, by the Morse crossing
lemma.

Now we construct two new curves:

First, we follow I'y from ®(0, 0) until P and then we follow I'; from P to
®(1,—1). We call the resulting curve Ag. Second, we follow I'y from ®(0, —1)
to P and then we follow I'y from P to ®(1,—2). We call the resulting curve
Al.

Since I's is a shortest curve connecting ®(0,0) and ®(1,—1) and Ag
connects the same points and has a corner (which is not a vertex), we have
0,(Ag) > £,(T'3). Since T_p,T'3 is a shortest curve connecting ®(0, —1) and
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®(1,—2) and Ay connects the same two points and has a corner (which is
not a vertex), we have £,(Ay) > £,(T's).

From the way that Ay and A; were constructed, it follows that E*(fl) +
0,(T4) = L(Ao) + (A1) > 20,(Ts) or £i(hy) + £y (hs) > 20, (h3). Since
hy = hs — ho and ¢, (h1) = €,(h2) + £, (hs) this is equivalent to £,(hs —
hg) > £, (hg) — £.(hg), which contradicts our assumption that ¢, (hs —ha) =
Ly (hg) — £y (ha).

Now we consider the other case, viz. £,(hs — ha) = £, (ha) — £, (hs). This
case is very similar to the case that we just treated, but there are some
changes. We set hs := ho — hg = 2ho — h1 = —hy4 and let I's be a shortest
curve in hs. By Lemma 6, applied to hy in place of h; and hg in place of
ho, we have that I's is simple. We lift I's in T? to a curve f5 in R? that
joins ®(1,—2) and ®(0,0). The proof of Lemma 6, applied with hs in place
of h; and hs in place of hsy, shows that the relative interior of f5 isin R. As
before I's crosses I'y exactly once. We again denote the crossing point P.

Now we construct two new curves:

First, we follow I's from ®(1, —2) to P and then we follow I'; from P to
®(1,—1). We call the resulting curve As. Second, we follow I'y from ®(0, —1)
to P and then we follow I's from P to ®(0,0). We call the resulting curve
A3.

We set Ty := ®(0 x [~1,0]). This is a lift of T'y. Since Tj, _p,Ls is a
shortest curve connecting ®(1, —2) and ®(1,—1) and A5 connects the same
points and has a corner (which is not a vertex), we have £,(Ay) > £,(Ty).
Since I'y is a shortest curve connecting ®(0, —1) and (0, 0) and A3 connects
the same points and has a corner (which is not a vertex), we have £, (A3) >
é*(rg). _

From the way that Ao and As were constructed, it follows that £,(I'1) +
0,(Ts5) = Lu(Ag) + £, (A3) > 20,(T5) or £i(hy) + £y(hs) > 20, (hy). Since
hs = ho — hg and ¢,(h1) = €,(h2) + £, (hs) this is equivalent to £,(hy —
hg) > £, (hg) —£.(hg), which contradicts our assumption that ¢, (he —h3) =
f*(hg) — g*(h;;) O

By Lemma 7 and the remark preceeding it, the hypotheses of Lemma 5
are satisfied for hs in place of hy in the case that ¢,(hy — he) = £, (h1) —
£, (h2). Since h; = ha + hs in the present context, this means that the
conclusions of Lemma 5 hold for h; and h3 interchanged. For the sake of
clarity, we state the result:

Lemma 8. Let ny and ne be mon—negative integers, not both zero, and
suppose that £, (h1—ha) = £i(h1)—Ly(h2). Set hg :== h1—hgy. Then £y (n1hs+
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naohe) = n1ly(hs) + noly(he) and if T is a shortest curve in nihs + naho
then there exist simple closed curves A}, ... ,A,lC JAZL ,A% A3 Ai

1 2 3
and positive integers pi, ... ,p}ﬁ D3, ,p%Q, 3. .. ,pig such that:

_ iAG
o I'=> pjAj;
i,j
each Ay contains mo;
different A; ’s meet only in myg;

A; 18 a shortest curve in h;, fori=1,2,3, and j =1,..., k;;
ny :p%+...+pi1+p%+...+pi3 and no :p%+...+p]1€1+p%+...+pi2.

Conversely, any curve satisfying the bullet point conditions is a shortest
curve in nihg + nohsg. O

The first conclusion of Lemma 5 is true even without the hypothesis
that E*(hl — hg) > |€*(h1) — g*(h2)|1

Lemma 9. If n1 and n2 are non—negative integers then {,(nihy +nahe) =
nlé*(hl) + ngf*(hg),

Proof. If ny = ny = 0 there is nothing to prove. We suppose from now
on that one of n; and ng is positive. If £, (h1 — ha) > |i(h1) — £i(h2)],
the conclusion is one of the conclusions of Lemma 5. If ¢,(h1 — he) =
[ (h1) — £x(h2)|, there are two cases, x(h1 — ha) = li(h1) — £y(h2) and
Li(h1 — ha) = £y(ha) — £i(h1). The second case may be reduced to the first
case by interchanging h; and hs. The first case follows from Lemma 8. For,
é*(nlhl + nghg) =/, (n1h3 + (711 + ng)hg) = nlé*(hg) + (m + ng)é*(hg) =
ni (é*(hl) — g*(hg)) + (721 + ng)é*(hg) = nlé*(hl) + nzé*(hz). O

5. The Stable Norm

In this section, we will prove Theorem 1 in Section 2.

Lemma 1. Suppose that h € H{(T?;7Z) is indivisible and k is a positive
integer. Let T' be a g.—shortest curve in kh.

a) If T' crosses itself other than at mq then there exist p, ¢ € Z such
that k =p+ q and

0, (kh) > £, (ph) + £, (qh) .

b) If T' does not cross itself other than possibly at mqg then £, (kh) =
ke, (h).
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Remark. Alternative a) does not occur: see Lemma 2 below. Our proof of
this consists of first showing the implication in a) and second showing that
the conclusion of a) leads to a contradiction. We carry out the first step in
the proof of Lemma 1 and the second step in the proof of Lemma 2. The
second step depends on the implication in b) as well as the implication in
a) of the lemma above.

Proof of a). We represent I' by a continuous curve v: R/Z — T2. We
may suppose that v is parameterized proportionally to arc—length. The
hypothesis that « crosses itself other than at mg means that there exists 7,
71 € R/Z such that v(r9) = v(m1) # mo and v'(70) # v'(m1) where v/(7;)
denotes the derivative of v at 7;. Note that -y is differentiable except possibly
on 7~ 1(mg) because it represents a shortest curve in its homology class, it
is parameterized proportionally to arclength, and g, is a C” Riemannian
metric except at my.

The pair {79, 71} divides R/Z into two arcs. The restriction of y to each
of these arcs defines a closed curve. We denote these closed curves by I'y
and I'; and their homology classes by h; and hy. Clearly, I'y and I's each
has a corner at y(r9) = ~y(m1). Hence £, (h;) < £,(T';) for ¢ = 1,2. Hence
Li(hy) + 0 (he) < 0,(T'1) + €4 (T2) = £,(T) = £, (kh).

Clearly hi + ho = kh, so we have £, (h1) + ¢ (h2) < £.(h1 + hg). The
lemma in Section 3 asserts that if h; and ho are linearly independent then
Li(h1) + Li(hg) > £i(ha + h2). Hence hy and hs are linearly dependent.
Since hy + ho = kh, each of hy and hy must be in the subspace of Hy(T?;R)
spanned by h. Since h is an indivisible element of H;(T?;Z), we have h; =
ph and hy = gh with p,q € Z and k = p+q. Hence £, (ph)+£+(qgh) < £ (kh).
d
Proof of b). We represent I' by v: R/Z — T?2. There are two cases:

Case 1. mo ¢ T.

By the hypothesis of b), I" does not cross itself. On the other hand, it
is a known result concerning the topology of T? that the homology class of
any simple closed curve is indivisible. Thus, if £ > 1, T" is a geodesic that
does not cross itself and is not simple. It follows that a point tracing out
I" traverses a simple closed curve I'* k—times. The curve I'* is a shortest
curve in h. Since a point tracing out I' traverses I'* k—times, we have

Oy (kh) = £,(T) = kb, (T*) = kL (h) .
Case 2. mg €T.
We represent I' by ~: [0,1] — T? with v(0) = (1) = mo. The set
v~ 1(my) is finite, say {zo,...,z¢} where 0 = 79 < 21 < --- < mp = 1. We
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denote by T'; the oriented curve represented by 7‘[@_1, x;] and by h; its
homology class. Thus I' =Ty x---*x 'y and kh = hy + - - - + hy. Since I" does
not cross itself except possibly at mg, each I'; is a simple closed curve, and
Iy =4Iy or I'' NIy = mg for 1 < 4,5 < {. Here we write I'; = I'; if I';
and I'; are the same curve with the same orientation and I'; = —I'; if I';
and I'; are the same curve with opposite orientations. Moreover, I'; # —I';,
since otherwise we could remove I'; and I'; from I' and get a shorter curve
in kh, contrary to the assumption that I' is the shortest curve in kh. Hence
Fi:].—‘j orI‘iﬂI‘j:mo for 1 <i,j </

There are two subcases:

Subcase i. hi, ..., hy span a one dimensional subspace of H;(T?;R).

The subspace is spanned by h since kh = hqy + - - - + hy. Since each h; is
the homology class of a simple closed curve, it is indivisible. Since it is also
in the subspace spanned by h, we have h; = +h. Moreover, we cannot have
hi + hj = 0, for otherwise we could remove I'; and I'; from I" and obtain
a curve shorter than I' in kh. Hence h; = h for i = 1,...,¢. It follows that
£=Fkand l,(kh) = £,(T) = L (T1) + - - + £ (Tx) = kli(h).

Subcase ii. hy,...,he span Hi(T?;R).

If v1,...,vp, are elements of a real vector space V, we set

C(Ul,...,’Up) ::{/\1’Ul+"'+/\p’UpI/\iZOfOI‘lgiSp}.

We call this the cone generated by vi,...,vp. For 1 <14, j < p, we say that
C(vs,v5) is mazimal with respect to v, ..., v, if for 1 <4/, 5’ < p, we have
that C'(vyr, v;) does not properly contain C(v;, v;). It is obvious that there
exists a pair such that C(v;,v;) is maximal with respect to vy, ..., vp.

It is easy to see that if V' is two dimensional and C(v;,v;) is maximal
with respect to v1,...,v, then for 1 < g < p, we have v, € C(v;,v;) or
vg € —C(v4,v5).

We recall that since I'; and I'; are simple closed curves that meet only
at mg, we have h; - h; = I'; -pp, I'; and the latter is £1 if I'; and I'; cross
at mg and is 0 otherwise. Moreover, h; and h; are linearly independent if
and only if h; - hj # 0, and h; and h; generate the group H;(T?,Z) if and
only if h; - h; = +1. Combining these observations, we see that h; and h;
generate H;(T?;Z) if and only if they are linearly independent.

We may suppose without loss of generality that C(hq1,hs) is maximal
with respect to hq,...,hy, by permuting the subscripts if necessary. Since
{h1,...,he} spans Hi(T?;R), so does {h1, ha}. Hence hy and hy are linearly
independent. For 1 < i < ¢, we have h; € C(h1, he) or h; € —C(hq, ha).

We now suppose that h;, € —C'(h1, he) for some 3 < iy < ¢ and obtain a
contradiction. If h;, = —h; then by removing I';, and I'; from I' we obtain
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a curve shorter than I' in kh, a contradiction. Hence h;, # —h;. Similarly
hi, # —ho. Hence hy and h;, are linearly independent and so are hy and
hi,. Hence hy - hiyy = I'y -y Iy = £1 and likewise hg - h;, = 1. Since
hio S —C(hl,hl), hio 75 —hq, and hio 75 —hso, we have hio = —mhy — nho
for suitable positive integers m and n. Since h; - he = 1, we have h;, -h1 =
(—=mhy — nha) - hy = £n. Since h;, - hy = £1, we conclude that n = 1.
Similarly, m = 1. Hence h;, + h1 + ha = 0.

We have ¢, (h1 + ha) = £i(h1) + £.(h2). For, otherwise there would be
a closed curve I' in h1 + ho shorter that I'y x I's. In that case, we could
remove 'y x 'y from I' and replace it by f, thus obtain a closed curve in
kh shorter than I', a contradiction. Since £, (h;,) = €x(h1 + hz2), we obtain
é*(hio) = g*(hl) + g*(hg)

Similarly, E*(hg) = é*(hig) + g*(hl) and é*(hl) = g*(hm) + é*(hg)

Hence €y (hiy) = €i(h1) + Lu(h2) = Li(hi,) + 26, (h2), a contradiction
since £,(hz2) > 0. This contradiction shows that h;, ¢ —C'(h1, ha).

Hence h; € O(hl, hg) for 1 <i<U¥.

We showed above that £, (hq 4+ ha) = €4 (h1) + £, (he), that T'; and T's are
shortest closed curves in h; and he, that hy and hsy are linearly independent,
and that I'; and T's are simple. Thus, the conditions (%) stated at the
beginning of the previous section hold.

We have h = k_l(hl + -+ h,g) S C(hl,hg) since h; € O(hl,hg) for
1 < i < £. Since {h1, ha} generates H;(T?;Z) by Lemma 2 of the previous
section, h € C(hq, ha), and h is not a multiple of hy or hg, it follows that h =
mhy +nhsy for suitable positive integers m and n. Hence by two applications
of Lemma 9 in the previous section, we have

0, (kh) = L (kmhy + knhg) = kmd, (h1) + knl,(h2)
= k(mf*(hl) + nf*(hg)) = kﬁ*(mhl + nhg) = kg*(h) . (]
Lemma 2. Suppose that h € H1(T?;Z), h # 0, and k € Z. Then l,(kh) =

|k|€x(h). Moreover, a shortest curve in h does not cross itself except possibly
at myg.

Proof. We first consider an indivisible h and set ¢; := £, (kh) for k € Z.
By Lemma 1 and the fact that /_; = {§, we have that for each integer k
one of the following holds:

o (= |klly or
o U, > U, + {4 for suitable p,q € Z such that p+ ¢ = k.

We show by induction on k that the following statement holds:
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(Sk) For |p| < k, we have £, = |p|¢1. For |p| > k, we have £, >
kty.

First, we consider the case k = 1. It is easy to see that inf, £,/[p| > 0,
where p ranges over all non-zero integers. Hence there exists p = pg # 0
at which ¢, takes a minimum value for p # 0. Since {_, = ¢,, we may
assume that py is positive. If there exist ¢,r € Z such that ¢,+ ¢, < £,, and
g+r = po then £, does not take its minimum value at pg, a contradiction. By
the alternative above, it follows that £,, = pof1. Since £, takes its minimum
value for p # 0 at pg, this implies that po = 1. Hence (S7) holds.

Now suppose k > 1. By the induction hypothesis, (Sk—1) holds. If p > k
and ¢, # pl; then by the alternative above ¢, > ¢, 4/, for suitable r,s € Z
with 7+ s =p. If 1 <r,s <k —1 then ¢, = ¢y and ¢, = sl1 by (Skp_1)
so that £, > 0, + {; = rl1 + sty = pl;. Otherwise, r > k or s > k and
[s],|r] > 1s0 £y, > by 4+ £y > (k— 1)1 + €1 = kf1 by (Sk—1) and the fact
that ¢, for p # 0 takes its minimum value at p = pg = 1. Thus for p > k,
we have £, > k{;. Moreover ¢;, < kf; since going k-times around a curve
in h provides a curve in kh. Thus, we have verified (Sk), assuming (Sk_1)
holds. It follows by induction that (Sx) holds for all positive integers k.

Since (Sk) holds for all positive integers k and ¢,(—kh) = L (kh), we
see that £, (kh) = |k|lx(h) for all k € Z, when h is indivisible. It follows
immediately that this also holds for all h € H(T?;Z).

Since £, (kh) = |k|ls(h) for all k € Z and all h € H;(T?;Z), it follows
that the conclusion of a) in Lemma 1 never holds. Hence the hypothesis
of a) never holds. Since every non-zero element of H;(T?;Z) has the form
kh with k a positive integer and h an indivisible element of H,(T?;Z), it
follows that the shortest curve in any non-zero homology class does not
cross itself except possibly at my. O

Proof of Theorem 1. According to the lemma in Section 3, £,(h; +
ho) < €,(h1) + £, (he) when hy and hg are linearly independent elements of
H{(T?;Z). In the case that hy and hs are linearly dependent, this inequality
follows from Lemma 2 since there exist h € H1(T?;Z) and m,n € Z such
that hy = mh and hy = nh. Thus, £,(h1 + ha) < £i(h1) + £+ (h2) holds for
any two elements hy, ho of Hy(T?;Z).

We may extend £, to H;(T?,Q) by setting £, (rh) = |r|l.(h) for r € Q
and h € Hy(T?;Z). It is obvious that this is well-defined. This satisfies the
condition to be a norm:

l(h1 4 ha) < Li(h1) +Le(he)  and  Li(rh) = |r|l.(h),
for h,h1,hy € H1(T?;Q) and r € Q, and £,(h) > 0 if h # 0.
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We consider the norm || ||oo on H1(T?; R) = R? defined by ||(2, y)||c0 =
max(|z|, y]). For (r,s) € H1(T? Q) = Q2, we have £,(r,s) < |r|€.(1,0) +
[s]€4(0,1) < C||(r,8)]|co, where C' := £,(1,0) + £,(0,1). Hence |l,(r,s) —
L(p,q)| < b(r —p,g—3) < C|(r,s) — (p,q)||co, S0 that £, is uniformly
continuous on Hi(T?; Q) with respect to || ||. Since Hi(T?;Q) is dense
in H!(T?;R), it follows that ¢, extends uniquely to a continuous function
defined on H;(T?;R) and this extension is the required norm.

Uniqueness of the required norm is obvious. ([l

6. Proof of Theorems 2 and 3

We let ¥ be a side of By, which will be fixed throughout this section. We
let 3y denote the set of elements of ¥ having the form h/||h||. with h an
indivisible element of H;(T?;Z) such that at least one g,—shortest curve in
h is simple.

Lemma 1. Let h be an indivisible element of Hy(T%Z). If h/||h]« € =~
Yo then there exist indivisible elements hz and hy of Hy(T?;Z) such that
hi/||hill« € So for i =3,4 and h/||h| . is in the relative interior of the line
segment whose endpoints are h; [||hi||. for i =3,4.

Proof. Let T' be a shortest curve in h. If mo ¢ T then T is a geodesic.
Since I' does not cross itself (by Lemma 2 in the previous section) and h
is indivisible, we have that I is simple. Hence h/||hll. € o, contrary to
hypothesis. This contradiction shows that mgy € T'.

By Lemma 2 in the previous section, I' does not cross itself, except
possibly at mg. Thus, the hypothesis of Lemma 1b of the previous section
holds, so the argument in the proof of Lemma 1b applies. Thus, I' is a
cocatenation I's % - - - x Iy where each T'; is simple and passes through my,
and for 3 < ¢,j < { either I'; = T'; (counting orientation) or I'; N T'; = my.
We set h; := [[';]. Since T'; is simple, h; is indivisible. If hs, ..., hs span a
one dimensional subspace of Hq(T?% R) then h; = +h; for 3 <, j < (. If
h; = —h; for some 4, j, then by removing I'; and I'; from the concatenation
I3 %---x Iy, we get a curve in the same homology class as I, but shorter
than I'. This contradiction shows that h; = h;. Hence h = (¢ — 2)h;. Since
h is indivisible, £ = 3 and h = hs. Since h3 contains a simple closed curve,
this implies that h/||hl. € Zo, contrary to hypothesis.

Hence hs, ..., h span all of H;(T?;R). By permuting the subscripts if
necessary, we may assume that the cone C(hg, hy) is maximal with respect
to hg, ..., he. Still following the argument in the proof of Lemma 1b of the
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previous section we see that h € C(hs, ha) and conditions (%) of Section 4
hold with the subscripts 1 and 2 replaced by 3 and 4.

If h € C(hs, hs) N Hy(T2;Z) then there exist non-negative integers ns
and n4 such that A = nshs + nahy, since {h3, hs} generates Hy(T?;Z) by
Lemma 2 in Section 4. By Theorem 1 and Lemma 9 in Section 4, we have
[12]lx = Lu(h) = n3li(hs) +nale(ha) = n|| ||« + 14| hal . Hence h/||h|. =
)\3h3/||h3||* + /\4h4/||h4||*7 where A3 := n3||h3||*/(n3||h3||* + ng|lhal|«) and
A = 1y halls / (n3]| hall s+l hall+). Since A3+As = 1, we have that i /|| A
is on the line segment in H;(T?;R) joining h3/||hs||« and hy/||ha|.. Since
this holds for all h € C(hs, hy) N Hy (T2; Z), it follows that the line segment
joining hg/[|hs||« and hyg/||ha|« lies in the frontier of B, and hence lies in
an edge of B,.

Since h € C(hs, hy) N Hi(T?Z), we have that h/|[h|, is in the line
segment joining h3/||hs|l« to ha/||hal|. Moreover, it cannot be either end-
point of this line segment, since otherwise it would be in ¥, contrary to
hypothesis.

Since h/||h.| € ¥ and it lies in the relative interior of the line segment
joining h3/||h3||« and hy /||hal|, it follows that the edge of B, that contains
this line segment is . In particular h; /||h;||. € X for i = 3, 4. Since h3 and
hy contain shortest curves that are simple, we have h;/||hi|. € o for
i = 3,4. We have already shown that h/||hl|, is in the relative interior of
the line segment joining hs/||hs|« and hy /||hal|. 0

Lemma 2. The line segment joining two elements of g contains at most
one other element of Xg.

Proof. The two given elements of ¥o have the form h;/||hs||. for i = 3,4
where h; is an indivisible element of H;(T?;Z) that contains a shortest curve
I; that is simple. Since hs/||hs||« and ha/||h4||. are distinct elements of the
boundary of By, we have that hs and hy are linearly independent. Since
the line segment joining hs/||hs||« and ha/||ha|/« is in ¥, which is in the
boundary of By, we have that (hs + ha)/||hs + ha|« is in that line segment,
i.e. there exist A3, A4 > 0 with A3 + Ay = 1 such that (hs + ha)/||hs +
hall« = Ashs/||hs|l«+Asha/||hal «. Since hg and hy are linearly independent,
Ai/ |hille = 1/||hg+hal|« for i = 3,4, i.e. A; = ||hill« /[ hs + hal|« for i = 3,4.
Since A3 + Ay = 1, it follows that ||hg + hallx = |||« + [|ha]lx. Since
£, (h;) = ||hi]|«, we have thus verified the conditions () in Section 4, for
the subscripts 3, 4 in place of 1, 2.

We consider an indivisible element i € Hy(T?;Z) such that h/||R|, is in
the relative interior of the line segment joining hs /||hs]|. and hy/||hyl|.. By
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Lemma 2 in Section 4, {h3, hy} generates Hy (T?;Z). Hence h = nzhz+n4ha,
where ng, ny € Z. Since h/||h|. is in the relative interior of the line segment
joining hs /| hs||« and hy/||hylls, we have ng, ny > 0. Hence, the hypotheses
of Lemma 5 in Section 4 hold when [|hg — hyllsx > |||h3||* — ||hall«
we replace the subscripts 1, 2 with 3, 4; the hypotheses of Lemma 7 in

, where

Section 4 hold when ||hs — hy|lx = ||h3]lx — ||h4]|x, Wwhere we again replace
the subscripts 1, 2 with 3, 4; and the hypotheses of Lemma 7 in Section
4 hold when ||hg — ha|lx = ||hall« — ||h3]l%, Where this time we replace the

subscripts 1, 2 with 4, 3. In each case, the conclusion of the applicable
lemma gives a description of a possible shortest curve I' in h. The only
case when this description is compatible with I’ being simple is when ||hs —
hallx > |||hs]l« — ||hall«| and h = hg + h4. Since this is the only case when
h/||h]« € 2o, it proves the assertion. 0

Lemma 3. The endpoints of ¥ are in Xg.

Proof. By Lemma 2, ¥ contains at most three elements. If the endpoints
of ¥ were not in ¥y, Lemma 1 would be contradicted. O

Proof of Theorem 2. By Lemma 3, the endpoints of ¥ have the form
hi/||hi|\* where h; contains a shortest curve that is simple, i = 1, 2. The
argument that we gave in the proof of Lemma 2 to show that the conditions
(%) in Section 4 were satisfied (for the subscripts 3, 4 in place of 1, 2) apply
here also and show that the conditions () in Section 4 are satisfied. The fact
that hy/||h1« and hs/||hsl|. are endpoints of ¥ implies that ||hy — hall. >
‘||h1||* — ||h2||*‘ by the following argument:

Suppose e.g. that ||h1 — th* = ||h1||* — ||h2||* Then (hl — hz)/”hl —
holl = (hi — ha) /([[Pallx = h2lls) = Mha/llRallx = Azha/||hall+ where
N = ||h1||*/(||h1||* — ||h2||*) for i = 1, 2. Since \; > 0 for ¢ = 1, 2 and
A1 — A2 = 1, we get that (hy — ha)/||h1 — hel|. is in the line that contains
hi/||hill« for i = 1, 2 and its position in that line is on the opposite side
of hl/”hl”* from hQ/”hQH* Since (hl — hg)/”hl — h2||* is in the boundary
of B, and in the line that contains X, it is also in X, contrary to our
choice of hy/||h1]|. as an endpoint of . This contradiction shows that
[lh1 —h2llx > ||h1]]x—||h2]|«- The same argument, with 1 and 2 interchanged,
shows that ||h1 — h2||* > ||h2H* — ||h1||*

We have shown that the hypotheses of Lemma 5 in Section 4 hold. Since
hy and ho generate Hy(T?;Z), any h € H,(T?;Z) has the form nih; +nohs
with n1, ny € Z. On the assumption that h/||h||* € X, we have that nqy,ny >



Degenerate Jacobi metric on T2 153

0. The remaining conclusions of Theorem 2 follow from Lemma 5 in Section
4. O

Proof of Theorem 3. Following the proof of Lemma 1, we see that I' = I'sx
-+ %'y where each I'; is simple and passes through mg and for 3 <,5 </
either I'; = T'; (counting orientation) or I'; NT'; = mg. If hs,..., ks span
H{(T?;R) the argument there shows that (after permuting the subscripts)
h/||h||. is in the relative interior of the line segment joining ks /||hs|. and
ha/||hall+ and that line segment is in the frontier of B,. This contradicts
our assumption that h/||h||, is an extremal point of B,.

Hence, h3 = --- = hy = hg. The conclusion of Theorem 3 then is a
restatement of the properties of the I';, stated above. O

7. Shortest Curves in a Neighborhood of mg

In this section, we let g, K, P, L, Ey, and gg, be as in the introduction. In
particular, we assume that P takes its minimum value at only one point,
which we denote mg. In this section, we study gg,—shortest curves in a
neighborhood of my.

Since g is a Riemannian metric on T?, we have that g(mg) is a posi-
tive definite quadratic form on the tangent space T T2, , of T? at myg. Since
P takes its minimum value at mg, the Hessian d? P(myg) is a non-negative
semi-definite quadratic form on T’]I‘,zno. Hence, d?> P(mg) may be diagonal-
ized with respect to g(mo). This may be expressed in terms of a C" local
coordinate system x,y centered at mg (i.e. such that xz(mg) = y(mg) = 0):

We may choose the coordinate system (z,y) so that g(mg) = dx? +
dyz‘m0 and d?2P(mg) = \dx? + pdy? |mO for suitable real numbers A, u such
that 0 < A < p.

In much of the rest of this paper, we will assume that the following
condition holds:

(t) 0<A<p.

The numbers A, u are called the eigenvalues of d2P(myg) with respect to
g(mgp). The condition A < p is no restriction on g or P since the eigenvalues
may be interchanged. It is a convenient way of labeling the eigenvalues.

The conditions () do impose restrictions on the pair (g, P). Since A <
by our labeling convention, the condition 0 < A means that both eigenvalues
are positive, i.e. d> P(my) is positive definite. This is a condition on P alone.
It is often expressed by saying that the minimum mg of P is non—degenerate
in the sense of Morse. The condition A < p provides a relation between g
and P.
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Throughout the rest of this paper, we let (x,y) be a local coordinate
system as above. This means that = and y are C" functions defined in an
open neighborhood U of my, that  and y vanish at mg, that (z,y) is a
C" diffeomorphism of U onto an open neighborhood (z,y)(U) of the origin
in R, that g(mg) = dz? + aly2|mo7 and that d?P(mg) = \dz? + udyz‘mg.
We let g > 0 be small enough that the Euclidean disk of radius ry about
the origin in R? is a subset of (z,y)(U). We will abuse notation in the
usual fashion and write (xo,y0) € U to denote the point ¢ € U such that
2(19) = o and 4() = 1.

For the following result, it is enough to assume 0 < A < p.

Lemma 1. There exists 0 < r1 < ro such that if @ € U and x(0)? +y(0)? <
r? then there is a unique gg,—shortest curve in T? connecting 6 to my.

Proof. The Jacobi metric gg, satisfies the conditions that we imposed on
g« in the beginning of Section 2, so the observation that we made there
that any two points in T? are connected by a g,—shortest curve applies to
9E,- Thus, there exists a gg,—shortest curve connecting 6 to mg. To prove
the lemma it is enough to show that there is only one such.

We consider a gg,-shortest curve v: [a,b] — T? with y(a) = 6 and
~v(b) = mg. We suppose that ~ is parameterized by gg,—arc-length and let
s denote the parameter. By the Maupertius principle, v|[a, b) corresponds
to a solution 7 of the Euler-Lagrange equation associated to L. We let ¢
denote the parameter for which 7 satisfies the Euler Lagrange equation.
Thus, for s € [a,b), we have that v(s) = 7(¢(s)), where t: [a,b) — [to,t1) is
a C! diffeomorphism and ¢; € R U {+o0o}.

The Hamiltonian H associated to L is given by

Hol=K-P,

where I: TT? — T*T? is the Legendre transformation associated to L,
which is the same as the bundle isomorphism TT? — T*T? canonically
associated to g. Similarly, the Hamiltonian Hj associated to the Lagrangian
(P 4+ Ep)K is given by Hgo Iy = (P + Ep)K, where I is the Legendre
transformation associated to the Lagrangian (P + Fo) K, which is the same
as the bundle isomorphism canonically associated to gg,. Since gg, = (P +
Ey)g, we have Iy = (P + Ey)I. Since Hy is quadratic in the fibers, we have

Hyol=Hyoly/(P+ Ey)*=K/(P+Ejp).

We set Qo := {(6,1): 0 € T2, n € T*T2 and H(0,n) = Eo}, i.e. Qo is the
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energy surface defined by H = Ej. It is easily computed that
d(Ho|Q) = d(H|Q) /(P + Eo),

which proves the Maupertius principle and shows that dt/ds = 1 / (P+ Ejp).
We let o denote a g—arc-length parameter for v and we set o; := o(t;)
for ¢ = 0,1. Since gg, = (P + Ey)g, we have ds/do = /P + Ey and hence

dt/do = (dt/ds)(ds/do) = 1/+/P + Ey.
Since By = —minP = —P(mg) = —P(o1) and P is C?, we have
VP + Ey = O(o1 — o). Hence

o1 g1
d
tl—toz/(dt/dg)dO’: O(TO-—O'):+OO7
oo oo

and t; = +o00. Moreover,

dy dv||do do
=2 = == =0(0; —
a|| = @ | @ =@ = ° )
where || || denotes the norm on the fibers associated to g. We have

|ldv/do|| = 1 because o is an arc-length parameter for .

We have thus shown that the trajectory t — (5(t),d¥(t)/dt) in T T?
of the Euler-Lagrange flow is defined in an infinite interval (¢o,+o00) and
converges to (mg,0) € TT? as t — +o0.

It is well known that the hypothesis that the minimum mq of P is non—
degenerate implies that (mg,0) is a hyperbolic fixed point for the Euler—
Lagrange flow on T T?. In terms of the coordinates z,y introduced above,
the Euler-Lagrange equations take the form

de . di dy . dy
_— = _— = A —_ = -_ =
PR T +71, Y oy T

in a neighborhood of (mo,0), where 7; = r;(x,2,y,7),i = 1,2, is a C" 1
real-valued function, defined in a neighborhood of (mg,0), which vanishes
together with its first (total) derivative at (mo,0). It follows that the mul-
tipliers of the Euler-Lagrangian vector field at (mg,0) are +v/\ and VTR
Thus, assuming that 0 < A < p, the multipliers satisfy

—VE<-VA<0< VA< R,

In particular, there are two negative multipliers and two positive multi-
pliers, so that (mg,0) is a hyperbolic fixed point as asserted, and by the
Hadamard-Perron theorem the stable and unstable manifolds of (myg, 0) are
each two dimensional.
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For our purposes, it is convenient to use the conclusion of the
Hadamard—Perron theorem that asserts the existence of a local stable man-
ifold of (mo, 0). This is a submanifold D of T'T? that is C"~! diffeomorphic
to the two dimensional unit ball {(§,7) € R?: &2 + n? < 1}. It contains
(mg,0) in its relative interior. In terms of the local coordinates z,Z,y,y
of TT? at (mo,0), its tangent space T Dm0y at (mg,0) is spanned by
eigenvectors associated to the eigenvalues —,/u and —V/X of the matrix

0100
X000
0001’
00p0

i.e. TDy,.0) is spanned by (0/0z) — VA(0/di) and (9/dy) — \/i(0/0).
More precisely, the Euler-Lagrange vector field is tangent to D and
on 0D it points into the interior of D. Every forward trajectory ¢ —
(z(t), &(t), y(t), y(t)), t >0 in D converges to (mq,0) as t — +oo.

Since T'D(y,,0) is spanned by (9/0z) — VA(0/0%) and (9/dy) —
VI(0/07) the projection 7 of TT? on T? induces an isomorphism of
TD(14,0) 00 T']I‘fng. It follows from the inverse function theorem that by
shrinking D if necessary, we may assume that 7(D) is C" ! diffeomorphic to
the two dimensional unit ball and 7: D — (D) is a C"~! diffeomeorphism.
Hence D is the subset of T'T?2 is defined by two equations

& =u(r,y) and y=v(z,y)

and the condition (z,y) € m(D). Here u and v are C"~! functions defined
on (D). Since T'D 0y is spanned by (9/0x) — VA(D/d) and (0/dy) —
VI(0/07), it follows that the Jacobian matrix 6(u,v)/8(x,y)| is

Al

The projection on (D) by m|D of the restriction to D of the Euler-
Lagrange vector field is «(9/0x) + v(9/0y).

We may assume that {22 + y?> < r2} C w(D), by replacing ro with a
smaller positive number if necessary. If 0 < 75 < rg is small enough then
2?2 +y? is a Lyapunoff function for u(9/9z)+v(0/dy) in {x%+y? < r3}, ie.
the directional derivative of 22 + y? in the direction u(9/dz) + v(9/dy) is
negative except at mg. Consequently, every forward trajectory of u(9/0x)+
v(0/0y) starting in the disk {x? +y? < r?} stays in this disk and converges
to mg, if 0 <7 < 1r9.
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If 0 < r; < 7y is small enough and 6 € {22 + 4% < 7?} then any gg,—
shortest curve connecting 6 to mg lies in {2? + y* < r3}. We have seen
that the corresponding forward trajectory of the Euler-Lagrange equation
associated to L converges to (mg,0). Hence it is in D and the given short-
est curve connecting 6 to mg is a reparameterization of a trajectory of
u(0/0x) +v(9/dy). Since there is only one trajectory of u(9/9z)+v(0/dy)
beginning at 6 (by uniqueness of solutions of ordinary differential equa-
tions), it follows that there is only one gg,—shortest curve connecting 6
to mo and this curve is a reparameterization of the forward trajectory of
u(0/0x) + v(0/0y) starting at 6. O

Now we use the full force of our assumption (). We choose a number
VA < a < /i and let C denote the set of all 6 in {2 +y? < 72} such that
if 74 is the trajectory of the vector field “a% + Ua% beginning at # then

€20 (2(56(£))? + y(Fo (1)) — 0

as t — +oo. By [H, Lemma 5.1], if 71 is sufficiently small then C is a C?!
curve in {2? + y? < r?} with endpoints on {22 + y*> = r?}. Obviously,
mo € C. Moreover, if § € C then 7y(t) € C for allt > 0, and for 0 < r < r;
we have that C' is transversal to {22 + y? = r}. Furthermore C' is tangent
to the y—axis at my.

For 0 € {22 + y* < 7}~ my, we set [y := {Fp(t): t > 0} Umg, where
g denotes the trajectory of ua% + va% beginning at 6. In view of the proof
of Lemma 1, we have that I'g is the unique gg,—shortest curve connecting
6 to myg. Since 7 is the trajectory of a C™~! vector field, 'y \ mg is a C"
curve.

Next, we show that I'g is a C! regular embedded curve. By this, we
mean that there exist @ < b and a C* mapping pu: [a,b] — T? such that
p([a,b]) = Ty and p is injective with nowhere vanishing derivative. Of
course, the “derivative” at an endpoint means the appropriate one—sided
derivative. The tangent line to such a curve at a point ¢ = u(tg) is the one
dimensional subspace of T\, T? spanned by the derivative of u at to.

When 0 € C, we have that I'y is the segment of C' whose endpoints are
6 and mg. Hence I'y is a C' regular embedded curve and the tangent line
to I'g at mg is the y—axis.

Now we consider the case when 6 € {z%+y? < r}}\ C. By our previous
discussion, there exists a solution p: [0, +00) — T2 of the simultaneous
equations dz/dt = v and dy/dt = v such that T'g = {Jp(¢): t > 0} Umyg and
o(t) — mg as t — +o0.
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For x > 0, we choose 0 < r% <y and set W, := {(z,y) € U: 22 + 4> <
ri2 and |y| < k[z|}. Since u = —VA z +o(v/22+y?), v = — /L Yy +

o(y/2?2 +y?), and 0 < XA < p, we have that the vector field u(9/0x) +
v(0/0y) points into W, at every point of the boundary of W, except at my,
provided that 77 is chosen to be sufficiently small. Since 75 is a trajectory
of the vector field w(9/9x) + v(9/dy), it follows that once 74 (t) gets inside
W, it remains inside W,, i.e. if there exists t; > 0 such that 75 (t1) € Wi,
then 7g(t) € W, for all t > t;.

We set 7(z,y) = y for (z,y) € U. If r} is sufficiently small, we may
express 7 as a function zg = z(y) of y for (x,y) € TgN{x?+y* < rF2} W,
since u = —vVA z +o(y/z2 +y?) and v = —\/n y + o(\/2% + y2). We may
express z as a function zg = zo(y) for (z,y) € CN{x? +y? < r:?} since C
is tangent to the y—axis at my. We have

dy v(zg,y) v(zo,y

d(zg —x0) _ u(ze,y) ulzo,y /1 9 [u stg+ (1 — s)xo,y)] ds

1 1
0 ru VUy — UVg
= ((EQ — iCQ) / % |:;:| ds = ((EQ — xo) / Tds .
s=0 s=0

where u, := du/dx and v, := Ov/dx. Moreover,

vuzv#: <\/§+0(1)> /Z/

on {z? +y? <2} N W, since u = —VAz +o(y/22 + y2), u, = —A+0(1),
v=—/uy+o(y/z? +y?), v, = o(1), and z = O(y) on this domain. Hence

d(xg —w0) é o To — To
s ()

on TN {z? +y? <r2} N W,.

We have that [y N {z? +y? < r2} \ W, is in one of the connected com-
ponents of {22 +y? < r*2} \ W,. According to which connected component
it is in, we have y > 0 or y < 0 on it. Suppose for definiteness that y > 0.
Since C and T'y are trajectories of u(9/0x) + v(0/0y) except at my, they
cannot meet except at mg. Hence xg — zy vanishes nowhere. Suppose for
definiteness that 9 — 2o > 0. We have

d xg—x0> A Ty — To
— =[4/>-1+00 <0
@( y <¢; (0 y?
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for y > 0 small enough. It follows that (x¢ — z¢)/y has a lower bound 5 > 0
on 7(Fg N {z? 4+ y* < 2} N W), If we choose \/A/pu < a < 1, we have

S (2=) <a- o,

for y > 0 small enough.

If we assume, for contradiction, that z4(y) is defined for all sufficiently
small y > 0, it follows by integrating the displayed inequality above that
(xg —xo)/y — +o0 as y | 0. Moreover, xg/y — 0 as y | 0 since C' is tangent
to the y—axis at mgp. Hence xg/y — 400 as y | 0. When zg/y > 1/k, we
have (zg,y) € (ToN{x? +y* < ri2} N\ W,) "W, = ¢, a contradiction. This
contradiction shows that there exists a small y > 0 for which z4(y) is not
defined, i.e. there exists a large t1 for which Jy(t1) € W,. We showed above
that this implies that 7y (t) € W, for t > t;.

We have proved this under the assumption that y > 0 and x9 — zg > 0
on m(ToN{x?+y? < r:2}\W,,). The other cases (y < 0 and/or 29—z < 0)
may be treated similarly.

We have shown that 74 (t) € W,, for large enough ¢. Since this is true for
any k > 0, it follows that y(y)/z(p) — 0 as p — myg for ¢ € Ty, and Ty is
tangent to the z—axis at mg. Moreover, since d¥y(t)/dt = ua% + Ua% =(-
Viz+o(ya2+y2)) L +(—u y+0(\/m))a%, and y(p)/z(p) — 0
as ¢ — my, it follows the tangent line to 'y at ¢ converges to the z—axis
as ¢ — myg. Thus, we have proved:

Lemma 2. For any 6 € {2? +y? < r}}, we have that Ty is a C* regqular
embedded curve. If 8 € C then I'y C C and 'y is tangent to the y—azis at
mo. If 0 ¢ C then Ty NC = mg and Ty is tangent to the x—axis at mgy. O

Next, we prove:

Lemma 3. If r{ is sufficiently small then the following holds: If 6 € W,
then 0 is gg, —nearer to mo than to any other point on the y—azis.

Remark. By the y—azis, we mean the subset of U defined by = 0.

Proof. We set gy = (A2? + py?)(dz? + dy?). We have
9B, = g3 +pda® + qdrdy + rdy?,
in U, where p = p(z,y), ¢ = q(x,y), and r = r(z,y) are C? functions,
defined in U, whose first and second total derivatives vanish at my.
We set ¢ := \/X/B\/ﬁ We consider 0 < r3 < rp. It is easy to see that if r3
is small enough and 6 € {22+ y? < ¢?>r2} then the gg,—distance of § to the
y-axis is less than the gg,~distance of 6 to {22 +y? = (2(0)> +y(0)?)/c*}.
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We suppose that r] is chosen so that 0 < 7} < cr3. We consider 6 € W3
and let I' be a gg,—shortest curve connecting 6 to the y—axis. Since the gg,—
distance of 6 to the y—axis is less than the gg,—distance of 6 to {z? + y? =
(z(0)? +y(0)?) /c*}, it follows that I’ C {22 + y? < (x(6)? +y(0)?) /c*} C
{2? + y? < rZ}, since x(0)® + y(0)? < ri? by the definition of W; and
712 < ¢*r2 by the choice of r7. We let 61 denote the endpoint of I' in the
y—axis.

Were the lemma false, it would be possible to choose 6 and I' so that
01 # mg. For contradiction, we assume that 61 # mgy. We let 05 denote the
last point on I', counting from 6, such that 05 € {|y| < |z|}. We let I'* denote
the segment of I between 02 and ;. Then I'* C {|y| > |z|}N{z?+y? < r3}.

We set Ly := K4+ Py where Ky := 1 (dz? +dy?) and Py := P(mg) +
Az? + py?. Clearly, g4 is the Jacobi metric associated to the Lagrangian
Ly and the real number Ey = —P(mg). The discusssion above concerning
the relation between gg,—shortest curves and trajectories of the Euler—
Lagrange equation associated to L applies with gg, replaced by g« and L
replaced by Ly. In particular, the union I'x of mg and the trajectory of
—V\(0/0x) — \/1i(0/dy) beginning at @y is the unique gx—shortest curve
connecting 02 and mg. Since 0 < A < pand 0 € {|z| = |y|} N{z?+y* < r3}
it follows that 'y C {|z| < |y|} N {z? + y? < r3} and only the endpoints of
Iy satisty |z| = |y|.

We let 4 (z2) denote the ggu—length of T'y, where zo 1= x(62). We let
l40(x2) denote the gx—length of the line segment A := {awx2, ay2): 0 < o <
1}, where yo = y(#2). Since I'y is the unique gx—shortest curve connecting
02 to mo and it differs from A, it follows that €4 (z2) < £x0(z2). Moreover,
since v/(A22 + py?)(dz? + dy?) is homogeneous of degree 2 in x and y, we
have that ¢4 (x2) and fxo(x2) are homogeneous of degree 2 in zo. Hence
there exists a constant C' > 0 such that

Cpo(x2) — Ly (x2) = Ca3 .

The constant C' depends only on A and p.

We introduce the complex coordinate z = x+iy. We have (22 +y?)(dz?+
dy?) = zzdzdz. We set ¢ = £ +in = 2%/2 so that d¢? + dn? = d¢d( =
zzdzdz. We may regard the relation ¢ = 22/2 as defining a mapping z
¢ = 22/2 of the z—plane onto the (—plane. We set g3 := (2% +y?)(dx? +dy?).
Thus, g; is the pull-back of d¢? + dn? by this mapping.

We let /1o denote the gi—length of A and £;(I'*) the g;length of I'*. In
view of the definition of 63, we have |z3| = |y2|. The image of A under the
mapping z +— ( is a line-segment in the n—axis with one endpoint at the
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origin. We denote the other endpoint by (0,72). This is the image of 5.
Since gy is the pull-back of d¢? +dn?, we have l;o = |n2|. Likewise, £;(I'*) is
the Euclidean length of the image of I'* under z +— (. This image connects
(0,7m2) to a point on the {—axis other than the origin. Hence £;(I') > |n2| =
Lio.

We let £4(I'*) be the gu—arc-length of I'*. We let sy (resp. st) be a
g#— (resp.gi—) arc-length parameter on A or I'y. We have ds#/dsT =

VI#/ 9t = A2® + py? [ 2? + y?.

We have 2 = y? on A so dsy /dst = /(A + p)/2 on A and lyo(z2) =
VA +u)/20t. We have 22 < y? on I'* (except at the endpoints) so
dsy/ds; > /(A+p)/2 on I'* except at the endpoints and f4(I'*) >
VA+)/206(T*%) > \/(A+p)/2¢;0 = Luo(x2). Together with the last

displayed equation, this gives
é#(F*) — 6#(332) > C’x% .

We let £g,(I'™*) and ¢g,(T'yx) be the gg,—lengths of I'* and I'y, resp.
Since {4 (I'*) and £4(x2) are the gg—lengths of I'* and I'y, resp., I'* and
Ty are in {z? +y? < (23 + y3)/c*}, and 23 = y3, it follows that

lp,(T*) = Lx(T*) +o(23)  and  lp,(Tg) = Ly(x2) +o(23).
Combining this with the last displayed inequality gives
éEo (F*) - gEo (F#) >0,

if @ is sufficiently small. In view of our constructions of I'* and I'y, this
contradicts our choice of I' as a shortest curve connecting 6 to the y—axis,
if 7 is sufficiently small.

This contradiction was obtained as a consequence of our assumption
that 61 # mo. Hence, for any gg,—shortest curve I' connecting 6 to the
y—axis, the endpoint 61 of I on the y—axis is mg. This implies that mg is
g, nearer to 6 than any other point on the y-axis, provided that r} is
sufficiently small.

O

We set W, := {(z,y) € W1: x <0} and W, := {(z,y) € W;i: 2 > 0}.
Lemma 4. If 7 is sufficiently small then the following holds: If 6+ € VVli

then I'g_ UL, is the unique gg,—shortest curve connecting 6_ to 0.

Proof. Obviously, any ¢gg,—shortest curve connecting _ to 6 crosses the
y—axis if 7 is small enough. It then follows from Lemma 3 that such a gg,—
shortest curve passes through mg and hence is the union of a gg,—shortest
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curve connecting 6_ to mgy and a gg,—shortest curve connecting 64 to my.
The conclusion then follows from Lemma 1, since this implies that I'g_
(resp. I'g, ) is the unique gp,—shortest curve connecting 6_ (resp. 6;) to
mo. O

8. Distance from mg

Throughout this section, we assume 0 < A < p.
The notion of the cut—locus of a point in a Riemannian manifold can be
extended to the Jacobi metric gg, and the point my, as follows:

Definition. The cut-locus CL(mqg) of mo (relative to gg,) is the comple-
ment (relative to T?) of the union of mg and the relative interiors of all
gE,—shortest curves connecting points of T2 < mg to mo.

For example, if § € T? \ mg and there is more than one gg,—shortest
curve connecting 6 to mg then 6 € CL(my).

For, suppose to the contrary that 6 is in the relative interior of a gg,—
shortest curve I'’ connecting a point 6’ of T2 \. mg to mg. We let I' denote
the segment of I'’ between 0 and mg. Obviously, I' is a gg,—shortest curve
connecting 6 to mg. If I'* is a second gg,—shortest curve connecting 6 to mg
and A denotes the segment of '’ between 6 and 6’ then T*UA has the same
g, length as '/ = T'U A, so it is a gg,—shortest curve connecting 0’ to
mg. On the other hand, since it has a corner at my, it is not a gg,—shortest
curve connecting 6’ to mg. This contradiction shows that 6 € CL(my).

Just as in the ordinary Riemannian geometry, the cut—locus of mg is a
closed subset of T2. It is possible to prove this by minor modifications of
standard arguments in Riemannian geometry. We indicate the main modi-
fications needed below without giving the complete proof. To this end, we
introduce the following definitions.

By a special curve in T2, we mean a subset I" with the following prop-
erties:

I' is homeomorphic to a closed interval.

my is an endpoint of T.

I' <\ myp is a gg,—geodesic.

There exists 8 € I' such that the segment of I" joining mg and 6 is a
gE,—shortest curve joining these points.

By a special variation of a special curve I', we mean a one parameter
family {T",,: — e < u < €} of special curves such that 'y = I' and there
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exists a continuous mapping v: [0,a] X (—¢,e) — T?, where a > 0, with
the following properties:

The restriction of vy to (0,a] x (—¢,€) is CT 1.

Ty ={ytu): ¢t €[0,a]}.

t — ~y(t,u) parameterizes I, \ mg by gg,—arc-length.
7(0 % (—€,€)) = mo.

We will call such a v a parameterization of the special variation {T',,}.

By a special vector field along a special curve I, we mean a rule that
assigns to 6§ € T' \. mg the vector 97(tg,u)/ 8u|u:O where v is a parameter-
ization of a special variation of I" and (¢o,0) = 6.

Obviously, a special vector field along a special curve T is a Jacobi field
along I' \ mg. (It is not defined at mp.) A basic result in Riemannian
geometry states that the family of Jacobi fields along a geodesic forms a
2n dimensional subspace of the vector space of all vector fields along that
geodesic, where n is the dimension of the ambient manifold. The family of
Jacobi fields orthogonal to the geodesic forms a 2n—2 dimensional subspace.
The family of Jacobi fields that vanish at a given point of the geodesic form
a n dimensional subspace. The family of Jacobi fields that vanish at a given
point and are orthogonal to the geodesic forms an (n—1) dimensional vector
space.

In the analogy with ordinary Riemannian geometry, our special curves
correspond to geodesics that emanate from a point of the Riemannian man-
ifold. Our special vector fields correspond to Jacobi vector fields along such
a geodesic that vanish at the given point and are orthogonal to the geodesic.
Thus, by analogy our special vector fields along a special curve should form
a one dimensional subspace of the vector space of all vector fields along the
geodesic.

This is in fact the case, as may be deduced from Lemma 1 in Section
7, its proof, and standard results in Riemannian geometry. In particular, if
0 <ry <rpandiffy € {2+y? = r3} then {Ty: 2(0)?+y(0)? = r3 and dist.
(0,60p) < €} forms a special variation of I'g, and its derivative at 6y with
respect to 6 is a special vector field. More generally, if I' is a special curve
and 0y € T is sufficiently close to mg then I'p, and its special variation {T'g}¢
are defined. Moreover, I'g, is an initial segment of I' (counting from 6y) and
the special variation {I'p} of 'y, can be extended to a special variation
of I', by elementary Riemannian geometry. Differentiating this family with
respect to 6 at 6y gives a special vector field along I" and the uniqueness
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result in Lemma 1 of Section 7 implies that this vector field spans the vector
space of all special vector fields along I.

Definition. Let I' be a special curve and let § € I'. We say that 6 is
conjugate to mg along I' if there exists a special vector field along I' that
vanishes at 6 but does not vanish identically.

We consider a special curve I'. It is clear from Lemma 1 in Section 7
and its proof that I' N {z2 +y? < r?} does not contain any point conjugate
to mg along I'. It follows that there is a first point 8y on I' counting from
mg that is conjugate to mg along I' or else there are no points along I'
that are conjugate to mg. Just as in the strictly Riemannian case, I' is
strictly locally minimizing up to the first conjugate point and not locally
minimizing beyond it. This result may be explained as follows:

From Lemma 1 in Section 7, it follows that I'N {22 +y* = r?} is a single
point, which we denote 6*. For € > 0, we let A, := {2% +y? = r} N B.(6*),
where B.(6*) denotes the e-ball (with respect to gg,) centered at 6*. For
0 € T', we say that the segment of I" between mg and 6 is (strictly) locally
minimizing if there exists € > 0 such that this segment is the (unique)
gg,—shortest curve connecting mo and 6 and passing through A..

Proposition 1. If 0 € T is not conjugate to mg and there are no points
conjugate to mg in the segment of I' between mqg and 0 then this segment is
strictly locally minimizing. If there is a point conjugate to mq in the relative
interior of this segment then it is not locally minimizing.

Remark. This is similar to a basic result in Riemannian geometry, due to
Jacobi. This result states that if M is a Riemannian manifold, mg € M, T’
is a geodesic emanating from mg, 8 € I" is not conjugate to mg, and there
are no points conjugate to mg in the segment of I' between mg and 6 then
this segment is strictly locally minimizing. If there is a point conjugate to
mg in the relative interior of this segment then it is not locally minimizing.
Proposition 1 may be proved similarly to how this result of Jacobi is proved
(e.g. in [DoCar]), but we do not give the proof in this paper.

From Proposition 1, it follows that the cut—locus C'L(mg) of mg consists
of all points # € T? such that either

e there is more than one gg,—shortest geodesic connecting mg and 6, or
o there is exactly one gg,—shortest geodesic I' connecting mo and 6 and
0 is conjugate to mg along I'.

From this characterization of C'L(mg) and Proposition 1, it is possible
to deduce that CL(myg) is closed, but we will not do this in this paper.
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We let p: T2 — R be defined by letting p(#) denote the gg,—distance
between mg and 6.

Proposition 2. p is C" in the complement of CL(mg) U my.

Proof. We consider § € T? \. (C'L(mg)Umyg) and let T be the unique gg,—
shortest geodesic connecting 6 and myg. As we showed in the proof of Lemma
1 in Section 7, there exists a trajectory ¢ — (5(¢), d¥y(t)/dt), t > to of the
Euler-Lagrange equation associated to L such that ' = {7(¢): t > to}Umo,
and (3(t),dy(t)/dt) — (mg,0), as t — +oo.

We set Z(6) := dy(to)/dt € TTj. Clearly, (6,5(0)) is an element of the
stable manifold of (mg, 0) for the Euler-Lagrange flow associated to L. We
set 2(mg) := 0 and

W= {(0,Z(9)): 0 € T> ~ CL(my)} .

Clearly, W is an open subset of the stable manifold of (mg,0) for the Euler—
Lagrange flow associated to L. Since this flow is C"~1 and since (my, 0) is a
hyperbolic fixed point of it, it follows from the Hadamard—Perron theorem
that W is a C"~! submanifold of TT2. It follows that = is C"~!. By defini-
tion the restriction of Z to w(D) is u(d/dz) + v(9/dy), where the latter are
as defined in Section 7. The only point in T? \ CL(mg) where = vanishes
is mg.

For 6 € T2\ (CL(mo)Umyg), we let w() C TT3 denote the line orthog-
onal (with respect to gg,) to Z(6). Since Z is C"1 it follows that w is a
C"~1 line field in T? \ (C'L(mo) U my). Hence the integral curves of w are
of class C". Next, we show that p is constant along the integral curves of
w.

We consider 6y € T? \ (CL(mg) Umg). We let Ty be the unique gg,—
shortest geodesic connecting mg and 6y. We choose 6* in the relative interior
of 'y near to 6y. We let Ay be a segment of an integral curve of w through
0y and suppose that 8y is in the relative interior of Ag. We have

p(0) < p(6%) + dist. (6%,0),

where dist. denotes the gg,—distance. By well known results in Riemannian
geometry 0 — dist. (6*,6) is C* in a neighborhood of fy and the derivative
at 0y of the restriction of this mapping to Ag vanishes at 6y, in view of the
fact that the tangent line of Ay at 6y is orthogonal to the tangent line of
'y at 0g. It follows that if p|A0 is differentiable at 8 then the derivative of
p|A0 at 6y vanishes.
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The same argument may be applied to any point in the relative interior
of Ag. It follows that for any 6 in the relative interior of Ay, if the derivative
of p‘AO is defined at g then it vanishes there. Since p is obviously Lipschitz,
this implies that p is constant on Ag.

Thus, p is constant on integral curves of w.

We may construct a pair (Fy, Fy) of continuous vector fields on T? ~
(CL(mg) Umy) with the following properties:

e For 6 € T? \ (CL(mg) Umy), we have that F;(0) and Fy(0) are or-
thogonal unit vectors with respect to gg,.

e F1(6) is a multiple of Z(¢) and the directional derivative Fy - p(6) of p
in the direction Fy(0) is 1.

These conditions imply that F»(f) € w(#). Since gg, is C", w is C"7 1,
and = is C"~ 1, it follows that the frame field (Fy, Fb) is C™~1. We have
Fy - p(0) =0 and Fy - p(f) = 1. Since (Fy, Fy) is O™~ !, this implies that p
is C" in T? \ (CL(mg) Umy). O

9. An Example

In this section, we suppose given a C", r > 2, Riemannian metric g on T2.
We discuss briefly how to construct a C" function P on T? such that:

e P takes its minimum at only one point my.

e P satisfies condition (}) in Section 7.

e The unit ball B, of the stable norm || ||« associated to the degenerate
Jacobi metric gg, := (P — P(mqg))g has at least one edge.

We start with a C” function Py on T? that satisfies the first two bullet
conditions above. For notational simplicity we assume that its minimum
value Py(mg) vanishes, so Py is a non—negative function, vanishing only at
mo.

We have that Pyg is the Jacobi metric associated to the Lagrangian
Lo = K + Py, where K = ¢/2, and to the energy level 0 = — min Py. In
what follows, we suppose that 77 > 0 is chosen so small that the conclusion
of Lemma 4 in Section 7 holds for Pyg in place of gg,. We choose 0 in the
interior of W=, We let Ty, be the unique Pyg-shortest curve connecting
0+ and mg. By Lemma 4 in Section 7, I'y_ UIl'g, is the unique Pyg—shortest
curve connecting #_ and 6.

We let Ay (resp. Az) be a simple curve in T2 connecting #_ and 6 such
that Ay UTy_ UTg, (resp. AoUTg_ UTy, ) is a simple closed curve of class
C' that represents the homology class (1,0) (resp. (0,1)). We assume in
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addition that A; N{(z,y) € U: 22 +y* <r}? and |y| > |z|} =0 fori = 1,2,
and Ay N Ay = {6_,6,}. Here, Ay UTy_ UTy, (resp. Ao UTy_UTy,) is
oriented so that a point transversing this curve in the positive direction and
starting at mg first traverses I'g, from mg to 0, then traverses A; (resp.
As) from 6 to #_, and finally traverses I'y_ from 6_ to my.

We choose small open neighborhoods U; and V; of A; such that U; C V;
for ¢ = 1,2. We suppose that V; and V5 are disjoint from a neighborhood
of mg and also from {(z,y) € U: 2% +y? <772 and |y| > |z|}. We suppose
that V1NV, C Wy. We choose a C” function P; such that P, < Py, P, = Py
on T2~ (V1UV,), and P is positive except at mg. We let T'y and I'y be Py g—
shortest curves in the homology classes (1,0) and (0,1), resp. If P|U; UUs
is small enough then I'; C V; UW; for ¢ = 1,2. In view of Lemmas 2 and 3
in Section 7, each I'; is a C'' curve tangent to the z—axis at my.

Because I'; is in the same homology class as A;UL'g_ Uy, fori=1,2,
the orientation of the latter determines the orientation of the former. It is
easy to see that the positive direction of I'; at mg (where T'; is tangent to the
x—axis) is the direction of increasing x. It is easy to see that I'; UT'2 is the
gr,—shortest curve in the homology class (1,1), provided that P; ‘Ul U U,
is small enough. It follows that the line segment joining (1,0)/[/(1,0)] to
(0,1)/11(0,1)]|. lies in the frontier of B, and hence is part of an edge of B,.
Here, B, denotes the unit ball for the stable norm associated to the Jacobi
metric P;g and the energy value 0.

We have thus constructed an example that satisfies the conditions that
we announced at the beginning of this section. It also satisfies condition (*)
of Section 4.

Now we return to the general set-up described at the beginning of this
paper, viz. g is a C” Riemannian metric on T?, L is a C"function on T2,
K =g/2,and L = K + P. We assume 0 < A < p, where A and p are as in
Section 7. We consider an indivisible h € Hy(T?;Z). We suppose that there
exists a shortest closed curve I' in h that passes through mg and is simple.

We consider a transversal T to I'. By this we mean C" curve that in-
tersects I' in a single point 8y # mg such that the tangent line to T' at g
differs from the tangent line to I' at 8. We will suppose in addition that T’
is homeomorphic to a closed interval and that 6 is in the relative interior
of T.

The pair {mg, 0} divides I into two segments ' and I'2. Thus both I'!
and I'? are segments of I' with endpoints mg and #y. Moreover, I'' NT? =
{mo, 00} and ' Uy =T
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For § € T, we choose curves I'j and I'3 connecting mo and 6 with the
following properties:

e For i = 1,2, the concatenation of I') and the segment of T joining 6
to 6y is homologous to I'.

o I/ is the gp, shortest curve satisfying the condition stated in the
previous bullet point.

We let () denote the sum of the gg,-lengths of I') and I'j.

Proposition. 0 — o(0) is a C" function for 6 € T in a sufficiently small
neighborhood of 0.

The proof is similar to the proof in Section 8 that p is C” in the com-
plement of mo U CL(mg). We will not give it here.
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Krasnosel’skii’s local bifurcation theorem and Rabinowitz’ global bifurcation
theorem are the main results of topological bifurcation theory. We show that
finite-dimensional topological tools were already used by Poincaré in 1885 for
local bifurcation theory, in a way rediscovered in 1976 by Ize, and that some
statements in Leray-Schauder’s paper of 1934 have some formal similarity with
Rabinowitz’ one. Finally we give a proof of a modern version of Poincaré’s
theorem avoiding degree theory, and a short survey of the topological approach
to bifurcation since 1995.

Keywords: Topological bifurcation, Poincaré’s theorem, Krasnosel’skii theo-
rem, Rabinowitz theorem, topological degree

1. Introduction
Consider an equation of the form
F(A\u) =0, (1)

where F), defined on a suitable neighborhood of (1,0) in R x X, with u € R,
X a normed space, takes values in a normed space Z, and is such that

F(X\0)=0 (2)

for all values of X in a suitable neighborhood of p. Then (u,0) is called
a bifurcation point for Equ. (1) if any neighborhood of (u,0) contains a
solution (A, u) of (1) such that u # 0.

Topological tools, and in particular degree theory, play an important
role in bifurcation theory, when X = Z and F' takes the form
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F(\u) =u—ALu— R(\u), (3)

with L : X — X compact, R completely continuous and R(X,u) = o(||u||)
near 0, uniformly on compact A-intervals. The canonical references are Kras-
nosel’skii3? for his statement and proof in 1950 that (u,0) is a bifurcation
point for (1) with F' given by (3) when 10 is a non-zero characteristic value
of L having odd multiplicity, and Rabinowitz%* for his theorem of 1971 on
the global structure of bifurcation branches emanating from such a point
(1, 0).

The aim of this paper is to show that topological bifurcation (for finite-
dimensional mappings) can be traced to Poincaré’s fundamental paper®
of 1885 on the bifurcation of the shapes of equilibrium of rotating fluids,
and that some rarely reproduced results of Leray-Schauder’s fundamental
paper#! of 1934 on degree theory in Banach spaces present some similarity
with Rabinowitz’ one, although they were not the source of inspiration of
Krasnosel’skii and Rabinowitz.

We also show that Ize’s approach of bifurcation theory?? has some sim-
ilarity with a modernized version of Poincaré’s approach, and give a simple
proof of this version avoiding the explicit use of any degree theory.

Finally, we make a rapid survey of more recent results in topological
bifurcation theory, which completes Ize’s nice survey?* of 1995.

2. Rabinowitz’ global bifurcation theorem

Let X be a real Banach space, L : X — X a linear, compact operator,
R:R x X — X a completely continuous mapping such that

R(Au) = of[[ul)) (4)

near 0 uniformly on on bounded A-intervals. Recall that p € R\ {0} is
called a characteristic value of L if p~1

S:={(\u):u#0, u=ALu+ R(\u)}. (5)

is an eigenvalue of L. Let

The following important result was stated and proved by Rabinowitz%4
in 1971.

Theorem 2.1. If i is a non zero real characteristic value of L with odd al-

gebraic multiplicity, then S possesses a maximum subcontinuum containing
(14, 0) which either

(i) meets infinity in R x X, or
(i) meets (p*,0), where p* # p is a characteristic value of L.
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Fig. 2.1. Rabinowitz global bifurcation theorem.

The proof of Theorem 2.1 uses Leray-Schauder degree and some prop-
erties of connected sets. In particular, the assumption about pu is equivalent
to assume (with iyg denoting the Leray-Schauder index, see!), that

irsll = (p—¢e)L — R(=¢,-),0] # irs[I — (n+€)L — R(e, ), 0]

for all sufficiently small € > 0, a condition already used in 1950 by M.A.
Krasnosel’skii®? in his topological approach to local bifurcation theory, that
we briefly describe now (see also his monograph®? for more details).

Theorem 2.2. If L : X — X is linear compact, R : R x X — X is
completely continuous and Assumption (4) holds, then

(i) if (14,0) is a bifurcation point of I — AL — R, then p is a real charac-
teristic value of L

(i) if u is a real characteristic value of L with odd multiplicity, then (u,0)
s a bifurcation point for Equ.

u—ALu— R(\ u) =0. (6)

Proof. The proof by contradiction relies upon the fact that the variation
of Leray-Schauder degree of I — AI — R on a small ball around p implies
the existence of the wanted bifurcation, together with Leray-Schauder for-
mula*!

irs[l —A,0] = (-1)7,
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relating the Leray-Schauder index ip[I — A,0] of A : X — X linear, com-
pact with I — A invertible, to the sum ¢ of the multiplicities of the real
characteristic values of A in (0,1). m|

3. Poincaré’s topological approach to local bifurcation
theory

It is generally admitted that Poincaré initiated in his paperS® of 1885 a sys-
tematic theory of bifurcation when dealing with the figures of equilibrium
of rotating fluids. But it is less known that he initiated in two pages of this
memoir the topological approach to local bifurcation. Poincaré deals with a
gradient system of two equations depending upon one parameter, but does
not use the variational structure. Let f; € C!'(R3,R) be such that

fi(A,0,0) =0 (j=1,2) for all AeR. (7)
Hence the system of equations

f1(>\,$,y)=07 fQ()‘vmvy):O (8)

has, for any A € R, the trivial solution (0,0). Poincaré calls (u,0) a bifur-
cation point for Equ. (8) if a non-trivial branch of solutions emanates from
(1,0). He observes, using an implicit function theorem argument, that, if
(1,0,0) is a bifurcation point for Equ. (8), one necessarily has

Jp(p,0,0) =0 (9)

where Jf (A, x,y) denotes the Jacobian of (f1, f2) with respect to (z,y) at
(A, z,y). Without loss of generality, let us assume, for the simplicity of
notations, that p = 0. Poincaré then proves the following result.

Theorem 3.1. If J¢(),0,0) changes sign at A = 0, then (0,0,0) is a bi-
furcation point for Equ. (8).

Idea of Poincaré’s proof. It is based upon a very clever use of the concept
of characteristic introduced by Kronecker3® in 1869, which anticipates the
Brouwer degree for a continuous map on the closure of an open bounded
set (see e.g.”?), and essentially coincides with it when the map is of class
C' and the boundary of the set sufficiently smooth. The proof essentially
goes as follows. For ¢ > 0 and 7 > 0, define the mappings F; € C'(R3,R)
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(j=0,1,2,3) as follows

Fo(\ z,y) = fi(\ 2, y),
Fi(\z,y) = fa (A r,y),
F(\ z,y) =22 + 9% — 12, (10)

B\ z,y) =2 +y> + 22 —r? - &%
F;1(0) is the cylinder of radius r and axis {(),0,0) : A € R}, F;'(0) is
the sphere of center (0,0,0) and radius vr2 + 2, F;, (0) N F;*(0) is made

of the two circles of radius r parallel to the plane (x,y) and respectively
centered at (—¢,0,0) and (¢,0,0).

e 4
| A r
PN\ |

i .
L | "
L\ :

‘é/ CoTTTTTTTTTTTTTTTT -r
X |

- & £

Fig. 3.2. Poincaré’s construction.

Kronecker’s characteristic x[Fo, F1, Fa, F3) of (Fo, F1, Fa, F3) is defined
as some ‘algebraic’ number of intersections of the set F, *(0) N Fy *(0)
(generically a curve in R?) with the cylinder F,; *(0), contained in the ball
Fy !(—o0,0). Kronecker has shown that x[Fy, Fy, Fy, F3] is equal to two
times the integral x[Fo, F1, Fy, F3] defined by

1

o (F2 4+ F2 + F2)73/2[FydFy AdFy — Fy dFy AdFy + Fy dFy A dF).
T JE;(0)
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Needless to say that the language of differential forms was not used by Kro-
necker, who expressed his integral as a classical surface integral. A further
result of Kronecker used by Poincaré is the fact that, if w(¢,I") denotes the
winding number of the two-dimensional vector field ¢ = (¢1, ¢2) along an
oriented curve I' C R2, which is nothing but the 2-dimensional version of
Kronecker’s integral, namely

w@.T) = 3= [ @3+ 03) 1 don — dndn] (1)

then, taking in account the orientations induced by the one of the cylin-
der F;*(0) into the two circles forming F; *(0) N F; *(0), as well as the
assumptions upon the sign of the Jacobians J¢(—¢,0,0) and J¢(+¢,0,0),
Poincaré obtains

K[Fy, F1, F, F3) = w[(Fo, Fy), Fy 1 (0) N F31(0)]
= 2w[(f1, f2),0B(r)] = £2, (12)

according to the sign of Jy(—e,0,0). From the existence property of Kro-
necker’s integral, he deduces that f;*(0)N f5 ' (0)NFy 1 (0)NFy ! (—00,0) #
(), and this being true for all sufficiently small r > 0, the existence of a bi-
furcation point for (8) follows.

As Kronecker’s characteristic and integrals are defined as well, with the
same properties, for (Fy, F,..., Fy,), when the F} are real C" functions of
n variables, Poincaré observes that his result is easily extended to the case
of f € CY(R"1 R") such that f(\,0,...,0) =0 for all A € R.

4. A modern version of Poincaré’s approach

If we now replace Kronecker’s integral by Brouwer degree, we can state and
prove a version of Poincaré’s result for continuous maps, replacing the use
of Kronecker’s formula (12) by suitable homotopies. We denote the Brouwer
degree by dp and the Brouwer index by ip (see®?). Let 0 € U C R be an
open interval, 0 € V' C R™ be open, and let f € C(U x V,R™) be such that
f(X\,0) =0 for all A € V. For all r > 0, define F, € C(U x V,R"*1) by

Fr(\a) =[] =%, f(A 2)]. (13)
We first prove the modern version of formula (12).
Lemma 4.1. If there exists € > 0 and R > 0 such that

(i) BWE+ R CUxXV
(ii) f(£e,z) £ 0 for all x € B(R)\ {0}
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then, for all v € (0, R] one has, with p, := Ve 412,
dp[Fy, B(pr)] = dB[f (-, =€), B(r)] — dB[f(:,€), B(r)]. (14)
Proof. Let r € (0, R], and let us first define the map G, € C(B(p,), R"*1)
by
Gr(A\ @) = [(e = A?), f(\, 2)].
If (\,z) € dB(p,), then ||z||> —r? = 2 — A% and hence F, = G, on dB(p, ).

From the boundary dependence property of Brouwer degree (see e.g.2), we
get

dp[Fy, B(pr), 0] = dB[Gr, B(pr),0]. (15)

Now, if G,.(A\,x) = 0, we have A = +¢€ or A = —¢, and hence x = 0 by
assumption (ii). Take n € (0, min{e/2,7/2}) sufficiently small so that the
open neighborhoods C,f = (e —n,£e +1n) x B(n) of (¢,0) and (—¢,0)
respectively are contained in B(p,). Using excision and additivity properties
of Brouwer degree (see e.g.%?), we obtain

dp|Gr, B(p,),0] = dg[(G:,C; ] + dB[(Gr, Cf]. (16)
Define now the homotopies H* € C(U x C’ni x [0,1],R"*+1) by
HEN, 2,t) == [(1 —t)(e? = N2) £ 2te(A — ), f((1 — )\ £ te, 2)].

They respectively replace the first component of G, by its linearization near
(—¢,0) and (¢,0). If ¢ € [0,1] and, say, (A,x) € 9C," and H™ (A, z,t) = 0,
then

(=XM1 =t)(e+N)+2te)]=0

which is impossible. The same is true for H*. Hence the homotopy invari-
ance of Brouwer degree (see e.g.?) implies that

dp(Gr,C,0] = dp[H*(-,1),CF,0]. (17)

Applying the cartesian product formula for Brouwer degree to the right-
hand side of (17), and finally excision property again, we obtain

dp[H*(-,1),C;, 0]
= dp[+2e(£e — ), (£e —n,+e +1),0] - dp[f(xe, ), B(n,0)]  (18)
= Fdp[f(£e,-, B(n),0] = Fdp[f(+e-, B(r), 0].
The result then follows from (15), (16), (17) and (18). |
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It is interesting to notice that this result, which corresponds to
Poincaré’s construction of the augmented map F;, and Kronecker’s for-
mula for the degree of F)., was rediscovered independently (in the setting
of Banach spaces) by Ize?? in 1975, in his approach of Krasnosel’skii and
Rabinowitz bifurcation theorems.

An immediate consequence of Lemma 4.1 and of the existence property
of Brouwer degree is the following bifurcation theorem.

Theorem 4.1. Let f € C(U x V,R") and assume there exists ¢ > 0 and
R > 0 such that

(i) BWE TR CUxV
(ii) f(e,2) £ 0 for all z € B(R)\ {0}
(ZZ’L) iB[f(_gv ')’ O] 7é iB[f(+5v ')’ O]

Then equation
fAx) =0 (19)
has a bifurcation point in (—e,+e) x {0}.

Theorem 4.1 immediately implies the following generalization of
Poincaré’s Theorem 3.1.

Corollary 4.1. If

(a) 0 €U C R is an open interval, and 0 € V. C R™ is open.
(b) f€CU xV,R™) can be written

fx) = ANz +r(X 2), (20)

with (A, x) = o(||z||) uniformly on bounded A-intervals in U.
(¢) 3e>0:[—¢e,e] CU and detA(—¢) - detA(+¢) <0

then equation (19) has a bifurcation point in (—e,e) x {0}.

Proof. A consequence of the fact that there exists R > 0 such that for all
x € B(R) \ {0}, one has f(+e,2) # 0, and of the formula ip(f(+e,),0] =
sgn detA(xe). |

Remark 4.1. Assumption (20) implies that 0, f(A,0) = A(X) forall A € U,
so that Assumption (c) means that J¢(A,0) has opposite signs at —e and
+e.
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5. Leray-Schauder continuation theorem

In their celebrated paper*! of 1934 extending Brouwer degree to compact
perturbations of the identity in a Banach space, Leray and Schauder not
only proved a fundamental fixed point theorem but also provided important
information about the structure of the solution of an associated family of
fixed point problems.

Let X be a real Banach space, 2 C [0,1] x X open and bounded,
F :Q — X compact, and define

S={(\u)eQ:u=F\u)}, Zy={ueX:(\u)eX}

The following result is the original version of Leray-Schauder’s continuation
theorem.

Theorem 5.1. If the following conditions hold

(1) ENoL=10
(i1) 3o is a finite nonempty set {a1,...,am}
(iii) indps[I — F(0,-),a1] # 0,

then (0,a1) belongs to a continuum C C X such that

(a) either C contains one of the points (0,as2), ..., (0,am)
(b) X along C takes all the values in [0, 1].

Idea of the proof. It follows from the homotopy invariance and existence
properties of Leray-Schauder degree that F'(-, A) has a fixed point for all A €
[0, 1]. Now, the authors use the fact that a non-empty compact set K C X is
a continuum if and only if for any € > 0 and for any points a € K and b € K,
one can find a finite number of points pg = a, p1,...,Pn-1,Pn = b in K
such that ||p;—pi+1]| <e (i =1,...,n). Considering for each 1 < k < m the
largest continuum of solutions (A, u) of u = F'(A, u) containing (0, ax), one
obtains p < m distinct continua Cy,...,C,. By the characterization above,
there exists 6 > 0 such that one cannot find points (A1, u1),. .., (Aq, uq)
in [0,1] x X, with (A,u1) € Ci, (Ag,uq) € Cj, @ # j, and ||(Ag,ur) —
(Akt1, Uk41)|| < 9. Hence drg[l — F(A,-), ()] remains constant on n-
open neighborhoods 2; of the C; with n < min{4, dist(S,90Q)}.

A comparison of Fig. 2.1 and Fig. 5.3 reveals both the analogies and
the differences between Rabinowitz and Leray-Schauder theorems. They
both deal with the structure of the set of zeros of compact perturbations
of identity depending upon a real parameter. In Leray-Schauder’s case, the
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Fig. 5.3. Leray-Schauder continuation theorem.

parameter varies in a compact interval and the problem is the continua-
tion of a finite set of solutions existing for one value of the parameter. In
Rabinowitz’ case, the parameter varies in the whole real line, the trivial
solution exists for all values of the parameter and the underlying problem
is the structure of the set of non-trivial solutions. Despite of their analo-
gies, Leray-Schauder’s paper was not the motivation of Rabinowitz’s one.
This motivation came from an earlier paper of Rabinowitz%? dealing with
the structure of the non-trivial solutions solutions of a nonlinear Sturm-
Liouville problem having a fixed number of zeros, and emanating from the
points (Ag,0), where the A\ are the eigenvalues of the linearized Sturm-
Liouville problem.

6. Topological bifurcation without degree

Topological bifurcation appears to depend strongly upon the use of topo-
logical degree, but assertions like Theorems 2.1, 2.2, 3.1 and Corollary 4.1
do not involve explicitely the concept. The same is true for Brouwer fixed



Topological bifurcation theory 179

point theorem, and many papers have been devoted to ‘elementary’proofs
of Brouwer fixed point theorem (i.e. proofs avoiding degree theory). One
can consult the last section of°® for a survey and a bibliography, and®? for a
proof based upon the tools introduced in this section. In a similar way, one
can raise the question of giving an ‘elementary’ proof of such a topological
bifurcation theorem, i.e. again a proof avoiding the explicit use of degree
theory. We give such a proof for the finite dimensional Corollary 4.1. It
depends upon the following result, proved in®? or.%® Let E Cc R™, D C R"
be open, and let a < b. The sign ~ means that the element below is missing.

Lemma 6.1. If G € C*([a,b] x E,D), w € C*(D,R), and p := wdr; A
.. ANdz,, then

WG, ) pl = dlve,w(N)] (21)

where

va,w(A) = [wo G(A lz ) loaGi(t, )
dGr(t, ) Ao A AGON) A e NG (N, )

Corollary 6.1. If m =n and if supp wNG(\,-)(OF) =0 for all X € [a, b],

then
[ conru= [ wletnwl g, Gonndy
E E
is independent of A on [a,b].

Proof. Using Lemma 6.1 and Stokes theorem, we get

8,\/EG(/\7-)*/L:/E(%\[G(A,-)*u]:/Ed[l/c;,w()\)]:0. 0O

We can now give an elementary proof of the modern version of Poincaré’s
bifurcation theorem, namely Corollary 4.1, which completes the one given
in®* for mappings of class C?.

Corollary 6.2. If A € C([a,b], L(R™",R")), r € C([a,b] x R™,R™) are such
that r(A\, ) = o(||z]]) uniformly on [a,b], and detA(a) - detA(b) < 0, then
Equ. ANz + (A, x) =0 has a bifurcation point in [a,b] x {0}.

Proof. By contradiction, let us assume that Equ. A(A)z + (A, z) = 0 has
no bifurcation point in [a,b] x {0}. Then, there exists a3 > 0 and R > 0
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such that
|A(c)x + pr(c,z)|| > a1 on [0,1] x OB(R) (c=a,b),
and there exists as > 0 such that
[ ANz +r(A\z)|| > a2 on [a,b] x OB(R).
Take B € C? and s € C? such that

IB(AN)xz — A(N)z| < min{aq/3,a2/3} on  [a,b]

B(R),
[[s(A, ) —r(A, )| < min{ay/3,a2/3} on [a,b] .

X
x B(R)
Then

ge(p, 2)|| := |1B(c)z + ps(c, x)|| = ar/3 on [0,1] x OB(R),
Ih(A, z)]| :== || B(A)x + s(A\, x)|| > az/3 on [a,b] x OB(R) (c=a,b).

Take now a3 := min{a; /3, a2/3}, and w € C1(R",R;) such that supp w C
B(asz) and [p, w(z)dz = 1. Applying first Corollary 6.1 to h(X,-) (A €
[a,b]) we obtain

/ wlh(a,y)| Jyh(a,y)dy :/ w(h(b,y)] Jyh(b,y) dy.
B(R) B(R)
Applying now Corollary 6.1 to g, (p, ) and gp(u, ) (1 € [0, 1]), we obtain
[ i) Bhawdy= [ wlgaLw) a1 o) dy
B(R) B(R)
— [ wl0a(0.9)] Jy0(0.9) dy = sn det A(a)
B(R)

/ wlh(b, )] Jyh(b,y) dy = / wlon(1,9)] Jygu(1, ) dy
B(R) B(R)

= / wlgp(0,y)] Jyg6(0,y) dy = sgn det A(b),
B(R)

a contradiction to the previous equality. O

7. Extensions of Rabinowitz theorem

Besides of a large number of applications to ordinary and partial dif-
ferential equations, that we do not consider here, Rabinowitz theorem
has inspired a number of extensions and generalizations often moti-
vated by those applications. We give a (surely uncomplete) list of recent
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contributions, which updates the interesting and comprehensive survey of
J. Ize?* of 1995. One can consult also the recent monographs of Balanov-
Krawcewicz-Steinlein,? Brown,'® Drabek,'® Drabek-Milota,'® Fitzpatrick—
Martelli-Mawhin-Nussbaum,'” Krawcewicz-Wu,?> Le Vy Khoi-Schmitt,*°
Lépez-Goémez-Mora-Corral*” and Petryshyn.?”

In some generalizations of topological bifurcation theory, the term AL
is replaced by a family L(A) of linear operators, requiring a generaliza-
tion of the concept of multiplicity of a characteristic value which can be
related to the topological degree. Recent contributions are due in partic-
ular to Arason-Magnus,! Davidson,'* Lépez-Gémez,*> Magnus,*® Mora-
Corral,®® Sarreither,” Welsh.” Other contributions, dealing with situa-
tions where the nonlinearity is not differentiable near the origin, are due to
Makhmudov—Aliev®! and Przybycin.5!

Some of the recent works provide more detailed information about the
structure of the bifurcation continuum. One should quote in particular the
papers of Bari-Rynne,? Benevieri,* Dancer,'® Huang Wenzao—Zhan Han-
shen?? and Lépez-Gémez-Mora-Corral.*® Further results have also been
obtained for bifurcation theory in cones by Cano-Casanova—Lépez-Gémez—
Molina-Meyer,'! Lépez-Gémez-Molina-Meyer,** Li Dongsheng-Li Kaitai*?
and Yu Qingyu-Ma Tian."

Rabinowitz theorem has been extended to classes of semilinear or quasi-
linear operators more general than the compact perturbations of identity
by Benevieri,* Berkovits,® Kim Insook,?” Kim Insook Kwon Sungui,?® Kim
Insook-Kim Yunho,?' Ma Tian-Yu Qingyu,*® Pascali,®” Vith,59 Webb—
Welsh,”® Welsh” and Yu Qingyu-Cheng Jiangan.”™ The case of multival-
ued operators has been considered by Gérniewicz-Schmidt,'® Kim Insook?®
and Kim Insook-Kim Yunho.3"

Various types of oriented degrees for possibly perturbed nonlinear Fred-
holm maps have also been used to extend topological bifurcation theory to
this class of fully nonlinear operators by Benevieri-Calamai,® Benevieri—
Furi,® Bodea,? Huang Wenzao,?’ Huang Wenzao-Zhan Hanshen,?! Lépez-
GomézMora-Corral,*® Pejsachowicz-Rabier,”® Rabier-Salter,5? Zvyagin®
and Zvyagin-Ratiner.”” One should also mention the topological approach
to bifurcation theory for wvariational inequalities, with contributions of
Cortesani,'? Kucera,?” Le Vy Khoi®® and Saccon.5

Some extensions of Rabinowitz theorem have been given to multipa-
rameter bifurcation by Shi Junping®® and Welsh,” and to the bifurcation
of equivariant mappings under the action of some groups by Ize-Vignoli,?°
Krawcewicz—Vivi-Wu?* and Rybicki.®® In those two cases, it is necessary
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to replace the use of topological degree by more sophisticated topological
invariants.
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We consider a compact manifold M with a bumpy Finsler metric. The free
loop space A of M carries a canonical action of the group S'. Using Morse
theory for the energy functional E : A — R we construct with the help of a
space of geodesic polygons an equivariant CW complex which is S'-homotopy
equivalent to the free loop space.

Keywords: closed geodesics, geodesic polygons, free loop space, equivariant
CW-complex, equivariant homotopy type

1. Statement of the Result

For a compact differentiable manifold M with Finsler metric F' we denote
by A = AM the free loop space of absolutely continuous closed curves
v : 8! — M with finite energy E(y) = %fol F?2(y/(t)) dt < oo, here
St =[0,1]/{0,1} denotes the 1-dimensional sphere. The free loop space
A carries a canonical S'-action leaving the energy functional £ : A — R
invariant. For a € R we use the following notation for the sublevel set:
A% = {7 € A| E(y) < a}.

Morse introduced for the investigation of geodesics a finite-dimensional
approximation by a space of geodesic polygons, cf. [7, ch.16]. Assume that
n > 0 is the injectivity radius of (M, F), i.e. n is the maximal positive
number such that any geodesic ¢ : [0,1] — M of length L(c) < n is minimal.
We call the geodesic ¢ minimal if the distance d(c(0), ¢(1)) between its end
points equals its length L(c) = fol F(c(t)) dt. For a positive number a one
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can choose a positive integer k > 2a/n? and one defines the space
A(kya) :={c e A%; c]|[i/k, (i + 1)/k] is a geodesic ;i =0,1,2,...,k—1}

consisting of geodesic polygons with k vertices ¢(0),c(1/k), ¢(2/k),...,c
((k—=1)/k) (i.e. geodesic k-gons) of energy < a. Since d(c(i/k),
c((i + 1)/k)) < n the geodesic k-gon ¢ can be identified with the set
c(0),¢(1/k),c(2/k),...,c((k — 1)/k) of vertices. On the other hand the
space A(k,a) has the structure of a submanifold with boundary of the
free loop space of dimension dim A(k, a) = k-dim M. The space A(k,a) can
be viewed as a finite-dimensional approximation of the space A® in the fol-
lowing sense: The critical points of the restriction of the energy functional
E’: A(k,a) — R coincide with the critical points of the energy functional
E : A* — R, in particular they are the closed geodesics of energy < a.
In addition it is well known that the indices and nullities of the hessian
d*E’(c) and d?E(c) coincide, cf. [10, p.55]. Therefore for existence results
for closed geodesics one can study the critical point theory (resp. Morse
theory) of the energy functional on the finite-dimensional and compact
subspace A(k,a). But there is one disadvantage of this finite-dimensional
approximation. The space A(k,a) is not closed under the canonical S*-
action, but it carries a canonical Zg-action induced from the S'-action.
Here for ¢ € A(k,a),u € [0,1]/{0,1} = S! let u.c € St.A(k,a) be de-
fined by u.c(t) = c(t + u); i.e. u.c is a geodesic polygon with k vertices
c(u),c(u+ 1/k),c(u + 2/k),...,c(u+ (k—1)/k). Following the concepts
developped by the author in [10, sec.6] and [9, S4] and by Bangert & Long
in [2, Sec.3] one can find a candidate for a finite-dimensional approximation
of the free loop space which is closed under the canonical S*'-action:

Theorem 1.1. Let F' be a bumpy Finsler metric on a compact differentiable
manifold M and let (aj)j>0 be a strictly increasing sequence of regular
values of the energy functional E : A — R on the free loop space A.

Then there is a S'-CW complex X which is S*-homotopy equivalent to A
induced from the Morse theory of the energy functional. In addition there
is a filtration (X;);j>1 by finite S'-CW subcomplexes of X which are S*-
homotopy equivalent to A% .

For a bumpy Riemannian metric this result is contained in [9, Thm.4.2].
The proof does not directly extend to the Finsler case due to a lack of
regularity of the energy functional on the free loop space. In several papers
it is claimed that the energy functional on the free loop space of a compact
Finsler manifold is twice differentiable at critical points. But Abbondandolo
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& Schwarz show that the energy functional on the free loop space of a
compact Finsler manifold is twice differentiable at a critical point only if
the metric is Riemannian along this closed geodesic, cf. [1, Remark 2.4]. But
for the use of the Morse Lemma this differentiability is needed. The finite-
dimensional and equivariant approximation by spaces of geodesic polygons
offers one way out of the problem with the low regularity of the energy
functional in the Finsler case. For certain applications as in the work of
Bangert & Long? and the author’s work® and!! an equivariant version of
the Morse Lemma has to be used.

The definition of an equivariant CW-complex resp. G-CW complex can be
found in [12, I1.1]. For the group G = S! an r-dimensional equivariant cell
e" = ®(5'/Zp, x D7) of an S'-CW complex X with r-skeleton X" and
with isotropy subgroup I(z) & Z, for x € ® (D" — 5771) is described by
an S'-equivariant characteristic map

(®,¢): S/ Zy x (D", S"71) — (X7, X"71).

Let €¢" := ¢ (S'/Zy x S™7'), then the restriction ® : S'/Z, x
(DT — Sr’l) — e" — é" is a homeomorphism. The restriction ¢ =
D |SY Ly x ST 0 SV Ly x STTH — é7 C X1 s also called attach-
ing map of the r-cell e”. The complex is finite if it consists of finitely many
equivariant cells. It also follows that the quotient space A/S! has the homo-
topy type of an ordinary C'W complex. The subcomplexes X; also carry the
finer structure of a (Zp,,, S*)-CW complex introduced by the author [9, S2]
where m; is a multiple of all multiplicities of closed geodesics of energy < a;.
For any orbit S'.c of a closed geodesic ¢ of multiplicity m there is a sub-
complex which is of the form S! xz, D~ (c), here D~(c) is a negative disc
of the closed geodesic ¢, cf. Proposition 2.4 and Remark 2.1.

2. Proofs

Let F' be a bumpy Finsler metric on a compact differentiable manifold
with injectivity radius 7. The metric is bumpy if all closed geodesics are
non-degenerate. Then the S'-orbit S'.c of closed geodesic is an isolated
critical orbit. Let ¢ = ind(c) resp. m = mul(c) be its index resp. multi-
plicity. Here the index of a closed geodesic is the maximal dimension of
a subspace of the tangent space T.A on which the index form d?E(c) is
negative definite. A closed geodesic ¢ has multiplicity m if ¢(t) = ¢o(mt)
for all t € S* for a closed curve co which is injective up to possibly finitely
many selfintersection points. The closed geodesic cq is also called prime.
The crucial observation by Morse is that the critical points of the restric-
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tion E' : A(k,a) — R coincide with the critical points of E : A* — R
and there indices and nullities coincide, too. The space A(k,a) carries as a
subspace of A a canonical Zy-action induced by the S'-action. The strong
deformation retraction of A* onto A(k,a) given in [7, 16.2] can be modified
in the category of Zg-equivariant maps:

Proposition 2.1. [10, sec.6.2] There is a strong Zy-deformation retraction
Tyt A% — A% w € [0,1] onto the subspace Ak, a).

Proof. For v € [0,1];:=0,1,...,k — 1 one defines:
ru(c)|[i/k, (i + u)/k] = minimal geodesic
joining ¢(i/k) and ¢((i + u)/k)
ru(e) |[(i +u)/k, (i + 1) /K] = c|[(i +u)/k, (i +1)/k] .

Then r,(c) = ¢ for all ¢ € A(k,a) and u € [0,1], and r1(c) € A(k, a) for all
c € A O

The energy functional £ : A — R satisfies the Palais-Smale condition,
cf. [1, Proposition 2.5] resp. [3, Thm.3.1]. Therefore we conclude:

Proposition 2.2.

(a) If for two numbers a < b the closed interval [a,b] does not contain
a critical value of the energy functional E : A — R then the sublevel set A*
is an strong S'-deformation retract of the sublevel set A°.

(b) Let ¢ be a closed geodesic of energy a = E(c) and multiplicity m
such that the S'-orbit S'.c is the set of all closed geodesics with energy in
[a — €1,a+ €1] for some €5 > 0. Then there is a Ly, -invariant hypersurface
Y. C A with ¢ € X, which is transversal to the orbit S'.c at ¢ such that
for sufficiently small € € (0,€1) the subset A~ U S*.%. is a strong S*-
deformation retract of the sublevel set A%T¢,

The hypersurface X. is also called a slice, cf. [6, Lem. 2.2.8]. The tubular
neighborhood S*.3. C A is S'-homeomorphic to S!xz .. Here we use the
following notation: For a Z,,-space Y we denote by S! xz Y the quotient
(S' X Y) /Zy, (also called twist product) with respect to the Z,-action
(us (V,9)) € Zpy x (ST X Y) = (vu=t,u.y) € ST x Y where we consider Zy,
as subgroup of S*.

An S'-subspace A C X of the S'-space X is called strong S'-
deformation retract, if there is an S'-map H : [0,1] x X — X (called a
strong S*-deformation retraction from X onto A) which satisfies the fol-
lowing conditions: H (0,z) = x forallx € X ; H(l,z) € Afor allz € X
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and H (t,a) = a for all t € [0,1],a € A. In particular the inclusion A — X
is a S'-homotopy equivalence.

Proposition 2.3. Let ¢ be a closed geodesic of multiplicity m > 1, energy
a = E(c) and A(k,b) C A a finite-dimensional approzimation with a < b
such that m divides k. Choose a Z,-invariant hypersurface ¥, C A as
above and choose a Z,-invariant hypersurface V. C A(k,a) transversal to
the orbit St.c at c € V. with V., C X..

If the orbit S*.c consists of all closed geodesics with energy in [a — €1, a + €1]
for some €1 > 0 then for sufficiently small € € (0,€1) the set A*~€U S1.V,
is a strong S'-deformation retract of A°te.

Proof. Following the Proof of [2, Lem.3.3] we consider the map G : S! x
Alk,a+€1) — Ak, a + e1) with G(y, s) = r1(u.y) which does not increase
the energy and satisfies G(0,7) =~ for all v € A(k,a + ¢1). The map rq is
defined in the proof of Proposition 2.1. For a sufficiently small neighborhood
U C A(k,a+e€1) of cthere is an § > 0 and a smooth function o : U — (-4, )
uniquely defined by G (0(7),7) € V.. Then we define h : [0,1] x U —
A(k,a+ €1) by: h(t,y) = G(to(v),v) = r1 ((to(y)) .v) - Let he(y) = h(t,y)
then ho(y) = v, hi(y) € V. for all v € V; hy(y) = for all v € V. N U and
E(hi(v)) < E(n) for all t € [0,1] and v € U. Therefore one can define for
sufficiently small € € (0,¢€;) an S'-map H; : A~ €U S8, — A~ U SL.Y,
with Hy(y) € A= €USLV, for all y € A*~<USL.X. and Hy(y) = v whenever
E(y) <a—corvyeU—{c}. Hence this map defines a strong deformation
retraction of A2~¢US!.X, onto A®"€US.V, which is not energy increasing.
From Proposition 2.2 (b) the conclusion follows. m|

Here the set S'.V, is S'-equivariantly hoemeomorphic to S! xz V. and
A?*¢ is Sl-homotopy equivalent to the space obtained by adjoining S'.V.
to A4,

Proposition 2.4. Let ¢ be a non-degenerate closed geodesic of multiplicity
m, energy a = E(c), index i = ind(c) and A(k,b) C A a finite-dimensional
approzimation with a < b such that m divides k and such that the critical
orbit S.c consists of all closed geodesics of energy in the interval [a —
€,a + €|. Then there is an orthogonal representation of the group Z., on
an i-dimensional vector subspace R* C T.A(k,a + €) of the tangent space
with corresponding disc D* = {z € R%;||z| < &} for some § > 0 and a
diffeomorphism ¢ : D' — D~(c) C A(k,a + €) such that the following
holds: E (D~ (c) —{c}) C (0,a) and for sufficiently small € > 0 the set
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A"USTD™(¢) = AUy (S xz,, D) is a strong S*-deformation retract
of the sublevel set A“T¢,

Remark 2.1. The disc D’ with its orthogonal Z,,-action resp. its image
¢ (D") under the diffeomorphism is also called a negative disc D~ (c) of
the closed geodesic c. It carries the structure of a finite Z,,-CW complex
with subcomplex S*~1 cf. [9, Prop.1.10]. This cell decomposition allows
the computation of the homology H* (D?/Zy,, 5" /Zy; R) of the quo-
tient space (D'/Zy,,S""'/Zy,) for rings R = Q,Z,,Z, cf. [9, Prop.1.13].
In particular there is at least one cell in D?/S*~! in any dimension
k € {ind(cp),...,ind(c)} where ¢ = ¢* with a prime closed geodesic c¢y.
This Z,,-CW decomposition on D? with subcomplex S~! induces in a
canonical way a S1-CW-structure on the twist product S' xz D? with
subcomplex St xz7 Si71.

Proof. (of Proposition 2.4) This is a standard argument using the equiv-
ariant Morse Lemma applied to the Z,,-invariant and smooth restriction
E : V. — R. One can choose an arbitrary Riemannian metric g on the mani-
fold M which induces a Z,-invariant metric on V., C A(k, a) where A(k, a) is
identified with a subspace of M x ... x M endowed with the product met-

k times
rich=g@--- @ g. Since the closed geodesic is non-degenerate there is an

orthogonal decomposition T,.V, = V, @ V_ of the tangent space at ¢ into the
sum V. resp. V_ of eigenspaces of positive resp. negative eigenvalues of the
endomorphism associated to the hessian d?E(c) via the inner product A..
By ||.|| we denote the associated norm of h.. Since i = indc the space V_ has
dimension 4. There is a disc D = {x € T, V. ; he(z,2) < 6} C T,V, for some
0 > 0 and a Z,-equivariant diffeomorphism ¢ : D — (D) C V. such that
$(0,0,0) = cand E (¢Y(xy,z_)) = |[|[z4||* = ||z_||?>. Then let D* := V_nND.
We call the Z,,-invariant subset D~ (c) = 1(D?) a negative disc, it is a local
i-dimensional submanifold of the slice ¥, with E (D~ (¢) — {¢}) C (0,a) and
¢ € D™ (¢). By standard arguments in (equivariant) Morse theory it follows
that (V. N A?=€)UD ™ (c) is a strong Z,,-deformation retract of V,NA%"¢ for
sufficiently small €, cf. for example [13, S4]. By equivariant extension one
obtains that the set (S*.V. N A?~¢) US'.D~(c) is a strong S'-deformation
retract of S1.V, N A%te. Then the conclusion follows from Proposition 2.3.D

This Proposition is the essential step in the proof of Theorem 1.1 which we
now present and which is analogous to the proof of [9, Thm.4.2]:
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Proof. (of Theorem 1.1). We show with induction by j that there is a rel-
ative S'-CW complex (X, A) with a filtration by subcomplexes (X}, A)iso
with a S'-homotopy equivalence F; : A% — X;. Let b; be the strictly
monotone increasing sequence of critical values of £ with a; < b; < aj41
and cg = 0. Let A = AY which one can identify with the manifold M. We as-
sume that the claim is proved for j — 1. Since the metric is bumpy there are
for any a > 0 only finitely many critical S'-orbits of closed geodesics with
energy < a. Let Sl.cj,l ;1=1,2,...,N; be the S1-orbits of closed geodesics
¢;, with energy a;. Let 4;; = ind (¢j;),m;; = mul(c;;). We choose m;
as a multiple of m;_1 and mj1,...,m; N, such that m; > 2aj/772, here n
is the injectivity radius. Hence we conclude from Proposition 2.4: A% is
S1-homotopy equivalent to
A%-1 U U S' xz,, D
giid=1,2,...,N;
where g;; @ SUtTt — A%-1 are Lo, ,-equivariant attaching maps. It fol-
lows from Remark 2.1 that S xz = D%t carries the structure of a fi-
nite S1-CW complex with bubcompléx St xz ~ S%i=1 Then the equiv-
ariant cellular approximation theorem [12, II. 3. 1} implies that for every
map Fj_j 0g;;: S! XL, , Stii=t — X, 4 there is a S'-homotopic map
g1 St XLy, , Stii=t — X;_ 1 which is cellular, i.e. for any r > 0 the
image of the r-skeleton of S x Zom,, Stit=1 under gjy lies in the r-skeleton
of the subcomplex (X;_1,A). Then we obtain the finite S'-CW complex
(X, A) by attaching cells to the complex (X;_1, A) via the attaching maps
giLl=1,2,...,N;:
Xj = Xj,1 @] U Sl Xij,L Dij’l .
Fnl=1,2,...,N;

By standard arguments for equivariant CW-complexes (cf. [12, Section
I1.1]) we conclude that there is a S'-equivariant homotopy Fj : A% — X
extending Fj—l- O

Remark 2.2.
(a) Caponio et al. introduce in [4, Section 2] a localization procedure

for the energy functional on the infinite-dimensional Hilbert space based on
ideas of K.-C. Chang.

(b) The statement of Theorem 1.1 can be extended to manifolds with a
Morse metric. For these metrics the critical set of the energy functional is
the disjoint union of non-degenerate critical submanifolds, i.e. the energy
functional is a Morse-Bott function.



194 H.-B. Rademacher

(c) One can use the Morse chain complex of the S*-CW complex resp.

of the (Zmi,Sl)—CW complexes as in the author’s work.? Applications of

equivariant Morse chain complexes can be found for example in Hingston’s
5

paper.
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Floer homology is a powerful variational technique used in Symplectic Geome-
try to derive a Morse type theory for the Hamiltonian action functional. In two
and three dimensional dynamics the topological structures of braids and links
can used to distinguish between various types of periodic orbits. Various classes
of braids are introduced and Floer type invariants are defined. The definition
and basic properties of the different braid invariants that are discussed in this
article are obtained in joined work with R.W. Ghrist, J.B. van den Berg and
W. Wéjcik. In the second part of this article results concerning the relation
between the different braid class invariantsare discussed.

Keywords: Floer homology, braid classes, Cauchy-Riemann and parabolic dy-
namics, Morse theory

1. Prelude

Flows of non-autonomous vector fields on two dimensional phase spaces
may behave in a very complicated way. When regarded on the (three di-
mensional) extended phase space, the flow lines of these systems may dis-
play various knotting and linking patterns. The topological structure of
knots and links, which only exists in dimension three, can be used to de-
velop forcing relations (like Morse theory) for certain types of orbits of such
flows. In this article we are particularly interested in knotting and linking
of periodic orbits. Moreover, we will restrict to non-autonomous Hamilto-
nian vector fields, in which case we assume that the time-dependence of

*The author wishes to thank Robert Ghrist and Jan Bouwe VandenBerg without whom
this work would not exist.
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the vector field is 1-periodic. Intimately related to Hamiltonian flows are
its time-1 maps, or Hamiltonian diffeomorphisms. Our theory will therefore
be applicable in both settings.

We will start with defining braid classes in various settings and define
braid class invariants accordingly. These invariants are computable in some
situations. One of the goals is to show that all these invariants are strongly
related and essentially the same, which results in a statement that all in-
variants are computable.

2. Relative braid classes

In this section we start with a hands on definition of relative braid classes
in three different contexts. All three settings are closely related and we will
point out their relations.

2.1. Braids on the 2-disc

Consider the standard 2-disc D? in the plane® and the cylinder C' =
[0,1] x D?. An unordered collection of continuous functions Xq =
{x1(t), -, 2™(t)}, 2¥ : [0,1] — D? — called strands —, is called a braid on
the 2-disc D? if: (i) z(t + 1) = 27 (¢) for some permutation o € S,,, and
(i) 2% (t) # ¥ (t) for all k # Kk’ and all t € [0, 1]. The set of all braids on D?
containing Xg is denoted by [Xo] and is called a braid class. The collection
of all braid classes on D? with m strands is denoted by Q™.

A way to visualize a braid is to consider a so-called braid diagram in the
plane. The latter is obtained by projecting onto a plane of the form [0,1]x L,
where is L C D? is a diameter in D2. If we denote the projection by 7 : D? —
L, then two strands 2% (¢) and z*'(t) have a positive crossing at mz*(ty) =
T (to) if ¥ — 2* rotates counter clock wise rotation about the origin, for
small interval of times ¢ around ty. A negative crossing corresponds to a
clock wise rotation.

Now consider special collections of the form {z(t),x'(t), - ,2™(t)},
with X = {z(t)} a periodic function on [0,1], with values in D? and X¢ =
{x'(t), - ,2™(t)} as above. Denote such collections by X rel X and assume

that they are braids with m + 1 strands. Since we singled out two braid
components we denote the braid class containing X rel Xo by [X rel Xo],
which will be called a relative braid class. The component X is called the
skeleton of the relative braid class. If we take the skeleton X to be fixed,

aFor points in the plane we use standard coordinates = (p, ¢) and positive orientation.
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then the set of periodic functions X for which X rel Xg is a braid is denoted
by [X] rel Xg and is called a relative braid class fiber. The topology on
[x] rel Xq is the C°-topology. The space [X rel Xq] is a fibered space over
[Xo] and the relative braid class [X] rel X is a fiber in [X rel Xg]. A relative
braid class is called proper is X can not be deformed, or ‘collapsed’, onto any
of the strands z* in Xy — non-collapsing —, or onto the boundary 9D?.3
We can easily generalize the notion of relative braid class with X consisting
on n strand."? However, in this article we restrict to the case n = 1.

2.2. Braid diagrams on the unit interval

In the special case that strands z(t) are of the form z(t) = (q:(t), q(t)),
the projection onto the g-coordinate provides a representation of a braid
in terms of graphs. The range of ¢(t) is the interval [—1,1]. Such strands
satisfy the property that they lay in the kernel of § = dq — pdt: Legendrian
property. An unordered collection of functions Qg = {¢(t),---¢™(t)} is
called a braid diagram if: (i) ¢*(t + 1) = ¢°®)(¢) for some permutation
0 € S,,, and (ii) all graphs ¢*(t) intersect transversally. The set of all braid
diagrams containing Qq is denoted by [Qo]r. As before we also consider
collections of the form Q rel Qy = {q(t),¢*(t),---¢™(t)} and the associated
relative braid classes [Q rel Qg]r and [Q]L rel Qg (fibers). Obviously these
Legendrian braid classes are subsets of the braid classes on D2. A class
of braid diagrams is called proper if @ cannot be collapsed onto any of
the strands ¢, or cannot be identically equal to 1. By the Legendrian
constraint all crossings of strands are positive!

2.3. Discrete braid diagrams

Yet another simplification is obtained by considering piecewise linear func-
tions connecting the points ¢; = ¢(i/d), i = 0,---,d. We represent such
piecewise linear functions by sequences q = {¢;} and the range of the val-
ues g; is the interval [—1,1]. Both the sequences and their piecewise linear
extension will be denoted by the same symbol q. An unordered collection
of sequences qo = {q', - ,q™} = {{q¢}}, - {¢"}} is called a discrete,
or piecewise linear braid diagram if: (i) qfﬂ =gq’ *®) for some permutation
0 € Sy, and (ii) all graphs ¢”(¢) intersect transversally.” The set of all braid
diagrams containing qo is denoted by [qo]p. Crossings in this setting are
also marked as positive. Collections of the form q rel qo = {q,q',---q™}

P An intersection is called transverse if (¢¥ _, —qi{l)(qﬁrl —qiﬁl) > 0, whenever ¢¥ = qfl'
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and the associated discrete relative braid classes [q rel qo]p and [q]p rel qg
(fibers). A class of discrete braid diagrams is called proper if q cannot be
collapsed onto any of the sequences q* = {qf}, or cannot be identically
equal to +1.

Remark 2.1. The properness condition is a topological condition that
descents from braids on D? to discrete braids, i.e. properness of [X rel X]
implies

[x rel Xg] = [qQrel Qo] = [q rel qo]p-

The implications do not necessarily go in the opposite direction.

3. An invariant for discrete relative braid classes

A simple example of a discrete relative braid class is given in Fig. 3 below.
The the skeleton consists of four strands and the resulting braid class as
given in figure is proper. In Fig. 3 there is also co-orientation given of
the co-dimension 1 faces of the boundary. This is based in the following
principle: the co-orientation of a co-dimension 1 face is positive (arrow
pointing outward) if for the associated neighboring braid class the total
number of intersections of q with qq is decreased by 2. The co-orientation
is negative if the total number of intersections of q with qq is increased by
2. In Fig. 3 we denote by N = cl([q]p rel qo) the compact configuration
space, and by N~ the closure of the union of all positively co-oriented co-
dimension 1 faces. The latter will also be referred to as ‘exit set’. For this
example we define

HCx([q rel qo]p) := Hi(N,N7),

which turns out to be an invariant, i.e. if we choose a different fiber
[d']p rel qf), and thus a different pair (N',N'7), then Hp(N,N~) =
Hy(N',N'7). This justifies the statement that HC, is an invariant for
[q rel qo]. In this example we have that HC,([q rel qo]p) = Z and
HCx([q rel qo]p) = 0 for k # 1. To prove that HC, is an invariant relies
on the fact that (N, N7) also has meaning for a natural class of dynamical
systems on N and uses Conley index theory.

In general we define HC, for proper discrete relative braid classes as fol-
lows. Let [q rel qo]p be a proper discrete relative braid class and [q]p rel qg
a fiber. Then, by the above rule for co-orienting the co-dimension 1 faces of
the boundary of N = cl([q]p rel qo). As before this yields a pair (N, N~)
and the homology Hy (N, N ™) is well-defined. The following theorem holds.
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Fig. 3.1. The braid of Example 1 [left] and the associated conguration space, or relative
braid class fiber [q]p rel qo [middle]. On the right is an expanded view of the adjacent
braid classes and the fixed points that correspond to the four fixed strands in the skeleton
qo. The adjacent braid classes are not proper.

Theorem 3.1 (Ghrist, VandenBerg and Vandervorst!).
Let [q rel qo]p be a proper discrete relative braid class. Then, for any
to fibers [q]p rel qo and [q']p rel q), with N = cl([q]p rel qo), N’

It

([d]p rel qj) and N—,N'~ accordingly, it holds that H.(N,N~)
H.(N',N'"). This justifies the definition
HC’k([q rel qO]D) = Hk(N,N_), vk >0, (1)

which makes HC, an invariant for the braid class [q rel qo|p.

A second property of the invariant HC, is a stability property with
respect to the number of discretization points and is a first step towards
a connection between invariants for discrete class and classes of braid dia-
gram. Define the extension operator:

qi, for i1=0,---,d
(Eq)i = .
qq, for i=d+1.
If [q rel qg] is proper, then also [Eq rel Eqp]p is proper.

Theorem 3.2 (Ghrist, VandenBerg and Vandervorst!).

Let [qrel qolp be a proper discrete relative braid class and a fiber
[a]p rel qo. Then, for N = cl([d]p rel qo) it holds that Hx(N,N~) =
Hi(EN, (EN)™)). Therefore,

HCy([Eq rel Eqo]p) = HCk([q rel qo]p), Vk >0, (2)

which shows that the invariant HC, is stable under the action of E.
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4. Parabolic dynamics

Consider a class of differential equations and vector fields of the form
L = Ri(wim1, i, uig1), (3)
with the vector field R satisfying the hypotheses:

(pl) 61R1 > 0 and 83721 > O;
(p2) Ri+d = Rz for all Z,
(p3) Ri(=1,—1,—1) = Ri(1,1,1) = 0 for all i.

Vector fields satisfying these hypotheses are called parabolic.© If we re-
strict the range of the variables u; to the interval [—1,1], then Eq. (3)
generates a flow 1. This flow will be referred to as a parabolic flow on se-
quences. Note that by Hypothesis (p3) that the constant sequences 41
are stationary for the flow ®. Parabolic flows have a crucial property
with respect intersections of sequences. Consider two flow lines u;(s) and

u}(s) and assume that u;,(so) = w4, (so) for some iy and sg. Generically,

3

(wig—1(s0) —u},_1(50)) (wio+1(s0) — uj, 11 (s0)) > 0 and then by Hypothesis
(p1) it follows that - (u;, — u; )(s0) > 0, which implies that the number of
intersections decreases by 2. This principle is also true in the non-generic
case.* % Assume that R is a parabolic vector field such that R(qo) = 0,
i.e. the strands {¢¥} are stationary solutions. This principle explains that
the direction of the flow is determined by the co-orientation given in the

previous section, see Fig. 4. As a consequence we have the following lemma.

Fig. 4.2. A parabolic ow on a discretized braid class is transverse to the boundary faces.
The local linking of strands decreases strictly along the boundary.

¢Compare with discretizing the second derivative: u; 1 — 2u; + w;41.
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Lemma 4.1. Let [q rel qo]p be a proper discrete relative braid class with
fiber [a]p rel qo and let R(qo) = 0. Then, N = cl([a]p rel qo) is an isolat-
ing neighborhood with respect ¥° and (N, N~) is an index pair in the sense
of Conley.'?

Since N is essentially a cube-complex the Conley index of (N,®) is
given by the relative homology H.(N, N~). The proof of Theorem 3.1 is
based on the fact that the invariant HC\ can be regarded as the Conley
index of a parabolic flow on the braid class. The invariance properties of
the Conley index prove the theorem.! As for Theorem 3.2 we use singular
perturbation theory in combination with the Conley index.”

The connection with the Conley index has another important feature.
Non-triviallity of the invariant HC\, and thus the Conley index, implies
non-triviallity of the maximal invariant set INV(NV,4*®) C N. For example
if R is a gradient vector field that then the number of terms of P;(HC,)4
provides a lower bound on the number of zeroes of R and thus a lower
bound on the number of non-trivial stationary braids in a braid class fiber.

5. Braids and dynamics

For discrete braids and parabolic dynamics the discrete lap-number princi-
ple reveals an intimate relation between parabolic dynamics and the topol-
ogy of piecewise linear braid diagrams. The question is if similar principles
holds for more general classes of braids as discussed in Sect. 2.

5.1. The Cauchy-Riemann equations

Consider the equations, called the non-linear Cauchy-Riemann equations,
or Floer equations

us — J(t,u) [ug — X (t,u)] =0, (4)

where u(s,t) takes values in D?, s € R and t € R/Z. The parameters J and
H are called an almost complex structure and a Hamiltonian respectively.
An almost complex structure J : R/Z x D? — End(TD?), with J? = —id,
wo-invariant® and wg(-, J+) = (-, -). The vector field Xy, called the Hamil-
ton vector field, is defined by the relation wo(Xp,+) = —dH. The smooth
function H : R/Z x D? — R is called the Hamiltonian and satisfies the
properties

dThe Poincaré polynomial of HC is defined as P;(HCx) = 3, (dim HCy,) t*.
eThe 2-form wo = dp A dq is the standard 2-form on R2.
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(h1) H € C*(R x D% R);
(h2) H(t+1,2) = H(t,z) for all (t,z) € R x D?%
(h3) H(t,z) =0 for all z € ID?.

For a braid x the total crossing number CROSS(X) is define as the num-
ber of positive minus the number of negative crossings in X. For relative
braids this number is denoted by CROSs(X rel Xg). For two local solu-
tions u(s,t) and u'(s,t) of Eq. (4) denote its local winding number is
given by w(u,u’)|s = W(I'*,0), where I'* is the closed curve in D? ob-
tained by the parametrization u(s,t) — u'(s,t), t € R/Z. The local wind-
ing number w(u,u’)|s is defined for all s for which T'* c R?\{(0,0)}. If
u(s0,t0) = u'(so,to) for some pair (sg,to) € R/Z x R, then there exists an
€ > 0 such that

w(ua U/)|50—e > w(ua U/)|So+e-

As in the discrete case this property is the analogue of the lap-number prop-
erty for discrete parabolic equations and it states that along flow-lines of the
non-linear Cauchy-Riemann equations positive crossings can transform into
negative crossings but not vice versa. Let [X] rel X be a relative braid class
fiber with skeleton Xg, then we can choose Hamiltonians H such that the
skeletal strands are solutions of the Hamilton equations z; = Xy (¢, x). Let
U(s) rel Xp and U’(s) rel Xo denote local solutions (in s) of the Cauchy-
Riemann equations, then CROSS(U rel Xg)|so—e > CROSS(U rel Xo)]sg+e
whenever u(sg,tg) = u¥(sg,to) for some k. In Analogy to Lemma 4.1
we have the following result. Denote the set of bounded solutions of
Eq. (4) in a braid class fiber [X] rel Xo, that exist for all s € R, by
M([X] rel Xg). The image under the mapping v — u(0,-) is denoted by
S([x] rel xo) C C>(R/Z; D?).

Lemma 5.1. Let [X rel Xo|p be a proper relative braid class with fiber
[X]p rel Xo and let the strands in Xo be solutions of the Hamilton equa-
tions vy = Xp(t,z) with Hamiltonian H. Then, M([X] rel Xq) is compact
with respect to convergence on compact sets in R x R/Z (with derivatives
up to any order). Consequently, S([X] rel Xo) is compact and contained in
[x] rel Xg.

The set S plays the role of maximal invariant set [X] rel X¢ and which is
compact. This reflects the same situations as in Lemma 4.1. However, Con-
ley theory is not applicable. Firstly, since the non-linear Cauchy-Riemann
equations do not generated a semi-flow on C°°(R/Z;D?), and secondly the
Morse (co)-index of critical points of the Hamilton action is infinite. In the
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next section we discuss the approach of A. Floer® which allows us to define
invariants in this case as in the case of discrete braids.

5.2. The Heat flow

Consider the scalar parabolic equation, or Heat flow equation
us — Uy — g(t,u) =0, (5)

where u(s,t) takes values in the interval [—1,1]. For the function g we
assume the following hypotheses:

(gl) g € C*(R x R;R);
(g2) g(t+1,q) = g(t,q) for all (t,q) € R x R;
(83) g(t,—1) = g(t,1) =0 for t € R.

This equation is closely related to the discrete parabolic equations and
generates a local semi-flow 9® on periodic functions in C*°(R/Z;R). For a
braid diagram Q we define the intersection number I(Q) as the total num-
ber of intersections, and since all intersections in a Legendrian braid of
this type correspond to positive crossings, the total intersection number
is equal to the crossing number defined above. The classical lap-number
property”? ! of non-linear scalar heat equations states that the number
of intersections between two graphs can only decrease as time s — oo.
As before let [Q]L rel Qp be a relative braid class fiber with skeleton Qq,
then we can choose a non-linearity g such that the skeletal strands in
Qo are solutions of the equation g + g(t,q) = 0. Let u(s) rel Qp and
U’(s) rel Qp denote local solutions (in s) of the Heat flow equation, then
(U rel Qp)|sy—e > I(U rel Qq)|sore, whenever u(sg, to) = u¥(sg,t) for some
k. One approach for this equation is to use infinite dimensional versions of
the Conley index.!? 14 However, the same approach as for the non-linear
Cauchy-Riemann equations can be used. As before we define the sets of
all bounded solutions in [Q]r rel Qg, which we denote by M([Q]L rel Q).
Similarly, S([Q]L rel Qo) C C°°(R/Z;R) denotes the image under the map
u— u(0,-).

Lemma 5.2. Let [Q rel Qglr be a proper relative braid class with fiber
[Q]L rel Qu and let the strands in Qy be solutions of gt + g(t,q) = 0 for
some non-linearity g. Then, M([Q]L rel Qq) is compact with respect to con-
vergence on compact sets in R X R/Z (with derivatives up to any order).
Consequently, S([Q]L rel Qg) is compact and contained in [Q]L rel Qq.
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The set S([Q] rel Q) is exactly the maximal invariant set of the Heat
(semi)-flow ¥® generated by Eq. (5). In the next section we will carry out
the same procedure for defining invariants for all three equations.

5.3. Discrete parabolic equations

In this case the natural dynamics are the discrete parabolic equations of
the form

(ui)s — Ri(wi1, Ui, uip1) = 0,

which are discussed in Sect. 4. The maximal invariant set INV(N,v*®) cor-
responds to S([q]p rel qp) and an invariant can be defined in two different
ways. The first way was described in Sect.’s 3 and 4. A second approach is
discussed in the next section and provides the same invariants for discrete
parabolic equations.

6. Invariants

In the previous section we linked the three types of braid classes to natural
dynamical systems associated with these braid classes. They all share the
property that proper braid classes yield isolating sets for the dynamics.
In the case of discrete parabolic equations (Sect. 4) the Conley index is a
natural tool to define an invariant and draw conclusion about the dynamics.
In the previous section we also indicated that the Conley index approach
does not work. Therefore we will use Floer’s approach towards an analogue
of the Conley index in the two remaining cases. In Floer’s approach for
solving the Arnold Conjecture he develops a Morse type theory for Hamilton
action: Ay (x fo i fo ). The varlatlonal structure for the Heat
flow equatlon is given by the actlon Ay(q) = 5 fo |q: |2 fo , where
G’ = g. Finally, a variational prmc1p1e for discrete parabohc equatlons
is given by the action A({¢;}) = >, Wi(¢, gi+1), where W; are smooth
functions on [—1,1] x [—1,1] with the property that 9;0:W; > 0. In this
case R; = b W,;_1+ 01 W;. All equations introduced above are now gradient
flow equations and we can carry out Floer’s procedure.

6.1. Basic ingredients

Let us explain the basic ingredients of Floer theory for the Cauchy-Riemann
equations. The same applies the other two cases.
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e Compactness. Consider a proper relative braid class and the set M of
bounded solutions of the Cauchy-Riemann equations in the braid class.
Regularity and properness guarantee that the spaces M and S are com-
pact with respect to the appropriate topologies, see Sect. 5. Compactness
holds in all cases.

e Genericity of critical points. For a generic choice of Hamiltonians H, sat-
isfying (h1)-(h3) and for which the skeletal strands in Xy are solutions of
the associated Hamilton equations, the critical points of Ay in [X] rel Xg
are non-degenerate.? We should stress that the strands in X need not be
non-degenerate. The same result holds for the other cases.

e Genericity of connecting orbits. If H is generic then by the compactness
there are only finitely many critical points in Crit([X] rel X¢) — the criti-
cal point set. By the gradient structure of the Cauchy-Riemann equations
this implies that M is the union of space of connecting orbits:

M(Xrel xo) = ) My s ([x] rel x0),

x—,xteCrit

where M- «+ is the space of bounded solutions of Eq. (4) with limits X~
and X1 at s = 00 respectively. For a generic choice of (.J, H) the spaces
of connecting orbits are smooth manifolds without boundary. A generic
pair (J, H) for which H is chosen such that X consists of solutions of
the associated Hamilton equations, is called an admissible pair.

e Index function. One can establish a grading p(x) on the elements in
Crit([x] rel Xo) such that the dimension of My y+([X] rel Xg) is given
by the formula

dim My o+ ([X] rel Xo) = p(X7) — u(x*).

This is based on the theory of Fredholm operators and holds in all cases.
For the Cauchy-Riemann equation we choose p to be the Conley-Zehnder
index, for the Heat flow the classical morse index, and the same for the
discrete parabolic equations.

Obtaining these properties is possible in all three cases and is based
on standard analytical techniques. However, working out all details is very
tedious. With these requirements at hand we can build a chain complex.

fIf we choose J = Jy — the standard symplectic matrix — genericity can be obtained
by choosing a generic Hamiltonian.
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6.2. Floer homology, Morse homology and the Conley index

The construction of the chain complex and thus the Floer homology is a
standard procedure. By the compactness and genericity Crit([X] rel Xg) is
finite and we define the chain groups C([x] rel Xo) as formal sum }; o;X;,
with coefficients «; € Za. A boundary operator 9y : Cp — Cj_1 is defined
by the formula

OpX = Z n(x, x")x’,

p(x)=k—1

where n(x,Xx’) is the number of elements in My- «+([X] rel Xg), with
pu(X7) — u(XT) = 1. This number is finite by compactness and genericity.®
To prove that Jy is a boundary operator requires showing that d;_10, = 0.
The composition counts the number of broken trajectories, i.e. the number
of elements in the set

U (MX—,X’([X] rel Xg) x My x+([X] rel XQ)).

n(x)=k—1

The space My y+([X] rel Xo)/R, with pu(X~) — u(xT) = 2, is manifold
(without boundary) of dimension 1, and a detailed analysis — Floer’s gluing
construction — reveals that if My- «+([X] rel Xg)/R is not compact, then
the manifolds can be compactified to manifolds with boundary diffeomor-
phic to [0, 1] by adding broken trajectories in UM(X,):,%1 (My— o XMy x+ ).
The gluing construction also reveals that the procedure is surjective and
thus the number of broken trajectories is even, and thus 0_10; = 0. Sum-
maring (Cy,0s) is a chain complex and its homology is well-defined and
finite.

Definition 6.1. Let [X rel Xg] be a proper relative braid class with fiber
[x] rel Xg. Then,

HFy([X] rel Xo; J, H) := H,(C,9),
where (J, H) is an admissible pair, is called the Floer homology of [X] rel Xq.

The same constructions can be carried out for the Heat flow equation
and the discrete parabolic equations leading to the homologies

HM.([Q]L rel Qg;9), and HCL([Q]p rel qg; W),

&When p(x~) — u(xT) = 1, then set is 1-dimensional and this S is finite.
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where the latter is isomorphic with the Conley index. This statement can
be proved by using the arguments that relate 0y to Conley’s connection ma-
trix.'® The former will be referred to as the Morse homology of [Q]p rel Qg
and the latter as the homological Conley index of [Q]p rel Qq.

Another important virtue of Floer homology is that Conley’s continu-
ation invariance remains valid. In the setting of braid class invariants we
can use this to show that the invariants independent of (J, H), g and W
respectively, but also are independent of the choice of the fiber.

Theorem 6.1 (Ghrist, VandenBerg, Vandervorst and Wjcik?).
Let [x rel Xo] be a proper relative braid class and let [X] rel Xo and
[x'] rel X{, be fibers. Then,

HFy([x] rel Xo;J, H) & HF([x'] rel xg;J', H'),
for any choice of admissible pairs (J, H) and (J', H').
By the above theorem we can define the invariant
HEFy([x rel Xo]) := HFy([X] rel Xo; J, H), (6)

for any fiber [X] rel X¢ and any admissible pair (J, H).

The proof of Theorem is based on the continuation principle which
was first proved by Floer.® In proof two chain complexes are compares by
considering a non-autonomous version of the Cauchy-Riemann equations
(4). This analysis is standard by now, but is very involved in all its details.

For the remaining two cases we obtain the same result which yields
the invariants H M, ([Q rel Qo]r) and HC.([Q rel Qg]p), where the latter
corresponds to the invariant defined in Theorem 3.1.

6.3. Basic properties

As pointed out before, braids on D? may have positive and negative cross-
ings. However, Legendrian and piecewise linear braid only have positive
crossings. The next theorem gives a relation between crossings and homol-
ogy shifts. Consider the mapping z(t) — (Sz)(t) := exp(2nJot)z(t), which
adds a full twist to z, i.e.

W (ST,0) = W(T,0) + 1,

where I' is the curve traced out by x and ST the curve traced out by
Sz. The same applies to arbitrary integer powers of S. The map x — Sz
can be applied to a braid by applying it to all strands at the same time. In
particular the mapping X rel Xq — S*X rel S*Xq is well-defined. If [X rel X]
is proper, then so is [SX rel SXo] for all £ € Z.
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Theorem 6.2 (Ghrist, VandenBerg, Vandervorst and Wéjcik?).
Let [X rel Xg] be a proper relative braid class. Then

HF([S*x rel S*X¢]) & HFy_o([X rel X)), VEk € Z,
and for any ¢ € Z.

If we choose ¢ > 0 sufficiently large, then the braid class [S*x rel S*X(] is
positive, i.e. there exist representatives X rel x§ in [SX rel S*X], which
are positive braids and thus [S*X rel S*x¢] = [XT rel xj]. For a generic
choice of Xt rel x§ € [S’X rel SXg] the g-projection is a braid diagram
Qt rel Qar and under the embedding ¢ +— (g, ¢q) the associated braid
xL rel x§ is contained in [S*X rel S*x¢] = [x* rel X{]. From Q* rel f
we can discretize by g; = ¢q(i/m + 2) where we chose d = m + 2 (or larger),
and which yields g™ rel qar . By regarding the sequences as piecewise linear
functions we obtain braid diagrams QP rel QOD contained in [QT rel Qar ].
The following diagram gives an overview of the relations:

Xxrel X = X' relxd = Qtrelq] = qfrelqf

l l l
[Sfx rel S%o] «  xT rel x§ QP rel @f
l l

[Sfx rel S*Xg] « [QT rel (]
Theorem 6.3. Let [X rel Xg] be a proper relative braid class, and let
xt rel x§, @ rel Qf, qT rel qf as described above. Then,

HF,_2([X rel Xo]) 2 HM.([Q" rel Qf]) 2 HC.([q" rel qf]), (7)

where £ > 0 is chosen such that [S*X rel S*X¢] is a positive braid class (see
above).

This theorem is fundamental for computing the Floer and Morse ho-
mology via the discrete invariants.! The latter are computable via cubical
homology.

7. An example

Consider a skeleton X consisting of two braid components xo = {x}, X3},
with x} and x2 defined by

2nn ; 27N (1
Xg') = {’]"16 m Zt7... ’fr‘le m 7’(t m+1)}’

27n’ . 2rn’ o0 7
X§ = {7‘26 mr L pge i m+1)}.
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where 0 < r1 <7y <1, and (n,m) and (n/, m’) are relatively prime integer
pairs with n # 0, m > 2, and m’ > 0. A free strand is given by x = {x(¢)},
with 2(t) = re?™* for r; < r < o and some /¢ € Z, with either n/m < £ <
n'/m' or n/m > ¢ > n'/m’, depending on the ratios of n/m and n'/m’. A
relative braid class [X rel Xg] is defined via the representative X rel Xo. The
associated braid class is proper and the Floer homology is given by

Zo fork=20,20+1

FH([X rel Xg]) =
el o) {O otherwise.

The choice of either 2 — 1 or 2¢+ 1 depends on the cases n/m < £ < n'/m/
or n/m > £ > n'/m’ respectively. From this one derives the existence of
non-trivial solutions for any Hamiltonian system for which Xy are periodic
solutions. We can also apply these ideas to diffeomorphisms of the 2-disc.
An invariant set A for f,i.e. f(A) = A, can be related to a braid class Xg
via its mapping class. The following result is taken from,2 not as a novel
result, but more as an example.

Theorem 7.1 (Ghrist, VandenBerg, Vandervorst and Wjcik?).
Let f : D? — D? be an area-preserving diffeomorphism with invariant set

A C D? having as braid class representative Xo, where [Xo] is as described
n

above, with - # Hl, relatively prime. Then, for for each l € Z and k € N,
satisfying
n | n I n

— < -< — or
m k m’

n
m kT w
there exists a distinct period k orbit of f. In particular, f has infinitely
many distinct periodic orbits.

Proof. Since f is area-preserving on D?, there exists a Hamiltonian H such
that f = 41 g, where ¢, g the Hamlitonian flow generated by the Hamilto-
nian system x; = Xy (¢,2) on (D?,wp). Up to full twists A2, the invariant
set A generates a braid vy g(A) of braid class [ty g (A)] = [Xo] mod A?
with

v (4) = %o = {%0, X5}

When k = 1, there exists an integer N such that the number of turns in
Xy and X, are related to Xo as follows: L — 2 4 N and % = ]fl—/, +N
respectively. Consider a free strand X such that X rel Xg ~ (X rel Xg) -
AN with [x rel Xg] as before and with [ satisfying the inequalities above.

Geometrically X turns [ + N times around X; and each strand in X turns
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% times around X. The Floer homology of [X rel Xg] is given above and is
non-trivial and by Theorem 6.2, F Hy, ([X rel Xo]) & FHy_ann ([X rel Xgl).
Therefore the Floer homology of [X rel Xo] is non-trivial, which implies the
existence of a stationary relative braid X and therefore a fixed point for f.

For the case k£ > 1, consider the Hamiltonain kH; the time-1 map
associated with Hamiltonian system x; = Xz is equal to f*. The fixed
point implied by the proof above descends to a k-periodic point of f. O

A more interesting application is to combine Theorem 6.3 with the dis-
crete calculation of the braid class invariants for the braid class in Fig. 1.
For any map f : D? — D? or any Hamiltonian system for which the strands
Xp in Fig. 1 are stationary the Floer homology is given by

FHy([x rel xo]) = Zo for k = # middle crossings
0  otherwise.

In Fig. 1 the crossing at ¢+ = 1 is a ‘middle crossing’. This becomes a choice
between three different crossings in a concatenated diagram. As before, by
considering iterates f™ of f we obtain an exponential explosion of periodic
points (or, periodic solutions for the Hamiltonian system), showing that the
topological entropy of f is positive whenever the mapping class of f rel A
(invariant set A) is represented by [Xq].2
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In

(1) V(G) = {v1,--- ,vp} and there exists an directed edge e;; from i to j
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Let L = (I35)1<4,j<p be a square matrix with l;; > 0. We present a method to
calculate the exponential growth rate of the number of paths in an associated
directed graph G with length information L, via classfying the paths by their
types of primitive cycles. After computing several examples, we show that the
exponential growth rate equals to the topological entropy of special suspension
flows associated to L, and this entropy is equal to the unique number A such
that the principal eigenvalue of (e_lijk)lgi,jsp is 1.

Introduction

this paper we consider a directed graph whose edges can have different
length. Let p > 2 be an integer. Consider a matrix of length information
L = (lij)1<ij<p with l;; > 0. We can associate a directed graph G to L as

forallé,5=1,---,p.

(2) The length of e;; is I;; for all4,j =1,--- ,p.

For simplicity, we also allow the case [;; = +-00. When [;; = 400, it simply

means that there is no edge from v; to vj.

L,

Let T > 0 be a positive real number. We consider the collection P(G,T)
of piecewisely smooth paths v : [0,7") — G, where G has length information

satisfying
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o y(ty) = Vi(ty,) for 0 =ty < -+ < t, <T with tg4q1 —tr, = li(tk),i(tkH)
fork=0,--- ,n—1.

° 7|[tk,tk+1] is exactly the direct edge e;,),i(t,,,) With unit speed for
k=0,---,n—1.

® Y|, ) lies totally in one edge e;,); and T — t, < [, ),; for some
unique 1 < 5 < p.

Now we define the exponential growth rate of the directed graph G with

length information L to be

ML) = X@) =l log #P(G.T). (1)
We could replace the limit by limsup or liminf in (1) if the limit does not
exist. However, we shall see that the limit always exists. To estimate A(G)
we classfy the paths in P(G,T) by different types of primitive paths of G.
Thus we reduce the estimate of #P(G,T) to the extimate the number of
paths having each possible types. This procedure is performed in Section 2
for several simple cases, showing that in these cases the limit (1) does exist.
The calculations there also suggest there might be some relation between
ML) and the principal eigenvalue of the matrix e 1A = (e7lid) o, i<,
Note that the exponential matrix we have here is different from the normal
one. Here we just simply raise each entry of the matrix by e.

We prove in Section 3 that the exponential growth rate equals to the
topological entropy of special suspension flows associated to L (hence the
limit (1) always exist), and also equals to the unique real number A such
that the principal eigenvalue of e =1 is 1. (We note that above X is unique
since the principal eigenvalue of e~ is strictly decreasing with respect to
AeR)

The Perron—Frobenius Theorem states that for each irreducilbe nonneg-
ative matrix A = (a;5), i.e., a;; > 0 and (A™);; > 0 for some m > 1 for all
i,j = 1,--+  p, there is a unique simple and positive eigenvalue of A with
maximal norm. This eigenvalue is called the principal eigenvalue of A. For
general nonnegative matrix A there also exists an eigenvalue of maximal
norm among all eigenvalues of A. In this case it may not be simple and
there may exists other eigenvalue of same norm.

To conclude this section, we explain why directed graph with varying
lengths of edges is interesting and useful. In a normal subshift of finite
type, any entry of the transition matrix is either zero or one. That is either
there is no path from one vertex to another, or there is one with fixed
length. There are natural situations where transition to different states may
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require different time. There is an abundance of such example in population
dynamics. A simple example would be a species consisting two groups, with
each group having different reproduction rate.

Another situation where we have directed graph with varying edge
lengths is the suspension of Anosov diffeomorphism, or a suspension of
hyperbolic invariant set. In general, the topological entropy will depend on
the length of the transition at each point, therefore it is very difficult to
calculate. However, if the transition time between any two Markov parti-
tions is a constant, then calculation is possible and this is exactly what we
used to derive our formula.

Finally as an example, let h the topological entropy for the directly
graph with the following length matrix

=)

for some 7 > 0. Then h = In Ay, where A; is the unique positive root of
AT AT —1=0.

2. Exponential Growth Rate of Directed Graph with
Length Information

Let L be a matrix of length information and G the directed graph associated
to L whoes edge e;; is of length I;; for 1 < i,j < p. Set I* = max{l;;|l;; <
oo}. We will use f(T) ~ ¢(T') to denote the relation limp_, 4o (f(T) —
g(T)) = 0. Recall that for ' > 0, P(G,T) is the collection of piecewisely
smooth paths defined be (1). Note in the case l;; = oo for some i, j, any
path in P(G,T) will have no edge of e;;, or the number of paths containing
e;; always be zero.

2.1. Case 1

Firstly let us consider a special length matrix L with l;; = {; for all 4,j =
1,---,p. The case l;; = [; for all 7, j can be treated by revising the direction.
We need to compute N(L,T) = #P(G,T). For i = 1,--- ,p, let n;(7y) to
be the number of times the path v € P(G,T) passing through the vertex
v;. Then define

TH(T) = {(n:)?_, : n; > 0 and Zlm [T, T +1%)}. (1)

For each choice (n;)P_, € T'(T) there would be H;' L ”‘) kinds of different
patterns of paths which pass each vertex i for exactly m times. For T large
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enough we have N(L,T') < 32, yr_ eri(r) N((n:)?_,) < N(L,1*)-N(L,T).
Note that #I'}(T) has polynomial growth as 7' — oo. Then

1 1 (i ma)!
(n)eTH(T) =%
1 (T, g
~ —1 1
(moer(n) T 8 R I
D M Siani oy
= = 1 = - T 1
W ST BT T L )

Then we get the limit A(G) = limy_, o = log N (L, T) exists and equals to,
via putting x; = n;/T for each i € {1,---,p},

P P
G) = max{(z xi)log(z x;) le logz; : ©; > 0 and Zl x; =1}
i=1 i=1

i=1
Solving this conditional maximal problem we easily get the exponential
growth rate A(G) to be A where X is the unique positive solution of

1€ =1.

2.2. Case 2

Secondly let us consider a 2 x 2 length matrix L. Given L = (;11 ;12 )
21 22

For a directed graph G with two wertices the collection of primitive cycles
contains

(1) two 1-cycles, denoting as b; consisting exactly one edge e;; for i = 1,2,
(2) a 2-cycle bya, consisting of exactly one edge e12 and one edge ea;.

Every path v € P(G,T) can be divided into some combination of
these bricks and at most one extra ejs or es;. For example the path along
122111221112 has: four bricks of b1; two bricks of by; two bricks of b5 and
one extra edge ej2. Let J = {1,2,12}. Given a path « of length T', we use
n. to denote the number of times that the primitive cycle b, appears in y
for each * € J. Then

I(T) = {(n4)ses : ny >0 for each x € J (2)
and l11n1 + loang + (l12 + lo1)n12 € (T — l*,T]}.

Let N(ni,m2,n12) be the number of patterns of paths consisting
of mn, copies of primitive cycle b.. Then for T large enough we have
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N(L,T = 1") < ¥ yer2(ry N(n1,n2,n12) < N(L,T). Now it is easy to
see N(ny,ng,nig) = Cp'y, - Cr2,,  #I?(T) has polynomial growth as
T — oo and

1 1
TlogN(L,T) ~ Tlog Z N(ni1,n2,n12)

(n+)ED2(T)
1 n n
= T log Z Cn11+nlz Cn22+nlz
(n*)EF2(T)
~ ax { log (1 + i)™t + 1 lo (ng 4 ng)"2 ™2
(n*)el‘?(T) T ni'nis? T % ng2nys?
= max {n1—|—n1210 n1+n12—ﬂlo ﬂ—Elo m2
(et 8T T %®T T %
n2—|—n1210 TL2—|—TL12__1 __%1 E}
T T T 8T

Let ., = n,/T for each * € J. Similarly to Case 1 we have the limit
ML) =limy— 40 7 log N(L,T) exists and satisfies
ML) = max{(z1 + z12) log(z1 + z12) — x1log x1 — z12 log z12
+(z2 + z12) log(z2 + z12) — x2logxe — x12log x19

z,. > 0 for each * € J and {1121 + (112 + 121)3312 + lagx9 = 1}.

Solving this conditional maximal problem we easily get the exponential
growth rate A(G) to be A where A is the maxiaml positive solution of (1 —
efl11>\)(1 _ e*l22>\) — efhg)\flgl)\'

Remark 2.1. Above relation can be written as

det L 1.y | =0.
e 21 1 —e 22

We will see that A is the unique real number such that the principal eigen-

value of the matirx e~ %* is 1.

2.3. Case 3
Ii1 112 lio

Now we consider p = 3. Given L = | la1 l22 l23 |. We are to compute
I31 I32 I33

N(L,T). For the directed graph G with three vertices, the collection of
primitive cycles contains

(1) three I-cycles denoting as b; consisting exact one edge e;; fori = 1,2,3,
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(2) three 2-cycles b;; consisting of exactly two edges e;; + ej; for ij =
12,13, 23,
(3) two 3-cycles biag and by3o consisting of e12+e23+e31 and e13+e32+€21.

Every path of length T can be divided into some combination of these
bricks and at most two extra edges e;;. For example the path along
12233111323313213112323 has: three bricks of by ; one brick of by; two bricks
of b3; two bricks of b13; two bricks of ba3; one brick of bio3; one brick of by3s;
two extra edges ejo and eo3. Let T = {1,2,3,12,13,23,123,132}. Given
a path ~ of length T', we use n. to denote the number of times that the
primitive cycle b, appears in «y for each x € Z. Then

3
D7) ={(na)eez: ne >0, Limi+ > (L +Lji)ni (3)

i=1 ije{12,13,23}

+ Z (Lij + Uik + lei)nige € (T =17, T}
ijke{123,133}

Let N((n.)xez) be the number of patterns of paths consisting of n.
copies of primitive cycle b, for each * € Z. Clearly each path v €
P(G,T) has a unique type ((n.)) € I'3(T). We have N(L,T —1*) <
> moyers(ry N((n)wez) < N(L,T). With (n.) bricks we can build a path
by firstly arranging the 3-cycles, secondly adding 2-cycles, and finally
adding the rest 1-cycles. Using combinatorial method it is easy to get

N((nu)sez) =
CTL123 CTL12 Cnls ans

ni123+N132 ~Mi23+ni132+n12 ~ Ni23+niz2+ni2+niz “nizz+nize+niz+niz+nas

ch!

cn? cns
ni123+ni32+ni2+ni3+n1 “ni2z+nizz+niz+n2z+nz “nizz+nizz+niz+n2z+ns?

and similarly we get, via 2, = n./T for each * € Z as in Case 1 and 2,

1 1
MG) = lim —logN(L,T)= lim —log N((nw)«ez)
T—+oco T T—+oo T (n*)ezl‘f’(T)

= max{(z123 + T132 + T12 + T13 + X23) log(r123 + T132 + 12 + T13 + Ta3)
— x123log w123 — 132 log X132 — w12 log x12 — w13 log w13 — wo3 log o3
+ (T123 + T132 + T12 + 13 + 21) log(z123 + 132 + T12 + T13 + 1)
— (2123 + 132 + 212 + 713) log(2123 + 132 + 212 + T13) — w1 log 7y

+ (2123 + 132 + 212 + T23 + 22) log(x123 + Z132 + T12 + T2z + 22)
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— (@123 + T132 + T12 + 223) log(z123 + T132 + 12 + Z23) — w2 logxs
+ (2123 + 2132 + 213 + w23 + 23) log(x123 + 2132 + T13 + T2z + 23)

— (w123 + 132 + T13 + T23) log(xi23 + T132 + T13 + T23) — x3logws

3
z, > 0 and Z lizx; + Z (lij + lji)xij
i=1 ije{12,13,23}
+ Z (Lij + Ljg + ki) wije = 1}
ijke{123,132}
Solving this conditional maximal problem we easily get the exponential
growth rate A(G) to be A where \ is the maximal positive solution of

(1 _ e_lllA)(l _ e—lgz)\)(l _ e—lgg)\) _ e—l12)—l23)\—l31A _ e—l13A—l32A—l21)\

(4)

—(1 — pl3zAy,—li2A—l21 A _ o l2a Ay —lizA—l31 A _ ol Ay —lazA—l32 A
(I1—e )e +(1-e )e +(1-e )e .

Remark 2.2. Similarly as in Remark 2.1 we observe that (4) can be written
as det(I — e ) = 0. We will see that A is the unique real number such

that the principal eigenvalue of the matirx e % is 1.

Above two remarks lead us to conjecture the relation of the exponential
growth rate of matrix L of length information and the principal eigenvalue
of the matirx e~L* as we will see in next section (See Theorem 3.5).

Remark 2.3. Generally for a directed graph G with p vertices, we can
find C? - (i — 1)! kinds of i-cycles for i = 1,--- ,p. So for a p x p matrix of
length information L with p > 4, we can compute A(L) = A(G) similarly
by analyzing the primitive cycles. Clearly things along this line would be
some more complex.

3. Exponential Growth Rate, Topological Entropy and
Principal Eigenvalue

In this section we show the exponential growth rate of the associated di-
rected graph G with length information L equals to the topological entropy
of special suspension flow associated to G (or L), and equals to the unique
real number for which the principal eigenvalue of the matirx e=%* is 1. The
later two notations have been treated by various authors.

Firstly we recall the construction of suspension flow associated to a
continuous ceiling function ¢ : X — (0, 00) over base system (X, T) (see?).
Consider the quotient space X = {(z,t) € X xR : 0 < ¢ < ¢(x)}/ ~, where
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~ is the equivalence relation (z,c(t)) ~ (T'z,0). The suspension with c is
the semiflow T : X — X, given by T'(z,s) = (T"x,s') where n and s’
satisfy

ift+s<c(z), thenn=0,8=¢t+s;
ift+s>c(x), thenn>1,0<s" <c(T"x)
and Y e(Tix) + 8 =t + s.

Let ¥, = {1,---,p}%+ and o be the shift over 3,. Now given a matrix

L of length information, we associate a ceiling cr, : ¥ — (0,00),x — lya,

over base system (Xr,0) where ¥y = {z € ¥, : l5, »,,, < oo foralln >

0} and o is the shift restricted on ;. There is a supsension semiflow

EL — EL Note that EL is a compact metrizable space (see andl)

Recall the metric on Xy, as d(z,y) = sup{2™" : n > 0 and z,, # y,}. The
metric on ¥ 1, satisfies

min{d(z, ), d(oz,0y)} < p((x,s). (y.5") < d(a,y) +|s - &

We will make the following reduction. If there is a vertex v; at where
lij = oo for all j = 1,---,p, then any path through v; will stop passing
new vertex and make no contribution to A(G). So we will eliminate all such
vertices for the original graph. Similarly we can eliminate the vertex v; if
lij =00 foralli=1,---,p. Up to finite reduction steps we can assume:

Each vertex has both finite length edges come to and leave that vertex.
Then every path of finite length represents a nonempty open set of Y.

Notation 3.1. Consider T > 0 large and a point (z,0) € %z. We will
assign it a path v, € P(G,T) by following steps. Define ¢ty = 0 and t; =
E;:é lz; z;s, for k> 1. There is a unique n > 1 such that ¢, <T < t,41.
Then we define a piecewisely smooth path v, € P(G,T) as

Yelit; t;4.] 18 exactly the edge ey, »;,, for each j =0,--- ,n —1 and

Yelt,,,ry totally lies in the edge ez, 2, ,-

Conversely for each v € P(G,T) we can extend v arbitrarily (by reduction
assumption), certainly avioding the edges e;; with l;; = oo, to generate a
path 7 : [0,00) — G with Jjo,7y = 7. Then set x; = y(t;) for 0 =ty < --- <
t; < ---, and designs a point 7 € ¥, with (z7), = x, for every n > 0.
Although the choice of 27 is not unique, the map v — 7 is injective from

,P(G7T) to EL.
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Proposition 3.2. Let L be a matriz of length information, G a directed
graph associated to L and (EL, ol ) the semiflow associated to L. Then we
have M(G) = hiop(3) = hiop(Gt), i.e., the exponential growth rate on paths
in G exists and coincides with the topological entropy of G*.

Proof. Let r(e,T) = max{#E : E C %, and E is (¢, T)-seperated}. The
topological entropy of & is defined as (see®)
~ 1 1
hiop() = lli% thlio%f T logr(e,T) = 1511 lijgl_?;p T logr(e, T).
Let Xo = {(z,0): 2 € ¥1} C ¥ 1. Since & flows in unit speed in t-direction,
it suffices to consider the (e, T)-seperated subset of Xg. Let r(e, T, Xg) =
max{#E : E C X is (¢, T)-seperated}. Then we have

htop(d) = lgr(l) h:/r“njo%p % logr(e, T, Xo) = ll_r% hTHiio%f % logr(e, T, Xo)

(1) Let € > 0 small, T > 0 large and E7 be a maxmial (e, T')-seperated
subset of Xo with #E7r = 7(¢, T, X). Pick N = [%] + 1. Then we have
d(z,y) < e '™N <¢/2if 2, =y, forn=0,---,N. Let C = N -I*. For
each (x,0) € Er we consider a path v, € P(G,T + C) assigned to z as in
Notation 3.1 for every (z,0) € Er.

Claim 1: The mapping Er — P(G,T + C), (z,0) — =, is injective.

Justification. Let (x,0),(y,0) € Er and (2,0) # (y,0). If v, = v, €
P(G, T + C), then we have zp = yi for all ¥ = 0,---,n, where
Z;é lrk,rk+1 <T + C S ZZ:O lrk,rk+1'

Since (z,0) # (y,0) and Er is (e, T)-seperated, p(t(z,0),5¢(y,0)) > €
for some t € [0,T). Let ¢ > 0 such that o(z,0) = (092, s) and 7*(y,0) =
(09y,s) for some 0 < s < Iy, 4,,,- Note that n — N > ¢ by our choice of C.
So the first N coordinates of 0%y and o%x coincide. Then

€ < p(@'(2,0),5'(y.0)) = p((02,5), (0, 5)) < d(0?z,0%y) < /2,

which contradicts in itself. This finishes the proof of Claim 1.
By Claim 1 we have #P(G,T 4+ C) > #Er =r(e, T, Xo) for all T > 0
and hence

. A el L1
= — > —
AT (G) hjgnmf log#P(G,T) hjgnmf logr(e, T, Xo).

Since € > 0 can be arbitrary small we have A\~ (G) > htop(7).
(2) Let T > 0 be large enough and make a choice of the point 7 € X,
assigned to each path v € P(G,T) as in Notation 3.1. We have
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Claim 2: The set {(27,0) : v € P(G,T) and v(0) = v;} is (1/2,7)-
seperated for each j =1,--- ,p.

Justification. Fix j € {1,--- ,p}. Let v,n € P(G,T) be two different paths
starting at the same vertex v;. Let 7 = (2n)n>0, ¥" = (Yn)n>0 denote the
correspondin points in Xy. There exists a unique g > 0 such that z; = y;
for j =0,---,q and zg41 # Ygt+1. Let t = ZJ olej s, Then t <T and
at(z7,0) = (¢2,0), (y",0) = (09y,0). So we have

pT((x’Ya 0)7 (yna 0)) > P(at (m’yv O)a ot (ynv 0))
> min{d(c%2”, 0%y"),d(c? 27, 01T y")} = 1/2.

Thus {(27,0) : v € P(G,T) and v(0) = v;} is (1/2,T)-seperated. This
finishes the proof of Claim 2.

By Claim 2 we have #P(G,T) < p-r(1/2,T,X,) for all T > 0 and
hence

1 1
AT(G) = limsup 7 log #P(G,T) < limsup 7 logr(1/2,T, Xo) < hiop(5).
T—o0 T—o0

Combining (1) and (2) we have the limit A(G) = limp_. £ log#P(G,T)
exists and equals to hp(0). This complete the proof of proposition. O

Given a positive matrix A, we use 7(A) to denote the principal eigen-
value of A. Let U = U(4,5),1 < 4,5 < n be a positive matrix, then U
defines a nearest pair potential. This is regarded as an energy of the in-
teraction between ith and jth state in a Markov chain. For any invariant
probability measure pu € M(c), one can define, as in statistical mechanics,
the so-called free energy. The free energy is roughly the total energy associ-
ated with the invariant measure minus the entropy of the invariant measure
ey (i) — s(p). One consequence of the main results of Spitzer” is that, for a
finite positive potential U(x) = U(i,j) over the shift dynamics o : ¥ — 3,
we have the following inequality ey (p) — s(u) > —log7(e~Y). Moreover,
there is a unique Markov measure attaining the minimum. We note that
by standard abusing notation, we use the same U to indicate the matrix
U = (U(i,5))1<i.j<p- Also we write e=V = (e7V());, ;< as explained in
the introduction.

To make this result suitable for our purpose, we need the notion of topo-
logical pressure. For a continuous function ¢ : X — R over an dynamical
system (X,T), the topological pressure P (T, ¢) is defined by

P(T,¢) =lim lim — log sup{z e?@) . B is (8, n)-separated},

d—0 n—oo
zeE



222 7. Xia and P. Zhang

where

n—1

n (2 Z¢ (T*)

The variational principle implies that P(T,¢) = sup,ecar)(hu(f) +
[ ¢dp) (see®). Then the conclusions of” show that P(o, —U) = log7(e~Y)
and there is a unique equilibrium state g which is exactly the Parry mea-
sure associated to e~Y. We will show some of above results hold for our L
with some [;; = oo.

Lemma 3.3. For a matriz U we consider the e~U by setting (e*U)ij =0
if Uij = oo. Let T(e7Y) be the maximal norm of all eigenvalues of e=Y
Then P(o,—U|Sy) = logT(e~Y).

Proof. The first part of the proof in” shows that P(o,—-U|Zy) <
log 7(e~Y). In the following we assume log 7(e~Y) > —oco. Consider K large
and (Ug);; = min{K, U;;}. In this case we can directly apply Spitzer’s re-
sult to get

(1) a finite positive matrix e~UX with principal eigenvalue T(e~VK),
(2) a Markov measure v on X, with h,, (o fz Uk (z)dvi(z) =
log 7(e~Ux).

Clearly 7(e~Yx) — 7 for some nonnegative real number 7 as K — oo.
Since the eigenvalues depend continuously on the matrix, we have 7 =
7(e~Y). Pick a sequence K,, — oo such that v, = v, converges weakly to
a o-invariant measure g (not necessorily unique). Note that Uk is monotone
with respect to K, we have for each m >n > 1

hy,, (0)— Uk, (z)dvm,(z) > hy,, (0)— Uk,, (z)dvm,(z) = log T(e*UKm ).

ZP ZP
(1)
By the uppersmeicontinuity of entropy, we let m — oo to get h ulo) —
fzp Uk, dpu > log (e~ V) for each n > 1. So we have h, ( fz x)dy >

log7(e~Y) > —oo. This also implies that y is supported on Xy since p is
o-invariant. So we have P(o, —U|Zy) > log 7(e~Y). This finishes the proof
of lemma. O

Remark 3.4. In above proof we see for nonnegative matrix A there also
exists an eigenvalue A\(A) of maximal norm among all eigenvalues of A. By
abusing notations we still call A\(A) principal in this case.
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Finally, we are ready to state and prove our main theorem.

Theorem 3.5. Let L be a matrix of length information, G a directed graph
associated to L. Then the exponential growth rate on paths in G equals to
unique real number X such that the principal eigenvalue of the matirz e~
15 1.

Proof. Denote M(c,X1) the set of invariant probability measures on Xy,
and M({o"}+>0, 5 ) the set of flow-invariant probability measures on YL
There exists a one-to-one correspondence p <« py, between M(o, %) <

M({0'}450,51) (see>2). Then by the Abromov formula (see26) we have
hu, (o) = W(g))du for every pu € M(o,X1). This is the same as to say

h = hyop(0) is exactly the unique solution of P(o, —hcp|¥L) = 0.

Now applying above lemma to U = Lh we have 7(h) = 1 where 7(h) =
7(e~ L") is the maxiaml norm of eigenvalues of e =", Since () is strictly
deceasing with respect to x € R, we have x = h is the unique real number
such that 7(h) = 1. Return to our matrix L. By Propsotition 3.2 we know
MG) = htop(d) = h. This finishes the proof of theorem. m|
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RABINOWITZ’S THEOREMS REVISITED

W. Zou

Department of Mathematical Sciences, Tsinghua University,
Betjing 100084, People’s Republic of China

Dedicated to Professor P. Rabinowitz’s 70th Birthday

In this note, we revisit the classical theorems due to P. Rabinowitz on the
symmetric or non-symmetric functionals with applications to superlinear un-
perturbed or perturbed elliptic equations. We shall provide some more delicate
properties and generalizations on those results obtained before.

1. Introduction

In the well-known brochure,?® P. Rabinowitz considered the following su-
perlinear elliptic equation:

—Au = f(z,u) in Q,
{ u=0 on 09, 1)

where Q is a smooth bounded domain of RY (N > 3). Assume

(A1) f € C(Q x R,R) has subecritical growth: |f(z,u)] < ¢(1 4+
lul*"1) forallu € Randz € (, where s € (2,2%) and 2* =
2N/(N - 2);

(Ag) there exist 4 > 2 and R > 0 such that 0 < pF(z,u) < f(x,u)u for
z € Q,|u| > R, where F(z,u) = [} f(z,v)dv;

(A3) f(z,u)is odd in w.

By using the symmetric mountain pass theorem established by A.
Ambrosotti-P. Rabinowitz in,! P. Rabinowitz obtained the following theo-

rem whose earlier version was given in.!

Theorem 1.1. (see [25, Theorem 9.58]) Assume (A1)-(As). Then (1) has
an unbounded sequence of weak solutions.
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The symmetric mountain pass theorem had been applied to miscellaneous
equations with symmetry since 1973. Also, there are a great number of
papers on the variants or generalizations of theorem 1.1, see?®*! and the
references cited therein. Here we prefer not to outline those references on
this literature.

On the other hand, if the nonlinear term on the right-hand side of
(1) is not odd, the following perturbed equation was considered by some
mathematicians in the early 1980s. In,?*25 P. Rabinowitz considered the
following equation:

—Au = f(x,u) +g(z,u), uec HIHQ), (2)
where f,g: x R — R are Carathéodory functions.
Theorem 1.2. (see [25, Theorem 10.4, Remark 10.58] and®#) Assume that

(A1)-(As) hold and the perturbation term g satisfies |g(x,u)| < c(1 + |u|?)
forall x € Q and uw € R, where 0 < o < p— 1 is a constant. If moreover,

(N+2)—(N-2)(s-1) _ 4
N(s—2) >,u—0—17 ®)

then the perturbed equation (2) has an unbounded sequence of weak solu-
tions.

Note that f(x,u) + g(z,u) is not assumed to be odd symmetric in wu,
this kind of semilinear elliptic problems is often referred to as ¢
bation from symmetry” problems; here the symmetry of the correspond-

¢ pertur-

ing functional is broken completely. A long standing open question which
even today is not adequately settled is whether the symmetry of the func-
tional is crucial for the existence of infinitely many critical points (cf. M.
Struwe [34, page 118]). Several partial answers had been obtained in the
past 30 years. A very special case

—Au = |ul*Pu+p(x), ue H&(Q) (4)

was first studied by A. Bahri-H. Berestycki? and M. Struwe° indepen-
dently. In A. Bahri,® the author considered (4) and proved that there is
an open dense set of p(z) in W~12(Q) such that (4) has infinitely many
solutions if s < 2N/(N — 2). In,* by using Morse index, A. Bahri-P. L.
Lions considered (2) and got infinitely many solutions where, in particular,
the assumption on s is much weaker than that in (3) (see also,! where K.
Tanaka studied (2) by Morse index methods up to f(z,u) = f(x),0 = 0).
In,3? H. T. Tehrani considered the case of a sign-changing potential. P.
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Bolle-N. Ghoussoub-H. Tehrani'! also got some results on the following
perturbed elliptic equation:

—Au = |ul*%u+p(z), inQ; u=ug, on I, (5)

where ug € C?(Q,R) with Aug = 0and 2 < s < 5. Y. Long?? considered
the perturbed superquadratic second order Hamiltonian systems. We em-
phasize that all the papers mentioned above mainly concern the existence
of infinitely many solutions only. In the past years, this question has raised
the attention of other authors; see for example the survey paper'® as well
as the recent work in'4-,1626:36:37 their references.

In this short note, we revisit these classical theorems mentioned above.
We shall provide some more delicate properties of the solutions related to
Theorems 1.1-1.2.

2. Symmetric Case

Let (E,{-,-)) be a Hilbert space with the corresponding norm || - ||, P C E
be a closed convex (positive) cone. We call the elements outside =P sign-
changing. Let Z be a subspace of E with E = Z1+ & Z, dimZ* = k—1. The
nontrivial elements of Z are sign-changing. We assume that P is weakly
closed in the sense that P > up — u weakly in (E,| - ||) implies u € P.
Suppose that there is another norm ||-||. of E such that |lul|. < C.|Ju|| for all
u € E, here C, > 0 is a constant. Moreover, we assume that |[u, —u*|l. — 0
whenever u, — u* weakly in (E,| - |). Let G € C'(E,R) be an even
functional and the gradient G’ be of the form G’'(u) = u — J(u), where
J : E — E is a continuous operator. Let K := {u € E : G'(u) = 0} and
E:= E\K, K[a,b] :={u e K:G(u) € [a,b]},G* := {u € E: Gu) < a}.
For g9 > 0, define D,, := {u € E : dist(u,P) < £o}. Set D := D, U
(=D.,), S = E\D. We make the following two basic assumptions which
can be satisfied easily for most applications.

(Hy) J(+Ds,) C £D; for some ¢ € (0,0); KN (E\{-PUP}) C S.
(Hz) For any a,b > 0, G*N{u € E : |lul]|« = b} is bounded in (E,| -

Il). There exists a p > 0 such that inf G > —oo. Moreover,
u€Z,||ull+=p

Yllilnh G(u) = —oo for any subspace Y C E with dimY < oo.
uey, ||ul|—oo

The functional G is said to satisfy the (w*-PS condition on [a, ] if for any
sequence {uy, } such that G(u,) — ¢ € [a,b] and G’ (u,,) — 0, we have either
{un} is bounded and has a convergent subsequence or |G’ (uy,)||||un| — oo.
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Let Y C E be a subspace of F with finite dimensional dimY > k. Define
0= inf sup G.

YCE,
k<dimY <oo
The following theorem can be regarded as a new symmetric mountain pass

theorem which was proved very recently in.*?

Theorem 2.1. (cf4?) Assume (Hy)-(Hz) hold and G € C! is even. If there

is a Ao > 0 such that G satisfies (w*-PS) condition on [H | inf ZG,B +
Ul «=p, UE

o], then G has a sign-changing critical point uw € S with
G(u) €[ inf G, (]

llull.=p, ueZ

If further G is of C?, then the augmented Morse index of u is > k.

The study of sign-changing solutions to some elliptic equations has been
an increasing interest (cf.> 718:21,35,:36,38°42 a1 d the references cited therein).
As finding existence result in classical case, the information on Morse index
of sign-changing solutions can yield new conclusions. In paper® by using
critical group and algebraic topology arguments, two kinds Morse indices
of sign-changing solutions were obtained: one is sign-changing solution of
mountain pass type with Morse index less than or equal to 1; another
one may be degenerate and has Morse index 2. The Morse indices of sign-
changing critical points produced by general minimax procedure can be
determined as that of.36:3%41 Assume

(B1) f € CYQ x R,R) with subcritical growth: |f(z,u)] < ¢(1 +
|ul*7!) forallu € Randz € Q, where s € (2,2%) and 2* =
2N/(N — 2). Further, f(z,u)u > 0 for all (z,u) and f(z,u) = o(|u|)
as |u| — 0 uniformly for x € Q;

(B2) there exist 4 > 2 and R > 0 such that uF(z,u)— f(z,u)u < C(u?+1)
for z€Q,|ul > R;

(B3) there is a function W(x) € L1(Q) such that W (z) <
as u — 0o,

(Bs) f(z,u) is odd in u.

Note that (Bs)-(Bs) are weaker than (As). The above assumptions will
guarantee the existence of infinitely many nodal solutions and estimates
on the Morse indices. However, to get the estimates on the number of the
nodal domains, we need further hypotheses:

t
(Bs) f(a;, ) is nondecreasing in ¢ > 0.
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Let E := H(Q) be the usual Sobolev space endowed with the inner

product (u, v) := / (vu-yv)de for u,v € E and the norm ||ul| := (u, u)'/2.
Q

Let 0 < A1 < -++ < Ak < -+ denote the distinct Dirichlet eigenvalues of —A
on €2 with zero boundary value condition. Then each Ay has finite multiplic-
ity. The principal eigenvalue \; is simple with a positive eigenfunction 1,
and the eigenfunctions ¢y corresponding to Ay (k > 2) are sign-changing.
Let Nj denote the eigenspace of Ag. Then dim Ny < co. We fix k and let
Er:=N1® - - D Ng. Let

Glu) = gl - [ Flawr, wer.
Q
Then G is of C*(E,R) and (G'(u),v) = fQ x,u)vde, v € E,
G'=id - 7.

Theorem 2.2. Assume (B1)-(By). Then equation (6) has infinitely many

sign-changing solutions {tuy} such that the augmented Morse index of uy,

is > k and G(ug) < inf  sup@. If further (Bs) is satisfied, then the
YCE Y

kgdimY<OO
number of nodal domains of uy is < k.

Proof. By (B;) and (Bs), it is easy to check that (Hj) is satisfied with

|l -1l+ = - |ls- By a similar argument as that in,3® (H;) is satisfied. Now we
check the (w*-PS) condition. Let
G(ug) = %pi — /Q F(z,ug)dr — ¢;  G'(uy) — 0. (6)
If ||G' (ur)||||ukl] < oo and py := |Juk|| — oo, then
(G w) =t = [ flawuds = ofpy). @

Let i = uy/pk. Since ||| = 1, there is a renamed subsequence such that
@ — U weakly in E, strongly in L?(Q) and a.e. in Q. By (13),

2F
w uk

Let wy = {z € w: a(x) # 0}, ws =w\wi. Then by the hypothesis (Bs),

2F (z,uk) -5

2

U3 — 00, T € uwi.
Ui,

If wy has a positive measure, then

oF oF
/M 2 dz >/ Mazdwr/ W (z) dz — oco.
w w1 w2

“k U,
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Thus, the measure of w; must be 0, i.e., we must have & = 0 a.e. Moreover,

/ pF (2, uy) _2ukf($7uk)ﬂz de P
w U,
But by the hypothesis (Bs),
F — 241
lim sup L@ ) — e f @) o oot Lo
u? k u ok

which implies that (u/2) —1 < 0, contrary to assumption. Hence, the (w*-
PS) condition is satisfied. By Theorem 2.1, equation (6) has a pair of sign-
changing solutions {£ug} such that the augmented Morse index of wy is
> k and G(ug) < O = Q?ﬁ supG. Now we assume that (Bs) is

k<dim Y <oo
satisfied. If the number of nodal domains of ux is > k, we denote such

domains by Qi,---,Qgy1. Let 0;(x) = ug(x) if z € Q; and 0;(x) = 0
otherwise, then 0; € E. Let vy := ug — Zle 0;, we have that 0 < G(ug) =
G(vk)+2f:1 G(6;) and G(vg) > 0. Note that (G'(6;),6;) = (G (ug),0;) =0
and that G(6;) = sup,cg G(t0;). Let X := span{6i,---,0;}. We obtain
Bk <supyxy G = Zle G(0;) = G(ug) — G(vr) < G(ug), a contradiction. O

After getting the Morse index of the nodal solutions, we may estimate
the lower bound of the corresponding critical values. Here we just consider
a special simple case.

Theorem 2.3. For 2 < p < 2N/(N — 2) the Dirichlet problem
—Au = |[ulP72u in Q, ()
u=20 on 052,

has infinitely many sign-changing solutions {+uy} such that the augmented
Morse index of uy is > k, the number of nodal domains of uy is < k. In
particular,

_2p __ . __2p _
a1 k¥e= < G(uy) < inf  supG < kNP2, 9)
YCE, Y
k<dim Y <oco

where ¢1 > 0,co > 0 are constants independent of k and
1 1
Glw =5l = [ juPd.
P Ja

Proof. Since the augmented Morse index of uy is > k, we can see that

-1
A — %h’bﬂp—?
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has at least k& non-positive eigenvalues. By the result of P. Li-S. T. Yau,?°
we have that

—2N/2
[k P~21I35 > ck.

The first inequality in (9) follows immediately. Now we show that
inf sup G < cszOZ’p*?) .

YCE,
k<dim Y <oo v

u € Ej. On the other hand, we may find a ¢y > 0 such that (:0/\,;’)/2 [Vul <
[ul[p for all u € Ej. Thus,

We take Ej as before, then dim Ey > k. Then ||[Vu||3 < Agllul|3 for all

1 Co | —p/2
Glu) < 5IVulls = AT IVul, w e B

Set ¢(s) = 3% — %)\;p/zsl’ for all s > 0, we see that

—2 _9/(p— —
max ¢(s) = p c 2/(p 2)Az/(p 2)

>0 2p
So,
Gu) < CX/P=2 ¢ By,
Note that A\, < Ck?/N, we get the last inequality in (9). O

Remark 2.1. The existence of {+uy} can be found in T. Bartsch.® How-
ever, the information on the Morse indices and the inequalities (9) have not

been seen in.?

Now we consider the so called nonquadratic condition introduced in D.
G. Costa-C. A. Magalhaes!'® under which the (w*-PS) condition still holds.

(C1) Assume

2] 00 |u|#

> a >0 uniformly for a. e. z € ,

where p > N(s —2)/2 and s comes from (Bj).

Theorem 2.4. Assume (B1), (B4) and (C1). Then equation (6) has in-
finitely many sign-changing solutions {+uy} such that the augmented Morse
index of up is > k and G(uy) < inf sup G. In particular, if f €

YCE,
k<dim Y <oo
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CHQ x R,R) satisfying |f'(z,u)| < e(1+ |u|*2) for allu € R and z € Q,
where s € (2, 2%), then

ck < G(ug) < inf sup G, as k large. (10)
YCE, Y
k<dim Y <oo

If further (Bs) is satisfied, then the number of nodal domains of uy, is < k.

Proof. We just need to show that G(uy) > ck if k large enough. Since the
augmented Morse index of uy is > k, we can see that

—A — f"(ug)

has at least k non-positive eigenvalues. By the P. Li-S. T. Yau,?° we have
that

k< cN/ |F () |V 2 de.
Q
It follows that
N(s—2)
/ lug| ™2 dxz > ck
Q
if k large enough. Combining (C7), the conclusion follows. g

Remark 2.2. In Theorems 2.3 and 2.4, we in fact get

2
ckToT < inf  sup@G (11)
YCE, Y
k<dim Y <oo
or

ck < inf  supG (12)

YCE, Y

k<dim Y <oo

respectively. We believe these are the first result on such estimates for

inf sup G.
YCE, Y
k<dim Y <oo

Next, we consider other cases.

(Dy) lln‘n inf @ = oo uniformly for € RY;
t|—o0
Theorem 2.5. Assume (B1) (D1), (Bs) and (Bs). Then equation (6) has
infinitely many sign-changing solutions {+uy} such that the augmented
Morse index of ux is > k and G(uy) < inf sup G, the number of
YCE

k<dim Y <oo
nodal domains of uy is < k.
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(D2) H(z,t) = f(z,t)t —2F(x,t) > 0 for all x € RY; H(x,t) is convex in
t>0.

Theorem 2.6. Assume (B1), (D1), (Bs) and (D2). Then equation (6)
has infinitely many sign-changing solutions {£uy} such that the augmented
Morse index of uy, is > k and G(uy) < inf sup G.

k<dim Y <oo

Proof of Theorems 2.5-2.6. By (D;) and (By), it is easy to check that
(Hy) — (H3) are satisfied. Now we check the (w*-PS) condition. Let

1
G(um) = §p,2n - /Q F(x,up)dr — ¢;  G'(up) — 0. (13)

Assume that |G’ (um )||||um|| < oo and pm = |Jup| — o0 as m — oo.

We consider w,, := Then, up to a subsequence, we get that w,, —

||Um||
w in B;w, —w in L}(Q) for 2 <t < 2* and wy, (7) — w(z) a.e. x € Q.

Assume w # 0 in E. Note that

/ f (x, Um) um r<e.
”um”

On the other hand, by conditions (D),

f T, Um 2um / |wm (33)|2 f(ﬂ?, umz)um de — o0,
[l {w(z)£0} ||

a contradiction. Now, w = 0 in E. Define G'(t,um) := maxe(o,1] G(tum).
For any ¢ > 0 and @, := (4¢)"/?w,,, we have, for m large enough, that

G(tmum) > G(Wy,) = 4c — /Q F(z,wp)dx > c/2,

which implies that lim,,— o G(tmum,) = oco. Evidently, ¢, € (0, 1), hence,
(G (tmtm), tmum) = 0. It follows that

1
/ (—f(x7tmum)tmum — F(x7tmum))d;v — 00.
o \2

1
If condition (Bj) holds, h(t) = gtgf(gms)s — F(x,ts) is increasing in

1
t € [0,1], hence if(a:,s)s — F(z,s) is increasing in s > 0. Combining
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the oddness of f, we have that

/Q (%f(x, U ) Um, — F(z, um))d;v (14)
> / (%f(a:, Lo Ui )b U, — F(x, tmum))dx

Q
— 00,

If condition (D2) holds, then (14) is still true. Therefore, we get a contra-
diction since

/Q (%f(x,um)um — F(ﬂ%um))dx < 0.

Hence, the (w*-PS) condition holds. The remaining part is the same as that
of Theorem 2.5. O

3. Non-symmetric Case-1

In this section, we provide a result obtained by M. Ramos, H. Tavares
and W. Zou in,3® which is essentially a generalization of the A Bahri-Lions
Theorem (cf.?) and the Rabinowitz Theorem (i.e., Theorem 1.2) (cf.?%).
Consider

—Au = f(x,u) +g(x,u), uec HH(Q), (15)
where g, f : 2 Xx R — R is a Carathéodory function such that

(E1) f(z,u) is odd in w and f(x,u)/u — 0 as u — 0 uniformly in x;

(E2) 0< f(z,u)u <C(lulP+1), C>0,2<p<2*:=2N/(N—-2), N >
3;

(Es) f(z,u)u > pF(z,u) — C, C > 0, p > 2, where F(x,u) :=
Jo [z, 6)de;

(Eg) g(z,u)/u — 0 as u — 0 uniformly in z, and 0 < g(z,uw)u < C(|u|? +
1), Vu, for some C > 0,0 < o < p.

We have

Theorem 3.1.%¢ Assume (E1)-(Ey). If moreover

2N

2<p< ——H
PS Ny —2u+ 20

(16)
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then the problem (15) admits a sequence of sign-changing solutions
(uk, )nen whose energy levels J(uy, ) satisfy

2p 24
cikn P77 < H(ug,) < cokp “7Y

for some c1,co > 0 independent of n, where J is the energy functional

H(u)z%/Q|Vu|2—/QG(a:,u)—/QF(x,u), we HL(Q).

We remark that (16) is weaker than (17) of Theorem 1.2 due to P. Ra-
binowitz. Our methods of proof is flexible enough to be applied for other
boundary value problems with variational structure enjoying a maximum
principle. We illustrate this by considering the fourth order problem:

A*u = g(z,u) + f(r,u) in Q, u=Au=0 on 9J9Q, (17)

where f,g: Q x R — R are Carathéodory functions satisfying (E1)-(F4)
with N > 5 and 2 < p < 2* := 2N/(N — 4). We need a further restriction
of f and g as following.

(Es) g(z,s) and f(x,s) are nondecreasing in s, for a. e. x € Q.

Theorem 3.2.95 Under assumptions (E1)-(Es), if moreover

4p I
N+)p-2) p—o (18)

then (17) admits an unbounded sequence of sign-changing solutions u,, €
H2(Q) N H(Q).

We point out that sign-changing solutions for fourth order equations
are harder to deal with. Roughly speaking, this is due to the fact that the
usual decomposition u = u* — u~, where u* := max{4u, 0}, is no longer
available in the space H2(2). The invariance of the cone P with respect to
the associated flow can be proved by using Weth’s argument?® with dual
cones.

4. Non-symmetric Case-2

We study another perturbation problem:
—Au = f(z,u) + Bg(x,u), u € HH ), (19)

where ) is a bounded smooth domain of RV (N > 3).
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(F) Assume g € C(2 x R/R), g(z,t)t > 0 for all z € Q and ¢ € R;
CR)
im ————=
t—0 t
Theorem 4.1. Assume (Az),(B1) and (F). For any m € N, there is a
Bm > 0 such that for each 5 € (0,Bm), (19) has at least m distinct sign-
changing solutions.

= 0 uniformly in z € Q.

Remark 4.1. In,;3° a new abstract perturbation theory is established. In
particular, f(z,u) = |u[’~?u. However, the proof of Theorem 4.1 remains
unchanged. We also remark that there is no growth condition imposed on
g, which is not necessarily to be odd in the variable u. Similar existence
result of solutions without information of sign-changingness was considered
in,?2 which is heavily rely on the abstract theorems of.?° Finally, in,3® by
using the new perturbation method, a perturbed Brezis-Nirenberg critical
exponent problem is studied.
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